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OVERTURE: WHY HIGHER CATEGORIES?

Category theory is built on an observation: considering mathematical objects with a spec-
ified structure! is effectively the same thing as considering the set of all maps? which
preserve that structure. This observation leads to the categorical perspective — consider-
ing structure-preserving maps to be the key to understanding mathematical structures.
While this perspective is of great utility, there are cases where simply considering
morphisms is insufficient to fully understand the the mathematical structures under
consideration. Ironically, one of the first places where this manifests is in the study of
categories. If we consider the category Cat, whose objects are (small®) categories and
whose morphisms are functors, our only notion of when two categories are “the same” is
an isomorphism of categories: two categories C and D are isomorphic if there is a functor

F.:C——D

which is bijective on objects, and induces a bijection on hom-sets.

As anyone who has studied categories can tell, this is a problem. The idea of isomor-
phism of categories is insanely rigid and restrictive. For instance, the category Vectd of
finite-dimensional vector spaces over R should be effectively the same as the category
Vectp® whose objects are the spaces R for n € N. However, these categories are not
isomorphic — they are equivalent.

To rectify this issue, we need to consider 2-morphisms — morphisms between mor-
phisms. When our morphisms are functors, our 2-morphisms are natural transformations.*
We can then define a 2-category Cat whose objects are (small) categories, whose mor-
phisms are functors, and whose 2-morphisms are natural transformations.

In this 2-category, we get a much better notion of when “two categories are the same”.
We say that two categories C and D are equivalent when there are functors F': C —— D

and G :D —— C and natural isomorphisms

u:GOF:g>IdC
(1)

VZFOG:%>IdD

This is the usual notion of equivalence of categories, and much better suited to studying
categories.
To get a sensible notion, we had to go one rung up a ladder — considering objects,

morphisms® between objects, and 2-morphisms between morphisms, rather than just

! Groups, topological spaces, dg-algebras, or whatever
you like.

? Morphisms, really.

* There’s some set theoretic futzing about which is re-
quired to avoid Russell’s Paradox-style issues with the
“category of all categories”. These notes will compre-
hensively neglect such issues outside this sidenote. We
will work by assuming that there are small sets and large
sets, such that the set of all small sets is a large set. This
can be done far more rigorously with the language of
Grothendieck Universes, which we will not discuss here.

¢ Reminder: a natural transformation from F' : C — D
to G : C — D consists of a collection of morphisms
te @ F(¢) = G(c) in D such that, for every f : ¢ — d
in C, the diagram

F(c) 2 G(o)

P Jew

F(d) —— G(d)

Hd

commute.

*In a higher category, we often call morphisms between
objects I-morphisms.
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objects and morphisms between them. The idea of higher category theory is to extend this
process. Instead of just considering objects and morphisms, we consider a hierarchy:

« Objects
+ (1-)morphisms between objects
+ 2-morphisms between 1-morphisms

+ 3-morphisms between 2-morphisms

If we stop that process at n-morphisms, we get an n-category. If we continue it off to
infinity, we get what is sometimes called an w-category, or an (oo, 00)-category.

When we have n-morphisms for any n, it no longer makes sense to require “equations”
of morphisms to hold strictly. So instead of requiring 11 o v = 7 for k-morphisms p, v, and
7, we choose a (k + 1)-isomorphism 7 : pov =5 1 . We might then have to specify
additional conditions on 7, now using (k + 2)-isomorphisms.

This sort of data — specifying 2-isomorphisms instead of equalities, and then 3-
isomorphisms between those, and so on off to infinity — is often called coherence data.®
Notice that to define coherence data, we only need the n-isomorphism, rather than all n-
isomorphism. It therefore suffices to consider an (0o, 1)-category: an (0o, 00)-category
where all n-morphisms for n > 1 are invertible.” For the rest of these notes, we will be
studying a model for (oo, 1)-categories, and how coherence works in this model. Follow-
ing [9], we will tend to refer to (0o, 1)-categories as co-categories for brevity.

The fundamental metaphor and the homotopy hypothesis

Our understanding of co-categories is built on a metaphor Let’s consider an co-category
where all 1-morphisms are invertible up to coherent data. Such an co-category is called
an (00, 0)-category or an oo-groupoid. If we look at Equation [| very closely, we can notice
something surprising, this looks a lot like the definition of a homotopy equivalence of
topological spaces.

This leads to the fundamental metaphor of higher category theory: co-groupoids look
basically the same as topological spaces. An invertible 1-morphism between objects is
kind of like a path between points, an invertible 2-morphism between 1-morphisms is
kind of like a homotopy between paths, an invertible 3-morphism between 2-morphisms
is kind of like a homotopy of homotopies, and so on.

This insight is sometimes phrased as a theorem in a given model of co-categories, but
its really more of an axiom, requirement, or sanity check. If co-groupoids aren’t basically
the same thing as spaces, then our definition of co-categories is off the mark. Most higher
category theorists refer to this sanity check as the

Homotopy Hypothesis. An co-groupoid is the same thing as a topological space.

There are, as always some technicalities involved®, but in essence, this is the key obser-

vation which enables the study of higher categories.

¢ We’ll explore a more specific example of coherence data
later in this chapter.

" “Invertible” in a higher-categorical setting means
“Invertible up to coherence data”. So, for instance, an
equivalence of categories is invertible in this sense.

8 For instance, by a topological space, we don’t mean any
topological space, but rather a sufficiently good one —
one that can be built as a cell-decomposition.
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An example of coherent data

Now that we’ve got some sense of what we mean by an co-category, and how we think
about co-categories, there’s a natural question to ask: Why?

An oo-category is a lot of data, as is even the simplest coherence condition, and it
makes sense to wonder why any of this could be necessary. Rather than try to make a
general argument that higher data is useful, lets look at a classical example.

Let X be a path-connected topological space, and x € X a point. We can consider the

space9 of loops in X based at z: ? We won’t define the topology on 2, X formally here —
if you are familiar with the compact-open topology, view
Q. X as a subspace of the space of continuous maps

} [0,1] — X.

_ Ja[0,1]] =X st

QIX T {a(O):a(l):z

We can define something like a multiplication on 2, X:
X X QX — Q. X

which sends a pair of loops « and 3 to the loop 3 * o which we schematically depict as

(l) 0.5 3 ‘1
|
[ ‘ \

This multiplication is probably familiar to you. If we take path components of the loop
space, we get the underlying set of the fundamental group 7 (2, X) = 71 (X, x). The
map induced by * on 7y (2, X) is the associative multiplication in the fundamental group.
However, taking path components kills off a lot of the data contained in 2, X, so lets
try not to do that, and instead study * as a multiplication on the loop space. We imme-
diately run into a problem: this multiplication is not associative. We know that up to
homotopy we get an associative multiplication, but if we draw y % (8 * &) and (7 * 8) * «,

we get

(vxB) xa v x (B a)

— =
=
[N

However, since we know that the multiplication is associative up to homotopy, we can
choose a homotopy for every triple v, 8, « of loops

~

Ay pa(yxf)xa v (B ).

We then run into another problem: if we choose four loops 6, 7, 8, and «, these homo-
topies might provide more than one way of getting from the product (§ * v) * (8 * «) to
the product d * (7 * (8 * «)). We draw these paths in blue and red below.
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(07)(Ba)

((67)B)a

5((vB)a) (0(vB))e

Fortunately, we can just play the same game one step up: we can choose a homotopy
Hj . ,o connecting the blue path to the red path. It turns out that if we choose five loops,
we get a similar problem (now described by a 3-dimensional polyhedron!®), and we can
choose a homotopy between the homotopies. If we continue choosing these homotopies
off to infinity, we get an algebro-topological structure on 2, X, called an A, -space struc-

ture. Schematically, an A.,-space structure on a space Y consists of

e Amap*x:Y xY =Y

« Forevery a,b,c € Y, chosen paths A, . in Y displaying the homotopy associativity
of *.

« For every triple a, b, c,d € Y, chosen homotopies H, j .4 filling the pentagon as
drawn above.

As with our previous descriptions of coherence, this is a lot of data to keep track of.
More, perhaps, than we might want to. However, it turns out that this structure allows us

to make a powerful statement:

Theorem 0.1 (Stasheff). Let Y be a topological space. The following are equivalent.

1. We can define the structure of an A,-space on'Y endowing 7o(Y') with the structure of a
group.

2. There is a space X with basepoint x and a homotopy equivalence

Y ~Q.X.

We already knew one of the implications in this theorem, more or less: loop spaces
carry “group-like” A, -structures. But the other direction allows us to recognize loop
spaces in terms of algebraic structures.

It turns out that the language of co-categories is very well-suited to discuss Ao-
spaces. To whet your appetite for things to come, let me loosely state a theorem about

Aoo-spaces:

Theorem 0.2. An A..-space is a coherently associative monoid in the co-category of spaces.

19This polyhedron is rather more complicated. It is
sometimes called K5 or the 3-dimensional associohedron,
and was discovered by James Stasheff in his study of
Ao-spaces [[13]. If we draw this associohedron, we get
something like:
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(Image credit: Nilesj, retrieved from wikimedia com-
mons.) While there are, of course, higher-dimensional
associahedra, we cannot draw or visualize them as
easily, and must content ourselves with combinatorial
descriptions.


https://commons.wikimedia.org/wiki/User:Nilesj
https://commons.wikimedia.org/wiki/File:Associahedron_K5_front.svg
https://commons.wikimedia.org/wiki/File:Associahedron_K5_front.svg

1
THE THEORY OF 1-CATEGORIES

Before we can embark on the exploration of higher category theory, we will need a firm
1-categorical foundation. Much of the intuition behind quasi-categories rests on being
able to visualize the underlying 1-categorical concept, and many proofs require subtle
manipulations of 1-categories. We therefore begin with 1-category theory.

1 Categories, Functors, Natural transformations

In some sense, a category is a setting in which to do mathematics. It tells us what kind of

mathematical objects we are considering, and how we relate them. More formally
Definition 1.1. A category C consists of
« A set Ob(C), called the objects of C.

« For each pair of objects z,y € Ob(C), a set Homc (z,y) called the morphisms from x to
y. We will write f : © — y for a morphism f € Homc(z, y).

« For every triple of objects ,y, z € Ob(C), a map of sets

o : Home(y, 2) X Homc (z,y) —— Homc(z, 2)

(f,9) feog
called composition.

« For every x € Ob(C), a distinguished element id, € Homc(z, z) called the identity on

x.

These data are then required to satisfy the following conditions.

o . . h,
« (Associativity) For every triple of morphisms x — y, y Y 2 and z EN w, the compos-
ites

fo(goh)=(fog)oh

are equal.
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o (Unitality) For f : ¢ — y and g : y — x, we have

foid, =f and id,og=g.

Example 1.2.

1.

There is a category Set whose objects are (small) sets, and such that, for every two sets
X and Y, we have

Homse (X, Y) := {functions f : X — Y}.

The composition is the usual composition of functions, and the identies are the identity

maps.

There are categories Grp and Ab whose objects are (small) groups and (small)! abelian
groups, respectively, and whose morphisms are group homomorphisms.

There is a category Top whose objects are (small) topological spaces, and whose mor-
phisms are continuous maps of topological spaces.

Let k be a (small) field. There is a category Vect;, whose objects are (small) k-vector

spaces, and whose morphisms are linear maps.

Let (P, >) be a partially ordered set. We can define a category P with Ob(P) := P, and
a unique morphism p — p’ if and only if p < p’.

Let G be a group. Then there is a category BG with a single object %, and Hompg (*, %) =

G. The composition is given by g o f = ¢ - f, and the identity is the neutral element of
G.

(Key ExampLE) We define the simplex category A to be the category whose objects
are the totally ordered sets [n] := {0,1,...,n} forn > 0, and whose morphisms
[n] — [m] are maps of sets f : [n] — [m] such that, if a < b, f(a) < f(b).

Let C be a category. We can define the opposite category C°P to have Ob(C°?) = Ob(C),
and, for every x,y € Ob(C°P)

Homce (2, y) = Homc (y, ).

The composition and identities are the same maps as in C. One thinks of the opposite
category as ‘reversing the arrows’ of C, i.e. reversing the direction of morphisms.

Given two categories C and D, we can form a new category C x D, called the product
category. The objects are Ob(C x D) = Ob(C) x Ob(D), and the morphisms are given
by

Homcxp((z1,®2), (Y1, y2)) := Homc(z1,y1) x Homp (22, y2).

The identities are id(, ,) = (id, id,).

! We say that a group is small if its underlying set is
small. The same holds for other types of objects — vector
spaces, topological spaces, etc.

We will often have cause to sketch categories arising
from posets. Let us consider, for instance, the category
associated to the power set P({0, 1}), ordered by
inclusion. We will draw an arrow for every non-identity
morphism:

{0} — {0,1}

1

In the picture, we assume that the category is a poset,
e.g. that the arrow from @ — {0, 1} is the composite of
the arrows ) — {1} — {0, 1} and the composite of the
arrows ) — {0} — {0, 1}. For ease of drawing, we will
sometimes omit composite arrows:

{0} — {0, 1}

[ I

0 —— {1}
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Definition 1.3. Let C be a category, and let f : £ — y be a morphism in C. We call
g :y — xarightinverse’ of fif fo g = id,. We say that g is a left inverse of f if
g o f = id,. If g is both a left and right inverse to f, then we call g the inverse of f, and

say that f is an isomorphism in C.
Exercise 1. Justify calling g the inverse of f by showing that any two inverses of f are
equal. Show that every identity is an isomorphism.

Exercise 2. Show that the isomorphisms in Set, Top and Grp are, respectively, the bijec-
tions, homeomorphisms, and group isomorphisms. Show that the only isomorphisms in
the simplex category A are the identities.

Definition 1.4. If every morphism in a category C is an isomorphism, we call C a
groupoid.

Exercise 3. Let G be a finite group. Show that BG is a groupoid. Show that every groupoid
G which has only one object * arises in this way.

So how do we relate different categories to one another? We need to define a ‘map of
categories’ which tells us not only how objects relate, but also how morphisms relate.

Definition 1.5. Let C and D be categories. A functor F' : C — D consists of a map of
sets F' : Ob(C) — Ob(D), and, for each z,y € Ob(C) a map of sets F' : Homc¢ (z,y) —
Homp (F'(x), F(y)) such that:

« For every x € Ob(C), F(id,) = idp(q).

« For every pair of composable morphisms x Ly L 2in C, we have that F/(f o g) =
E(f) o F(g).

Example 1.6.

1. For every category C, there is an ‘identity’ functor idc : C — C which sends z — «
and f — f.

2. There is a functor F' : Top — Set which sends each topological space to its underlying
set, and each continuous map to the underlying map of sets.

3. Let G be a group. A functor
F:BG —— Set

Specifies a set X = F(x) and for each g € G, an isomorphism (bijection) F'(g) : X —
X such that F(g - h) = F(g) o F(h). We thus see that specifying the functor F'is
equivalent to choosing a set X and a G-action on X.

4. There is a functor
Vectzp —— Vecty,

which sends each vector space V' to the dual vector space V'V := Homye, (V, k) and
each morphism f : V' — W to the induced map

f* W\/ Vv

a+— aof

2 This is also sometimes called a section of f.

One can compose functors in the obvious way — simply
compose the defining maps of sets. We will leave it as
an exercise to the reader to check that this is actually a
functor.
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of vector spaces.

Construction 1.7. Let C be a category, and S C Ob(C) be a set of objects. We define the
full subcategory of C on S to be the category D with Ob(D) = S and, for each 2,y € S

I_IornD ({I?7 y) = HomC (.’E, y)

Definition 1.8. There is a category Cat whose objects are (small) categories, and whose

morphisms are functors.?

Exercise 4. The totally ordered sets [n] from the definition of the simplex category are, in
particular, posets, and thus give rise to categories 7. Show that the simplex category A
can be identified with the full subcategory of Cat on the objects 7, n > 0.

Example 1.9. Let’s define a category Set®™ to have precisely one object of each cardinal-
ity, and morphisms the maps of sets. It shouldn’t really matter whether we work in Set or

Set™, but the two categories aren’t isomorphic.

Definition 1.10. Let C and D be categories, and F,G : C — D be functors. A natural
transformation from F to G o : F' = G consists of a morphism o, : F(z) — G(z) in D
for every z € Ob(C) such that, for every morphism f : x — y in C the following diagram

commutes:*

F(f)l lG(f)

Fly) — Gy)

We call a natural transformation a natural isomorphism if each of its components «;, is an

isomorphism in D.
Example 1.11.

1. There is an ‘identity’ natural isomorphism Idp : F' — F forevery F' : C — D. The
components of Idr are (Idr), := idp(s)

2. Consider the two functors id, C' : Grp — Grp, where C(G) = G/[G,G] is the
abelianization. There is a natural transformation « : id = C with component o given
by the quotient map G — G/[G, G|.

3. Consider a group G and two functors
F,G: BG —— Set

Corresponding to G-sets X = F'(x) and Y = G(x). A natural transformation F' = G
is equivalently a G-equivariant map X — Y.

Construction 1.12. Let 5 : F' = G and o : G = H be natural transformations among
functors F, G, H : C — D. We define the composite a o 3 via the formula, for all z € C,
(o ) = ay o fBy. To check that this is natural, note that for each morphism f : © — y

® This runs into the same set-theoretic difficulties alluded
to earlier. While we won’t go into these here, it is
important to note that Cat, though it is a category, is not
an object of Cat. That is, the category of categories does
not contain itself.

* When we say a diagram commutes, we mean that it
follows the convention described above for drawing
posets: if two composites can be equal, they are equal. In
this case, this would mean in equations that G(f)oa, =
ay o F(f).
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in C we have a pair of squares:

Flz) -2 G(z) —2= H(z)

F(f)l lG(f) JH(f)

Fly) —5— Gly) —~ H(y).

where the left and right hand squares both commute. It is easy to verify from the diagram
that this means the external square commutes as well®

Exercise 5. Let C and D be categories. Show that there is a category Fun(C, D) with

objects given by functors from C to D, and morphisms given by natural transformations.

Definition 1.13. We say that a functor F' : C — D is an equivalence of categories if there
is a functor G : D — C, and natural isomorphisms o : Go F' = Idc and 5 : F' o G = Idp.
We then say that the categories C and D are equivalent, and call G' a weak inverse to F.°

Definition 1.14. Let F': C — D be a functor. We call F'
1. fullif, for every z,y € C, the map F' : Homc(z,y) — Homp (F'(z), F'(y)) is surjective.

2. faithful if , for every z,y € C,the map F' : Homc(z,y) — Homp(F(x), F(y)) is
injective.

3. fully faithful if it is both full and faithful.

4. essentially surjective if, for every y € D, there existsan x € C such that F(z) is
isomorphic to y.

Proposition 1.15. Let F' : C — D be a functor. Then the following are equivalent:
1. F is fully faithful and essentially surjective.
2. F is an equivalence of categories.

Proof. We first show 2. = 1. Let G be a weak inverse to F, and « and § the natural
isomorphisms displaying the weak invertibility of F'. Given y in D, the y-component of 3
is an isomorphism g, : F'(G(y)) S, showing that F' is essentially surjective.

Let f : * — y be a morphism in C. Then, by the naturality of o, the diagram

.
G(F(f))l lf
y

Qy

2
=
&
&

Q
~
S

commutes. Since «, is invertible, this means that

f=ayoGE(f))oaz’,

* This is a kind of pasting law, and we will often make use
of such arguments without comment.

¢ Notice that this is almost exactly the same as a homo-
topy equivalence of topological spaces. If we replace the
word “functor” by “continuous map”, the word “cate-
gory” by “space”, and the word “natural isomorphism” by
“homotopy”

ie. f is uniquely determined by G(F(f)). Thus GoF : Homc(z,y) — Homc(G(F(z)), G(F(y)))

is injective, and hence, F' : Homc (z,y) — Homp (F(z), F'(y)) is injective, and F is faith-
ful. Note that we can make the same argument with /3 to find that G is faithful.
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Now let b : F(z) — F(y) in D be a morphism, and define f := a;, 0o G(h) o *. Again
we find a commutative square:

G(F(z)) ==

(F'(
m| f
(F'(
Which implies that G(F(f)) = G(h). However, since G is faithful, this implies F'(f) = h,
and thus, F' : Homc (2, y) — Homp (F(x), F(y)) is surjective and F is full.

We now show 1. = 2. Suppose F is essentially surjective and fully faithful. For
every y € Ob(D), we choose’ an object which we call G(y) € Ob(C) together with an
isomorphism 5, : F(G(y)) =y (by essential surjectivity). We then define, for every
h: 2 — y in D, the morphism G(h) := F~*(8,! o h o ;) € Homc(G(x), G(y))8

Since

x
G(

G(id,) = F7 (B,  oid, 0 B,) = F 1B, 0 Be) = F1(id,),

we see that G(id,) = idg(,). Moreover, since
G(fog)=F (B ofogoBy)=F (B, ofopB, 0B, ogop)
we have G(f o g) = G(f) o G(g). Thus, G defines a functor.” Tracing the definitions, it is

immediate that the squares

F(Gly) ——

commute for any f : x — y in D, so that 8 : F' o G = Idp is a natural isomorphism.

We now seek to obtain the natural isomorphism « : G o F' = Idc. Note that 8(p(,)) :
F(G(F(z))) — F(x) is an isomorphism. By the fully faithfulness of F', there is a unique
isomorphism!® o, := F~!(Bp(,)) : G(F(z)) — . Since 3 is a natural transformation,

for any f : x — y in C, we get a commutative square

BF(x)
=

F(G(F(z))) F(z)
F(G(F(f)))l lF(f)
F(G(F(y))) By F(y)

ie. F(foay) = F(ayoG(F(f))). But, since F is fully faithful, this implies
foas =ayoG(F(f))

and thus the square

G(F(f))l s
CFW) — v

commutes. This means that « is natural, and thus provides the desired natural isomor-
phism o : G o F' = Idc. O

Exercise 6. Show that the two categories from Example [I.g are equivalent.

7 Note that this requires the axiom of choice. As a rule,
we will assume the axiom of choice in our categorical
arguments.

8 We can do this precisely because F' is fully faithful, so
the map of sets

F : Home (G(x), G(y)) — Homp (F(G(x)), F(G(y)))

is a bijection.

® We have used the fully faithfulness of F for both
computations here, as well as the functoriality of F'.

19'We leave it as an exercise to the interested reader to
check that this is actually an isomorphism using the
fully-faithfulness of F'.
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2 The Yoneda Lemma

We now have enough background to state and prove what might be called the “Funda-

mental Theorem of Category theory” — Yoneda’s Lemma.!?

Definition 1.16. Let C be a category'?, and ¢ € Ob(C). We define a functor

h¢:C —— Set
d ——— Homc(c, d)
called the representable functor associated to c. For a morphism f : x — y in C, we define
he(f)tosendg:c—axtofog:c—uy.
Similarly, we obtain a representable functor
he:C®? —— Set
d ——— Homc/(d, ¢)

t13

This is sometimes called the contravariant™> representable functor associated to c.

Exercise 7. Show that
Y: C —— > Fun(C, Set)

cih,
defines a functor. This functor is called the Yoneda embedding.

Notation 1.17. Let F,G : C — D be functors. We denote the set of natural transformations
from F to G by Nat(F, G). Note that Nat(—, G) : Fun(C, D)°® — Set is the representable
functor h¢ on the category Fun(C, D).

Proposition 1.18 (The Yoneda Lemma). Let F' : C° — Set be a functor and ¢ € Ob(C).
There is an isomorphism
Nat(h., F) = F(c)

Moreover, this isomorphism is natural in both c and F'.

Before beginning the proof, we first comment on what we mean by “natural in ¢ and
F”. We view Nat(h(_), —) as a functor C°®® x Fun(C?, Set) — Set, which sends (z, F')
to Nat(h,, F'), and sends a pair of morphisms f : + — yinCand« : F = G to the
morphism

Nat(h,, F') — Nat(h,,G)

B r——— (a0 BoY(f))

Similarly, we define a functor (¢, F') — F'(c) with the obvious functoriality.
Proof. We first prove that there is an isomorphism for any c and F. We define a map
X(c,F) * Nat(h., ) —— F(c)
o ——— a,(id.).

We will show that this is a bijection (i.e. an isomorphism in Set.)

' Nobuo Yoneda, a computer scientist from Japan,
formulated and proved the Yoneda lemma, but never
published it. He communicated it to Saunders MacLane,
one of the originators of category theory. The name ‘the
Yoneda Lemma’ was given to the lemma by MacLane.

12 Once again, set-theoretic technicalities come into play.
Technically, what we need for this definition is a locally
small category, that is, a category such that all of the
Hom-sets are ‘small sets.

13 This is an old terminological convention. A functor

F : C — D is sometimes called a covariant functor
from C to D, and a functor F' : C°? — D is called a
contravariant functor from C to D. Covariant functors
preserve the direct of morphisms, whereas contravariant
functors reverse the direction of morphisms.
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First,let « : h. = F be an arbitrary natural transformation, and let f : d — cbe
a morphism in C (i.e., a morphism ¢ — d in C°P). Then naturality yields a commutative
square

Homc(c, ) LEICIN Homc(d, ¢)

o | Je

F(e) —7— F(d)

Since h.(f)(id.) = f, this, in particular implies that ag(f) = F'(f)(a(id.)). Therefore, «
is uniquely determined by a.(id.), and thus, x (., ) is injective.

Now, given z € F'(c) we define a natural transformation 8 with by setting 54(f) :=
F(f)(c). We now check that (3 is natural. Let g : ¢ — d be a morphism in C, and let
f € Homc(d, ¢). We then have that

ac(he(9)(f) = F(he(9)(f))(ide) = F(g o f)(ide) = F(g)(F(f)(idc))

and by definition
F(g)(aa(f)) = F(g)(F(f)(idc))-

So the diagram

Homc(d, ¢) Jelg), Homc (e, ¢)

o | Je

P(d) —— Fle)

commutes. Hence, 3 is a natural transformation with x ., 7)(8) = z, and x(., r) is surjec-
tive.

We now show naturality in c. Let f : ¢ — d be a morphism in C. We wish to show
that, for any F': C°? — Set the diagram

Nat(ha, F) ~2Y% Nat(h,, F)

X(d,F)J/ J/X(C,F)

F) —9 s R

commutes. We therefore compute, for an arbitrary natural transformation a : hy = F,

X(c7F)(0‘ oY(f)) = (@oY(f))c(ide) = ac(Y(f)c(ide)) = ac(f 0ide) = ac(f)
Similarly, we compute
F(f)(X(a,r) (@) = F(f) o aq(ida).
However, since « is, itself a natural transformation, our work above shows that

F(f)(aq(idg)) = ac(f).

so the diagram commutes, and x is natural in c.
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Finally, we show naturality in F. Let 5 : ' — G be a natural transformation, and ¢ an
arbitrary object of C. We want to show that the diagram

Nat(he, F) 2= Nat(h., G)

X(C.F}J{ JXMG)

F(e) —2— G(o)
commutes. We again compute for an arbitrary natural transformation a : h. = F,

X(c,G)(ﬂ oa) = (Boa).(id.)

and

5C(X(C,F) (a)) = Bc(ac(idc))

This shows that the diagram commutes, and so Y is natural in F'. O

Exercise 8. Show that the Yoneda embedding
Y : C — Fun(C, Set)

is fully faithful.’* In particular, if there is a natural isomorphism « : h. = hg, then there is

a unique isomorphism ¢ = d in C corresponding to o under the Yoneda embedding.

Definition 1.19. A universal property on a category C is a functor
U :C%P — Set.

A pair (¢, ), where ¢ € Ob(C) and @ : h, = U is a natural isomorphism is called a rep-
resentation of U. We also say that (¢, «) satisfies the universal property U. We often abuse
notation by saying that the object ¢ satisfies U, and leaving the natural isomorphism
implicit.

Remark 1.20. We will also consider the dual case, that of a functor U : € — Set, as a uni-
versal property on C. Here an pair satisfying U is an object ¢ and a natural isomorphism
he =2 U.

Example 1.21. Define a functor
UV,W : Vecty — Set

by mapping Z € Vecty, to the set Bilin(V, W; Z) of bilinear maps V x W — Z and
mapping a linear map f : X — Z to the map

Bilin(V, W; X) — Bilin(V, W; 2)

g——— foyg

A tensor product of V and W over £ is then a representation of Uy, .

4 This is, in fact, what we mean by an embedding of
categories: a fully faithful functor.

17
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Definition 1.22. Let C be a category, and define a functor
x 1 C%P — Set

which sends every object of C to the singleton set {x}. A terminal object of C is a repre-
sentation (¢, «) for *.
An initial object is a terminal object in C°P, that is, a representation of the functor

*: C — Set

which sends every object to the singleton set.!®

3 Adjunctions

Adjunctions are a key generalization of equivalences of categories. They consist, in effect,
of a weakening of Definition [.13.

Definition 1.23. An adjunction between two categories C and D consists of a functor F' :
C — D (the left adjoint), a functor G : D — C (the right adjoint), a natural transformation
€ : idc = G o F (the unit), and a natural transformation 7 : F o G = idp (the counit).
These data are required to satisfy two conditions.

1. The composite

F e pogor 25

is the identity transformation on F'.

2. The composite
G =% GoFoG % G

is the identity transformation on G.

There is an equivalent characterization of adjunctions, which is somewhat easier to
keep track of:

Suppose we are given an adjunction (F, G, €,7) between categories C and D, then for
every ¢ € C' and d € D we can obtain a map of sets

¢c,a : Homp(F'(c), d) —5 5 Hom¢(G(F(c)), G(d)) —= Home (¢, G(d)).
It turns out that this datum uniquely characterizes the adjunction

Lemma 1.24. Given an adjunction (F, G, €,n), the maps ¢, q are isomorphisms, natural in
candd.

Proof. We first prove naturality. Given f : b — cin C and g : d — e in D, we can form the
diagram
Homp (F(c),d) <, Homc (G(F(c)), G(d)) —= Homc/(c, G(d))
so(=)oF ()| |e@ereaw ) |e@e(-rer
Homp (F(b),e¢) —%— Homc(G(F(b)), G(e)) —= Homc (b, G(¢)).

Let’s unpack what the definition means for a terminal
object. Suppose ¢ € C is terminal. This means that o
provides a natural isomorphism

Home(—, ¢) = ho(—)  {+}

That is, Home (d, ¢) is a singleton set for every d € c.
Since there is a unique bijection between any two
singleton sets, naturality is automatic. The definition
therefore amounts to saying that an object ¢ is terminal
if and only if there is a unique morphism d — c for
every d € C.

An object c is then initial if and only if there is a
unique morphism f : ¢ — d for every object d in C.

5 An initial object is the dual concept to a terminal
object — it is obtained by simply reversing the definitions
of the arrows.
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The left-hand square commutes by the functoriality of G, and the right-hand square com-
mutes by the naturality of €.1°
Now we show that ¢, 4 is an isomorphism. We define an putative inverse by

Xe.a : Home (¢, G(d)) —2— Homp (F(c), F(G(d))) ~°= Homp(F(c), d)

Our claim is then that . q is inverse to ¢, 4.

To see that this is the case, consider the diagram

Homc (¢, G(d)) —E— Homp(F(c), F(G(d))) —“*=— Homp (F(c),d)

Je Je

Home (G(F(0)), G(F(G(d)))) "% Home (G(F(¢)), G(d))

l_ogc

Homc (¢, G(d))

Where the middle square commutes by functoriality. If we start with a morphism f : ¢ —
G(d) in C, we need only check that G(n4) o G(F'(f)) o e. = f.
However, by the naturality of ¢, we see that

G(na) o G(F(f)) o €. = G(na) © €gay o f

However, the second compatibility condition dictates that G(n4) © €g(q) = idg(q). Thus
®c,d°Xe,d = idHomc (c,G(d))- The statement that X 0@ ¢ = id is formally dual, completing
the proof. 0

Proposition 1.25. Let F': C — D and G : D — C be functors. The following conditions are
equivalent:

1. There is the datum of an adjunction (F, G, €,n) displaying F' as left adjoint to G.
2. There is an isomorphism
¢c,a : Homp(F(c),d) —= Home(c, G(d))
natural inc € C andd € D.

Proof. We have already see that (1) implies (2) in the previous lemma.
Now suppose that (2) holds. In particular, there are isomorphisms

be,F(c) - Homp (F(c), F(c)) —— Homc(c, F'(G(c))) and

$G(ay.a : Home(G(d), G(d)) —— Homp (F(G(d)), d)

We can define a unit €, := ¢, p(c)(idr(c)) and a counit ng := (Z);;%d) 4(idg(q)). Checking
that these satisfy the identities for unit and counit is routine, but tedious — we leave this
as an exercise. O

Corollary 1.26. Let F' : C — D be a functor. If a right adjoint of F' exists, it is unique up
to unique natural isomorphism. Dually, if a left adjoint of I exists, it is unique up to unique

natural isomorphism.

16 In particular, the naturality of epsilon means that the
diagram
c — G(F(c))

fl e

b — G(F(b)

commutes. Passing through the Yoneda embedding
yields the commutativity of the last square.
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Proof. This follows from the Yoneda lemma and the natural isomorphism of Hom-sets

from Proposition [.29.
Example 1.27.

1. Consider the functor
F:Ab —— Set

which forgets the underlying group structure.!’” This functor admits a left adjoint,

called the free Abelian group functor

Z|—]:Set —— Ab
S ——— Z[S)]

which sends each set S to the free Abelian group Z[S] on S. We can define a map

Hompy(Z[S], G) —— Homse (S, F(G))

f———— (s f(1s)).

We leave to the reader the verification that this map is a natural isomorphism.

This style of construction is a very general construction. In general one can say that a

‘free’ construction is a left adjoint to a forgetful functor.

2. Consider the functor
F :Top —— Set

which sends each topological space to its underlying set, and each continuous map to
the map of underlying sets. This admits a left adjoint Disc : Set — Top which sends
each set X to the topological space (X,P(X)), i.e. the discrete topology on X.

O

The functor F' also admits a right adjoint, Ind : Set — Top, which sends each set X to

the topological space (X, {f), X }) — the indiscrete or trivial topology on X.
3. ([12, Ex. 4.1.12])The forgetful functor

F: Field —— Set

does not admit left or right adjoints. This is because there are no field homomorphisms

between fields of different characteristic.
4. For any X € Set, the Hom-functor
Homge (X, —) : Set —— Set

has a left adjoint
— x X : Set —— Set

The associated natural isomorphism is given by
Homset (Y, Homset (X, Z)) =, Homset (Y x X, Z)
fr ((y, 2) = fy(2))

where we write f,, : X — Z for the image of y under f.

7 In general, functors are called forgetful if they forget
some underlying mathematical structure. In this case, we
send each Abelian group to its underlying map of sets,
and send each homomorphism to the map on underlying
sets.
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5. Let CW be the full subcategory of Top whose objects are CW-complexes. There is a
functor
C(X,—):CW —— Top

which sends a space Z to the topological space C'(X, Z) of continuous maps from X to
Z equipped with the compact-open topology. Then there is a natural isomorphism

Homr, (Y, C(X, Z)) —— Homrp(Y x X, Z)

obtained by restricting the natural isomorphism from the previous example to the

continuous maps.

4 Limits

We will now consider a very special kind of adjunction. Let’s consider a (small) category
| — which we will call our indexing category, and a category C. Further denote by [0]
the category with a single object 0 and no non-identity morphisms. There is a unique (!)
functor

T:1—— [0]

which then induces a unique functor
const : C = Cl0l —— ¢/

which we call the constant diagram functor. This functor takes an object ¢ € C and maps it
to the functor const, : | — C which maps every object to ¢ and every morphism to id..

Our aim is to investigate the left and right adjoints to this functor (if they exist). Such
adjoints describe widely used constructions in category theory — the so-called limits and
colimits.

Definition 1.28. If the constant diagram functor admits a left adjoint, we denote this
adjoint by

colim; : C' —— C

and call it the (I-indexed) colimit functor. For a diagram F' : | — C, we will call colim; F" a
colimit of F. When the colimit functor exists, we say that C admits |-indexed colimits. If C
admits I-indexed colimits for any (small) category |, we say that C is cocomplete.

This definition is all well and good, but so far it’s just so much abstract nonsense. Lets
unwind the definition a little bit, to see what it is saying.
By the hom-set definition of an adjunction, const having a left adjoint means that there
is an isomorphism
(S Homc(colIim F, c) = Nat(F, const,),

naturalin F € C'and ¢ € C. There’s something important to notice here: If we fix
F, this isomorphism can be viewed as a universal property! colim; F' is just an object
corepresenting the functor

C ———— Set

¢ — Nat(F, const,).

Dual Definition [1.28. If the constant diagram functor
admits a right adjoint, we denote this adjoint by

lim:C' —— C

and call it the (I-indexed) limit functor. For a diagram

F : 1 — C,we will call lim; F a limit of F. When the
limit functor exists, we say that C admits |-indexed limits.
If C admits I-indexed limits for any (small) category I, we
say that C is complete.
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One consequence of this is that it makes sense to talk about the colimit of a specific dia-
gram regardless of whether or not the colimit functor exists more globally or not!
Now lets unwind this universal property.

Definition 1.29. A cocone over a diagram F' : | — C is a natural transformation x : F' =
const.. More precisely, a cocone over F' consists of:

« an object ¢ € C called the tip of the cocone; and
- for every object ¢ € I, a morphism y; : F\(i) — c.
The morphisms x; must be such that, for every morphism f : ¢« — j in |, the diagram

F(f)

commutes.

What our universal property tells us is that there is a bijection between morphisms
colim; F' — c and cocones over F' with tip c. In particular, the identity colim; F* —
colim; F' corresponds to a cocone over F' with tip colim; F. Denote this cone by 7.

Given any other cocone x : F' = const,, there is a unique morphism g : colim; F' — ¢
corresponding to g under ¢ 1. Writing down a naturality square

Homc (colim, F), colim; F') BN Nat(F, consteolim, )

J{go— J{const(g)o—

Homc (colim, F) ¢) — Nat(F, const,.)

for v, and applying both composites to ideolim r, We find that const(g) o n = x. We can

thus reformulate the universal property of the colimit in terms of initial objects:

Definition 1.30. Let F' : | — C be a diagram. The category CoCone(F') of cocones over F
is defined by:

« The objects of CoCone(F) are cocones (¢, x) over F.

« A morphisms (¢, x) — (d, p) are morphisms f : ¢ — d in C such that const(f) o x = p.

A colimit cone for I is an initial object in the category of cones.

Notice that, as with all universal properties, this defines a colimit cone up to unique

isomorphism.

Proposition 1.31. Suppose C admits |-indexed colimits. Denote by colim; : C' — C the
colimit functor. Then (colim; F, tcolim; F (idcolim F)) is @ colimit cone for F.

Proof. Follows from the unwinding of the universal property above. O

Dual Definition [1.2. A cone over a diagram F' : | — C
is a natural transformation x : const. = F'. More
precisely, a cocone over F consists of:

« an object ¢ € C called the tip of the cone; and
« for every object ¢ € |, a morphism x; : F'(¢) = c.

The morphisms x; must be such that, for every mor-
phism f : ¢ — j in |, the diagram

N

F(i) = F(j)

commutes.

Definition 1.32. Let I’ : | — C be a diagram. The
category Cone(F’) of cones over F is defined by:

« The objects of Cone(F') are cones (c, x) over F.

« A morphisms (¢, x) — (d,p) are morphisms
f : ¢ — din C such that x = p o const(f).

A limit cone for F' is an initial object in the category of
cones.

Proposition 1.33. Suppose C admits |-indexed limits.
Denote bylimy : C' — C the limit functor. Then
(colimy F, Yeolim; 7 (idcolim F)) is a limit cone for F.

Proposition 1.34. Suppose that there exists a limit cone
(Cp,nT) for every diagram F : | — C. Then the
constant diagram functor const : C — C' admits a right
adjoint.
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Proposition 1.35. Suppose that there exists a colimit cone (Cr,n"") for every diagram
F : 1 — C. Then the constant diagram functor const : C — C' admits a left adjoint.

Proof. We first define a functor colim, : C' — C as follows. For every diagram F : | — C,
choose a colimit cone (C'r,n'"). On objects we define

collimF =Cp

Given a natural transformation p : F' = G, we can define a new cocone over F' by
n% o p. Since " is initial in the category of cocones over F, there is thus a unique map
it : Cr — Cg such that const, ont” = 1n% o y. We then define the induced morphism
colimy () to be fi. The functoriality of this assignment follows immediately from the
uniqueness of ji.

We now show that this is, indeed, a left adjoint. We define an isomorphism

¢r,c : Nat(F, const.) —— Homc(colim, F, ¢)

by sending each cone with tip ¢ to the unique morphism of cones f : colim; F' — ¢ (which
exists and is unique because the colimit cone is initial). This is indeed an isomorphism,
since for any map f : colim; F' — ¢, the transformation const(f) o n*" is a cocone over F
which is mapped to f by ¢.

The final necessary check — naturality of ¢ in I’ and ¢ — is left as an exercises to the

interested reader. O

Example 1.36.

1. Let n denote the category with set of objects {1,2,...,n} and no non-identity mor-
phisms. A functor F' : n — C consists of a list of n objects ¢; in C. The colimit of such
a diagram is called a coproduct and is denoted by ¢y T co IT - - - IT ¢,, or ]_L-eﬂ C;.

., X, € Set is simply the disjoint union of the X;. The univer-
X;.

+ A coproduct in Top is similarly given by a disjoint union.

« A coproduct of X7, ..

sal cocone consists of the inclusions X; — ]_[]En

« A coproduct of Gy, ..., G,, € Ab is the direct sum

GI@GZ@"'@GH-

The universal cocone consists of the canonical inclusions G; — € jen Gj

« A coproduct of Gy, ..., G, € Grp is the free product

Gi*xGyx*---xG,,.
The universal cocone consists of the canonical inclusions G; = % jenG;.

2. Denote by Po the category which has three objects 0, 1, and 2, and only two non-
identity morphisms f : 0 — landg : 0 — 2. A functor F' : Pb — C consists of a
diagram

o — 1

|

C2

Dual Example 1.3,

1. The limit of a functor F' : n — C is called a product,
and denoted by F(1) x F(2) x ---

X F(n) or

HiEﬂ F(l)

Products in Set are given simply the Cartesian
product of sets.

Products in Top are given by the Cartesian
product equipped with the product topology.

A product in Grp is the direct product
A product in Ab is the direct product.

. Denote by Pb the full subcategory of P({0,1}) on

all the objects except {0, 1}. A functor F' : Pb — C
consists of a diagram

I

y 257

in C. The limit of such a functor is called a pullback,
and denoted by X X z Y.

In Set, the pullback of a diagram
X
Is
v 25 Z
is given by the set
X xz Y :={(z,y) € X xY | f(z) = g(y)}-

In Top, the pullback has the same underlying
set as in Set, and is equipped with the subspace
topology inherited from X x Y.
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in C. A colimit of such a functor is called a pushout, and denoted (somewhat abusively)
by C1 Hco Ca.

« In Set, the pushout of a diagram

is the quotient set of Z I1 Y by the relation f(z) ~ g(z) forall z € X.
+ In Top, the pushout of a diagram

is the quotient space of Z I1 Y by the same relation described above.
« In Grp, the pushout of a diagram

G%K

gl
H
is the amalgamated free product K *g H.

3. Let @ denote the empty category (the category with no objects). By convention, there
is a unique functor @ — C. A colimit over this diagram is called an initial object in C.
More precisely, it is an object ¢ € C such that, for every object d € C, there is a unique
morphism ¢ — d.

4. Consider the category CEq with two objects: 0 and 1, and two non-identity morphisms
f,9:0— 1. A functor F' : CEq is a diagram

F(f)

x~ vy
~_ 7
F(g)

in C. A colimit over such a diagram is called a coequalizer.

+ In Set, the coequalizer of a diagram

Is the quotient of Y by the relation f(z) ~ g(x) for any x € X.
Given an equivalence relation ~ on a set Z, we can view this relation as a set of

pairs R C Z x Z. The two projections to Z give us maps

and the coequalizer of this diagram is Z..

3. Let @ denote the empty category. There is a unique
functor @ — C. A limit over this diagram is called a
final object or terminal object of C.
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+ In Top, a coequalizer can be computed as the coequalizer in Set equipped with the
quotient topology.

5 Kan extensions

In the previous section, we defined limits and colimits in terms of the canonical functor
T : 1 — [0]. The theory developed from that starting point is surprisingly rich, but we can
generalize it one step further.

Suppose that we start out with a functor

F:l —— ]
As we did when we constructed (co)limits, we can use this to induce a functor
Fr:.¢) ——
¢ — ¢poF
We can mimic our construction of (co)limits even further, and make the following

Definition 1.37. If the functor F'* admits a left adjoint, we denote said adjoint by

F:C'—d

and call it the (global) left Kan extension functor.
As before, we can unwind the definition to get a sensible notion of left Kan extension

Definition 1.38. Let F' : | — Jand G : | — C be functors. A left extension of G along F’
consists of a functor
H:]—C

and a natural transformation p : G = H o F as in the diagram

-9, C

Fjl/%

We will define a morphism of left extensions (Hy, 1) — (Ha, V) to be a natural transfor-
mation v : H; = Hj such that the composite transformation

G =t HoF 2% g, oF

isv.
We will call a left extension (H, ) of G along F' a left Kan extension if, for every other
left extension (K, v), there is a unique morphism of left extensions (H, i) — (K,v).18

Note that the above universal property specifies left Kan extensions up to unique natu-
ral isomorphism. As with colimits, however, we need to check that our two definitions of

left Kan extension agree.

Dual Definition If the functor F'* admits a right
adjoint, we denote said adjoint by

F.:¢' —

and call it the (global) right Kan extension functor.

Dual Definition[t38. Let F : | — JandG : | — C
be functors. A right extension of G along F' consists of a
functor

H:] — C
and a natural transformation p : H o F' = @ as in the
diagram

17

We will define a morphism of right extensions
(H1,u) — (Haz,v) to be a natural transformation
~ : Hi = Hg such that the composite transformation
HioF 228 [0 F =2 @
is p.
We will call a right extension (H, p1) of G along F'
a right Kan extension if, for every other left extension

(K, v), there is a unique morphism of left extensions
(K,v) = (H, p).

18 This can equivalently be formulated as saying that
(H, ) is an initial object in the category of left exten-
sions. It can be a helpful exercise to see that in the case
where J = [0], this reduces to the universal property of
the colimit from above.
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Proposition 1.39. Let C be a category, and suppose that F' : | — ] is a functor between
small categories.

1. If for every functor G : | — C, there is a left Kan extension of G along F' in the sense of
Definition [1.38, then the functor F* : C) — C' admits a left adjoint.

2. Suppose the functor F* : C' — C' admits a left adjoint F\ with uniteq : G = F*(F\G).
Then for every G : | — C, the pair (G, €q) is a left Kan extension in the sense of Defini-

tion .

Proof. The proof is nearly identical to the proofs of Propositions and [1.31]. O

In practice, the majority of left Kan extensions one encounters will admit a simpler
description in terms of colimits. The indexing categories for these colimits will, unsurpris-

ingly, contain information about how the functor F’ relates the categories | and J.

Definition 1.40. Let F' : | — ] be a functor, and let j € ] be an object. We define the slice
category or overcategory | /4 to have!?

« Objects consisting of an object ¢ € | and a morphism f : F'(i) — j in ).

« A morphism from f : F(i) = jtog: F(k) — j consisting of a morphism h : i — k in
| such that the diagram

F(i)
!
F(h) J
F(k)

commutes.

The use of the notation | /18 somewhat abusive, as it makes no reference to F'. However,
in practice, this rarely creates ambiguities.

Each category | ,; admits a canonical forgetful functor, I,; — |, which only remembers
the objects/morphisms in I.

Construction 1.41. Suppose that F': | — Jand G : | — C are functors, and let (H, ;1) be
a left extension of G along F'. We will denote by G|, the composite

I, — 192 C
with the forgetful functor.
Our aim is to use (H, j1) to construct a cocone over G|, with tip H(j). We do this as
follows.

Given an object f : F'(i) — j in | /;, the functoriality of H provides a morphism

H(f): H(F(i)) = H(j)

Dual Proposition[1.39. Let C be a category, and suppose
that F' : | — J is a functor between small categories.

1. If for every functor G : | — C, there is a right Kan
extension of G along F in the sense of Definition
[3§, then the functor F* : ¢) — C' admits a right
adjoint.

2. Suppose the functor F* : C) — C' admits a right
adjoint F with counit ng : F*(F1G) = G. Then
for every G : | — C, the pair (G, n¢) is a right Kan
extension in the sense of Definition [38.

Y There is an important special case of this construction,
where F is simply the identity on I. In this case, each
category | /; has a terminal object id;. This means, in
particular, that the colimit of a diagram H : 1,; — Cis
simply the value H (id;).

Dual Definition [1.44. Let F' : | — ] be a functor, and
let 7 € ) be an object. We define the slice category or
undercategory |, to have
« Objects consisting of an object ¢ € | and a morphism
f:j— F(i)in).
« Amorphismfrom f : j — F(i)tog : j — F(k)
consisting of a morphism h : ¢ — k in | such that the

diagram
F (i)
f
F(h) ]
g
F(k)
commutes.

Each category |;, admits a canonical forgetful functor,
1, , — 1, which only remembers the objects/morphisms
i/
in l.
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in C. Additionally, the natural transformation x : G = H o F provides a component
morphism
i GGi) — H(F(7))
in C. We define &} := H(f) o u; : G(i) — H(j).
We now need to check that §’ does, indeed, define a cocone over Gi|;, . Suppose we are

given a morphism

F(i)
f
F(h) j
F(k) |

in |/;. Then we can write the following commutative diagram

Where the left-hand square commutes by the naturality of x, and the right-hand triangle
by the functoriality of H. Since the upper and lower composites are 5} and &J, respec-
tively, this diagram shows that £ defines a cocone over G| .
Dual Proposition[143. Let F : 1 — Jand G : | — Cbe

Proposition 1.42. Let F': | — ) and G : | — C be functors. functors.
1. Suppose that (H, p) is a right extension of G along
1. Suppose that (H, 1) is a left extension of G along F', such that, for each j € ), the cocone F, such that, for each j € J, the cocone &7 is a
&7 is a colimit cocone for G|,,,. Then (H, p) is a left Kan extension. colimit cocone for G|y, Then (H, 1) is a right Kan
! extension.
2. Suppose that, for every j € ] the diagram G|\, admits a colimit. Then there is a left Kan 2. Suppose that, for every j € ] the diagram G|,
extension (H, ‘u) OfG along F such that, for everyj € J, H(]) o~ coliml/j G|I/j- admits a colimit. Then there is a right Kan extension

(H, p) of G along F such that, for every j € J,
Proof. We begin with the proof of (1). Suppose we are given another left extension (K, v/) H(j) = colimy;, Gly; .
of G along F. For each j € J (K, v) will give rise to a cocone 7 with tip K (j) over G|, .
Since £’ is a colimit cocone, this means that there is a unique morphism 7; : H(j) —
K (j) which defines a morphism of cocones from &7 to 7.
We now wish to show that 7 defines a natural transformation 7 : H = K. Suppose

that g : j — k is a morphism in J. The morphism ¢ induces a functor

Lg : I/j *qu_ l/k

which composes each object with g. We can then note that G|, oL, = G| , 2% Moreover, 2 Precisely because the diagram
by construction, the diagrams l;
J
t(H t
constH(j)cow)ztonstH(k) C%) const i () \
= Lg |
gjﬂ\ koL /
//E o d"kOLg
G|[ . Ik
/3

commutes.
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and
const ;) Cﬂ? constK(j)cmM))constK(k)

eﬂ /wﬂ'/(

G"/j

wkoLg

both commute. Consequently, by the universal property of colimit cocone £/, we see that
K(g) o ; = 11, o H(g), which proves the naturality of 7.
The penultimate step is to see that 7 defines a morphism of extensions. To this end,

given an object ¢ € | we must see that the diagram

Toidp

Holl ———— KoF
SN A
&

commutes. This amounts to seeing that, for every i € |, we have 7p(;) o 1; = v;. Applying
the definition of 7 to the object idp(;) : F'(i) — F(i)in | p(;), we obtain the desired
equality.

Finally, we are left to check that there is no other morphism of extensions x : H = K.
Suppose we have such a x. Then, in particular, for each j € J, the morphism x; : H(j) —
K (j) will define a morphism of cocones from &/ to 1)7. Since &7 is a colimit cocone, this
morphism is uniquely, so xy = 7.

We now sketch the proof of part (2). By part (1), we need only construct a left exten-
sion (H, 1) such that each associated cone over G|, ; is a colimit cocone. We first define
the functor H. Fix a colimit cocone (c;,7’) for each G; .

« Given an object j € J, we define H(j) = ¢;.

« Given a morphism g : j — k in J, we can pull back the cocone ¥ : G|[/k = const ¢y,
via Ly : 1,5 — 13 to get a cocone n* o Ly: G|,/j = const ¢g. The universal property of
the colimi then yields a unique morphism H(g) : ¢t — ¢; which defines a morphism of
cocones 7/ = n¥ o Ly.

« Functoriality follows from the uniqueness of the transformation defined above.
We leave it as an exercise to construct p such that (H, p) is a left extension. 0
Corollary 1.43. Let C be a cocomplete category, and F' : | — ] a functor of small categories.

Then the functor
F*.¢) —

admits a left adjoint.

Remark 1.44. Since adjunctions compose to give adjunctions, we can often compute Kan

extensions in two stages. If we factor F': | — J as

N G N

we can compute, e.g., FiG by first taking ¢ G, and then computing 1 (¢1G).

Dual Corollary[1.43. Let C be a complete category, and
F : | — ) a functor of small categories. Then the functor

F*.¢ — ¢

admits a right adjoint.
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Example 1.45.

1. Consider the category J := P({0,1}), and let | be the full subcategory of J on all the
objects other that {0,1}. Let F' : | — J be the inclusion. A functor G : | — Cisa
diagram

G(2) — G({1})

|

G({o})

A left Kan extension FiG : ] — C is a pushout square

G(@) — G({1})

| |

G({0}) — G({0}) g ) GHLH-

2. Consider the category BN with a single object #y and, for every n € N, a morphism
fn © %y — *n, such that f,, o fi = fi4k, and fo = id,,. There is a canonical functor
BN — BZ. A functor X : BN — Set consists of an object X € Set, together with a
map f : X — X, and the composites f" for any n.

TODO: finish writing up.

3. Let G C H be groups, ¢ : G — H athe inclusion, and let X : BG — Set be a G-set.

The homomorphism ¢ gives rise to a functor
®:BG — BH.

We aim to compute the left Kan extension ®,.X. Since there is only one object — *y in
BH, we can compute the value of BH on objects by computing the colimit of X |p¢ Jogs®

We first unpack the diagram category BG /. An object will be an element of H, i.e.
amorphism h : F(*g) = *g — *g. A morphism from h; to hy will be an element
g € G such that the diagram

#(g)
g ————————————— Xy

PN
*H

i.e. it will be an element g € G such that hoo(g) = h;.

Each isomorphism class in BG ., is thus a left coset hGG of G in H. Given any two
elements hy,hy € BG ey 1D the same equivalence class, we can notice that there is
precisely one morphism i1 — hg in BG ., . Thus, each connected component of
BG ., consists only of terminal elements. We therefore see that

D\ X (xp7) = E(;:é);l/imX = X
tH G/H
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If we fix a set of coset representatives [h;], fori = 1,...,[H : G|, we can describe the
induced H-action on ®,.X (xf7) explicitly: for each 7, we can write hh; = hg, () gfl.
The element h then acts by permuting the components of the disjoint union by o;, and
acting by the map g - (—) : X; — Xj.
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SIMPLICIAL SETS

If we take the Homotopy Hypothesis from the overture seriously, we will need to come up
with a model that is flexible enough to include topological spaces and 1-categories. The
source of such a model is a familiar way of building topological spaces: simplices.

1 Topological spaces and simplices

We will aim to build up our topological spaces out of simplices. Our building blocks on
the topological side are the geometric n-simplices.

Definition 2.1. For any n > 0, the geometrical n-simplex, denoted |A™|, is the set

(together with the subspace topology)
A" = {(to,tl, coyty) € R Zti =1landt; > 0for alli} C R,
i=0

However, we won’t work directly with the topological spaces in question. Rather, we
want to define combinatorial data which tells us how to assemble a given space out of
simplices. To this end, we define a category whose morphisms describe the combinatorics
of the standard n-simplices:

Definition 2.2. Denote by A the category whose objects are linearly ordered sets
[n] ={0,...,n}

and whose morphisms [n] — [m] are weakly monotonic maps; i.e. maps such that if ; < j
in [n], then f (i) < f(j) in [m].

The objects [n] of A are to be interpreted as simplices with ordered vertices. For exam-

ple,
RV “”]@

We can easily draw the first few standard n-simplices as
subsets of R*t1:

n=20
n=1
Y
q
> T
n=2
z
T
Y
_———

The standard 3-simplex can be identified with a tetrahe-
dron, as in the main text. However, for obvious reasons,
we cannot draw it as a subset of R%.
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Before we can really relate the simplex category A to our geometric simplices, we need
to understand its combinatorics a little better. In particular, we need to define some special

morphisms.
Definition 2.3. We define two special classes of morphisms in A:!
+ The face maps are the maps

0 in—1 — [n]

k k<i
k+1 k>4

k ————

foranyn > landand any 0 < ¢ < n.
« The degeneracy maps are the maps
ol :n+1] — [n]

k k<1
k-1 k>i

k——

foranyn > 0andany 0 < < n.

The reason these are special is that they are, in some sense, all the information you
need to define functors out of the simplex category. A functor

F:A——C

defines objects F'([n]) and morphisms F'(§7") and F'(o7"). It turns out that if you only
remember this data, you can get the functor F’ back. More generally, if you can define ob-
jects F'([n]) and morphisms F'(61) and F(o?") satisfying certain identities — the simplicial
identities — you can construct a functor F as above.

Definition 2.4. The simplicial identities are the relations:

n+1 n _ sn+l n . .
07T 0 bt =07 09 1<
oo U;H'l =0l ool j<i

n—1 . .
67 ooy j<i
1 . S
afod;l+ = { idpy j=141i+1

67 1o A N |
Exercise 9. Show that the face and degeneracy maps satisfy the simplicial identities.

Proposition 2.5. Let C be a category. The following data uniquely defines a functor
F:A——C.

« Objects F([n]) € C.

! We draw the face maps 7' for n = 2, 3. Let us first
start with [2]:

0 2

The map 5% is the inclusion of the red 1-simplex, the map
2 is the inclusion of the green 1-simplex, and the map
63 is the inclusion of the red 1-simplex.

Now consider [3]. We will not draw all of the faces of
(3], instead highlighting in red the image of &3

2
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« Morphisms which satisfy the simplicial identities:
o for every face map 7', a morphism F'(6}) from F([n — 1]) to F([n]);
o for every degeneracy map o', a morphism F (o) from F([n + 1]) to F'([n]).
Proof. This is tedious, but straightforward. O

Now that we have some basic idea of the combinatorics of A, let’s try to connect A to
topology. To get a better sense of the connection between the simplex category and our
geometric n-simplices, we define a functor.

Construction 2.6. The geometric realization functor is a functor
|—1]: A —— Top
[n] —— [A"].
We define this functor on morphisms as follows

« Suppose 07 : [n — 1] — [n] is a face map. We define its image in Top by

op: AT A7

(thtla-”atn—l) [ — (to,..., 0 7...,tn_1)

ith

« Suppose o?" : [n + 1] — [n] is a degeneracy map. We define its image in Top by

LRV A"
(tostis - stng1) —— (to, s tict b Ftivr, ooy tngn)
More generally, this gives rise to the functor which sends ¢ : [n] — [m] to the map
9l A" ———————— [A]
(to,tl, c ,t") — (ao,al, .. .,am)
where a; := Ziequ(j) t;.

That is, p assigns to each combinatorial n-simplex its topological counterpart.

v

Our aim going forward will be to work with topological spaces and categoires in terms
of the combinatorics of simplices. In Algebraic Topology, you have likely already seen
simplicial complexes — one way of describing topological spaces in terms of simplices. We
will be using another, more flexible notion, that of simplicial sets.

The idea is the following: We want a collection of simplices in every dimension, to-

gether with compatibility data which tells us how to glue them together.

33
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Definition 2.7. A simplicial set is a functor
X 1 A® —— Set.

A simplicial set X consists of:

« For every n > 0, a set X,, of O-simplices.

« Face and degeneracy maps

PEED S

and

SZL : Xn — Xn_;,_l
satisfying the duals of the simplicial identities of Definition P.4.

We denote by Seta the functor category Fun(A°P, Set). A morphism X — Y in Seta
consist of a collection f,, : X,, — Y}, which commute with the face and degeneracy maps.

2 Understanding simplicial sets

Before we unwind what simplicial sets really are, lets consider something simpler: sim-
plicial complexes. Actually, let’s make things even simpler, and consider finite simplicial

complexes.

Definition 2.8. A finite simplicial complex K consists of a set Vi — the vertices of
K — and a subset Sim(K') C P(Vk) \ @ of the power set of Vi — the simplices of K.
The set Sim(K) of simplices of K is required to satisfy the conditions

1. If S C Vi isin Sim(K),and @ # U C S, then U € Sim(K).

2. Every singleton lies in Sim(K).

A simplicial complex represents a way of gluing together simplices to get a topological
space. We want to think of each S € Sim(K) with |S| = n + 1 as an n-simplex. If U C S
and U C T, then we identify the faces of S and T" which correspond to U. Intuitively, this
looks as follows.

Example 2.9.

1. Consider the complex K with vertices Vx = {0, 1,2, 3} and simplices

Sim(K) := {{0}, {1}, {2}, {3}, {0, 1}, {1, 2}, {0, 2}, {1,3},{2,3},{0, 1,2}, {1,2, 3}}

There are precisely two 2-simplices, and they share a single face: the 1-simplex

{1,2}. We picture this simplicial set as
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2. Define a complex K by setting Vi := [n] and Sim(K') = P([n]) \ @. Every simplex
of this complex can be viewed as a face of the n-simplex {0, 1,2,...,n} = [n].

This means we can simply visualize this complex as the n-simplex |A™|.

The problem with the framework of simplicial complexes is that it is quite rigid. For
example, we might think of the space X:

0<_ 1

b

as being glued out of simplices — two 0-simplices labeled 0 and 1, and two 1-simplices
labeled a and b. However, this is not a simplicial complex! In a simplicial complex, a
simplex is uniquely determined by its set of vertices, but both one simplices in the above
example have the same vertices.

To fix this, we can generalize a bit. Instead of having a simplex be a subset of the set of
vertices, we can say that, for any n, we have a set X,,, which the set of n-simplices of X.
We might then try to describe the simplicial set we drew above as

Xo= {0,1}
X1 = {a,b}
X, = %) n>1

The problem is that we now have to remember which vertices are faces of a. To do this,

it helps us to think of our n simplices as having an order. For instance, we can think of a

0<>1

b

and b as arrows

We can then remember some faces by defining a function

d61X14>X0
ar—— 1
b— 0

35
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which tells us the face obtained from each 1-simplex by forgetting the earliest vertex. We
can remember the rest of the faces by defining a function

d%:X14>X0
ar—0
b— 1

which tells us the face obtained from each 1-simplex by forgetting the last vertex. From
this data, we can then reconstruct the original picture.

If these data look familiar, there’s a good reason — this should look a bit like a simpli-
cial set?. For each object [n] € A, we have defined a set X, of n-simplices, and for each
face map 67 : [n — 1] — [n], we have defined a face map

PIED R

which takes an n-simplex, and spits out its ™ face.

But this is only really ‘half’ of the data of a simplicial set. What about the degenera-
cies? It turns out there is another problem with our current framework. Suppose we take
our simplicial complex X, and try to ‘fill’ the gap between a and b with a 2-simplex. We
can easily draw what we would expect to get out of this:

0<>1

b

but there’s a problem — a and b don’t form a triangle!

The solution to this problem is subtle — we need to define a ‘third leg’ of the triangle,
so we can glue a 2-simplex into the gap. To do this, we can define a new 1-simplex wy,
which we think of as being collapsed into the point 0. We can then define a 2-simplex o
whose faces are

di(o) =b, di(o)=wo, di(o)=a.

We can then think of the filled complex as being what we obtain when we take a 2-
simplex and collapse its 1st face down to a point:

0
a
1~»0<:>1
b
2

But how do we remember that wy isn’t a normal one simplex? We need to encode the
data that wy gets collapsed down to a point.

The solution to this problem is provided precisely by the degeneracy maps in a simpli-
cial set. In a simplicial set, we get maps

3?  Xn = X

? Actually, what we’ve defined is what is sometimes
called a semi-simplicial set, but since we won'’t be using
this notion in future, we omit further discussion of this
concept.
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which send each simplex o in X, to a simplex s7'(c) € X,,4+1, which is degenerate — we
view this (geometrically) as being collapsed down to o by collapsing the i™ and (7 + 1)
vertices to the same point, and extending this map linearly to the whole simplex.

There is a trade-off implicit in extending to simplicial sets. We gain flexibility in the
ways we can glue things together, but we lose any hope of finiteness. Previously, with
simplicial complexes, we had a finite set of simplices to work with. With simplicial sets,
the only non-infinite example is the empty simplicial set. For instance, the simplicial set
which consists of a single point = has simplices

Xo={z}, Xi={sg(x)}, Xo={so(s6(2))}.--.
(note that, by the simplicial identities s}(s§(z)) = s$(s5(z))).

Definition 2.10. Let X be a simplicial set. By the simplicial identities, all of the degen-
eracy maps are injective. We call a simplex 0 € X,, degenerate if it is in the image of a

degeneracy map. We call all other simplices non-degenerate.

The good news is that we don’t really need to draw the degenerate simplices — all of
them get collapsed to non-degenerate ones in our pictures. The other good news is that
we can still manufacture simplicial sets from power sets.

Example 2.11 (Key examples). Let & > 0 X C P([k]) be a subset of its power set. We can

define a simplicial set A* as follows:

o The set (Ax)n of n-simplices of A% is the set of monotone maps f : [n] — [k]
such that the image of f is contained in U for some U € XK.

« Given a map 9 : [m] — [n], we define the corresponding map

it is relatively easy to check that this does, indeed, define a functor A°®® — Set —i.e., a
simplicial set.

We note that the non-degenerate simplices of A* correspond precisely to those W C
[k] such that W C U for some U € X. This allows us to draw these simplicial sets (at least
in low dimensions).

Three types of simplicial sets arising in this way are particularly useful to us. We now
consider S = {0, 1,2,...,n}, without any order involved.

1. Suppose that we start with the whole power set, ie.,, X = P({0,1,...,k}). We get
a simplicial set we call the standard (combinatorial) k-simplex, and denote by
AF. Every non-degenerate simplex of A* is a face of the k-simplex idj) : [k] —
[k]. We can thus picture the simplicial set A™ as standard (ordered) simplices:

’ AQ:A’ A

Alzn, Alz

37
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2. Suppose instead, we take the set X C P([k]) defined by
X ={U < [F}

We now get much the same pictures as before, but we are missing the biggest
simplex. The simplicial set we obtain is called the boundary of AF, and is denoted

OAk.

3. Finally, fix ¢ € [k]. Consider the subset X C P([k]) consisting of all subsets U C [k]
with U # [k] and U # [k] \ {i}. We obtain a simplicial set which, geometrically,
should look like A¥, with the i face and interior scooped out. We call this the i*"
horn of A*, and denote it by Af .

We can draw all of the horns for &k = 2:

1 1 1
A(%: A , Af: /\ , A%: X
0 2 0 2

0

3 Categories and simplicial sets

Before moving on to the more familiar setting of spaces built out of simplices, let’s con-

sider how we might represent categories as a special kind of simplicial set.

Definition 2.12. Let Cat denote the 1-category of small 1-categories. We define a functor
7:A —— Cat [n] —— "

Where 7" is the category with objects 0, 1, .. ., n, and

* 1<
Hom, = (i,7) = =
0 i>j.

Remark 2.13. We can visualize the category 7 as

0 1 2 n

this is the category associated to the poset [n].

The functor 7 allows us to construct a simplicial set out of any category, and (in a much
more convoluted fashion) a category out of any simplicial set. This construction falls into
a general framework of “nerve and realization”, which we will use repeatedly throughout
the source. We will carefully work through the construction for 7, and in future make

similar constructions with more minimal discussion.

Construction 2.14. Our first step is to consider the Yoneda embedding on A:

Y: A ——— Seta

[n] —— Homa (—, [n]).



This functor actually relates quite simply to a previous construction: Y([n]) is simply the
standard combinatorial n-simplex A™! Note that by Yoneda’s lemma, there is a natural
isomorphism Homs, (A*, X) & X,, for any simplicial set X € Seta.

We can then consider the left Kan extension of the functor 7 : A — Cat along the

functor Y.3 This will give us a functor, called the fundamental category functor

7 :Setn ——  Cat

X ——— colimar_, x AF
Of equal importance, the functor 7 will have a right adjoint, the nerve functor given by

N : Cat ——— Seta

Cr— HomCat(T(_), C)

To see that these two functors are adjoint, let C € Cat and X € Seta. We can then can

write down a sequence of natural isomorphisms
Homse . (X, N(C)) = Homsge , ( colim A*, N(C))
Ak X
>~ lim Homse, (A*, N(C
Jim  Homser, ( (©)

>~ lim Homcy (7", C)
Ak X

= Homcy( lim Tk,C)
Ak — X
= Homc(7(X), C)

We can also note that the nerve functor IV : Cat — Seta will be fully faithful. This is a
direct consequence of the fact that the canonical morphism

colim7* — C
Tk —=C

is an isomorphism?. This tells us that the counit € : 7 0 N = idcy is a natural isomor-
phism, and so N is fully faithful.

Of these two functors, the nerve N is the more useful and easier to understand. Let’s

try to unpack the data encoded in the nerve N(C) of a category C:

« The O-simplices are functors 79 = C, ie. objects of C.

1

« A 1-simplex of N(C) is a functor 7+ — C. This yields two objects x¢ and 1 in C,

and a morphism f : xg — z1in C: g % 1.

« A 2-simplex of N(C) is a functor 72

— C. In principal, this is encoded of the
data of three objects z, 1, and x5 of C, and three morphisms: fy; : g — 21,
fi2 : 1 — 22 and foo 1 o — x2. We could draw this as a diagram in C that looks

like a 2-simplex:

Ty ———————— X9

x
fo2
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3 This kind of Kan extension is sometimes called a Yoneda
extension.

*If you are unconvinced, try proving this!
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However, the condition that these data form a functor 72 — C means that this
diagram must commute, i.e. we must have fopo = fi2 o fo1. Consequently, a 2-
simplex in N (C) uniquely corresponds to the data of two composable morphisms
in C:
f12
Zo ?} r1 — T2
Jo1i
More generally, an n-simplex corresponds uniquely to a string of n composable mor-
phisms in C:

fi2 ftn—1)n
xl 1‘2 PR .’L‘n

xr
O o

Our aim is now to characterize the simplicial sets which are the nerves of categories.

Recall the simplicial horns A}' from Example (2).

Definition 2.15. We call a horn A an inner horn ifn > 2and 0 < ¢ < n. We call A?
an outer horn if it is not an inner horn.

Note that there is a canonical inclusion A7 — A”™. We say that a simplicial set X
admits inner horn fillers if, for every morphism f : A} — X from an inner horn to X,
there is a morphism ¢ : A™ — X such that the diagram

A?%X

[ A

An

commutes. We say that X has unique inner horn fillers if there is precisely one g

making this diagram commute.

Let’s unpack what this means. In the lowest possible dimension, n = 2, we have
precisely one inner horn: A2. We can represent a map 1) : A? — X by labeling a drawing
of A2 by 0- and 1-simplices of X.

Here, for instance a,b,c € X and f, g € X5. Note that for these data to really give a map
¥ A2 — X, we need that 3 (f) = ¢, d}(f) = b, d}(g) = b, and d}(g) = a.®
A filler for the horn ¢ will then be a map ¢ : A? — X, which we can draw as

By Yoneda’s Lemma, this map is uniquely specified by 0 € X5. For o to be a horn filler
for 1), we need that the two faces d3(c) and d3(c) of o that would comprise the horn are

* To specify the map, all we really need are the 1-
simplices f and g, together with the condition d{ (g) =
di (f). This is equivalent to noticing that we can write

AT=aAl]an
A0
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f and g, respectively. Pictorially, this means we are looking for a 2-simplex of X which

looks like:
b

a C

Warning: In general, this is not the same as simply specifying a 1-simplex from a to c.
That would give rise to a map 9A? — X from the boundary of A2

We now claim that some of these horn filling properties characterize the nerves of
categories up to isomorphism.

Definition 2.16. We define the spine of an n-simplex A™ to be the pushout

Sp(An) — A{O’l} H A{I,Q} H H A{n—l,n} c A"
A{1} A{2} A{n—1}

Graphically, this will look like:

2 2

1 1
Lemma 2.17. Let C be a category. Then restricting along the spine inclusion ., : Sp(A™) —
A" yields a bijection
Homge, (A", N(C)) = Homge , (Sp(A™), N(C)).
Proposition 2.18. Let X € Seta be a simplicial set. Then there is a category C and an

isomorphism X 2 N(C) if and only if X admits unique fillers for all inner horns.

Proof. First,let X = N(C) be the nerve of a category. For any n > 2 and any 0 < i < n,
the spine inclusion Sp(A™) — A™ factors through the horn inclusion A? — A", ie, we
get

Sp(A™) —— A —— A"

Thus, the isomorphism of the previous lemma factors as
Homger, (A™, N(C)) —— Homser, (A7, N(C)) —— Homget, (Sp(A™), N(C))

It thus suffices for us to show that the latter map is injective. However, by the previous
lemma, given ¢ : A? — N(C), the image of each (n — 1)-simplex in A7 is uniquely
determined by its spine, so the map is, indeed, injective.
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Now suppose that X admits unique fillers for every inner horn. Define a category C as
follows: The objects of C are the 0-simplices of X. A morphism from z to y is a 1-simplex
fof X withdo(f) = yanddy(f) = z. Theidentity onx € Xy is so(z) € X;. The
composition of f : © — y and g : y — z is given by forming the unique 2-simplex

filling the inner 2-horn ¢ [, f, and then taking g o f = di(0).
We then must check unitality and associativity: i O

Corollary 2.19. The functor N : Cat — Seta descends to an equivalence of categories
between Cat and the full subcategory of Seta on the simplicial sets which admit unique
fillers for all inner horns.

Exercise 10. Show the following: Let X in Seta be a simplicial set. There is a groupoid G
and an isomorphism X 2 N(G) if and only if X admits unique fillers for all horns of .

4 Simplicial sets as spaces: Kan Complexes

We can now return to our geometric interpretation of simplicial sets. We begin by playing
the same game with the geometric realization that we did with the nerve.

Definition 2.20. The Geometric realization functor
| — | : Seta —— Top

is the left Kan extension of | — | : A — Top along the Yoneda embedding A — Seta. It
has a right adjoint, the singular simplicial set functor which is given by

Sing : Top ——— Seta

X ——— Homrp(|A(-)], X)
i.e., an n-simplex in Sing(X) is a continuous map |A"| — X.
From the definition, we see that
| X| = ﬁi’lﬁ?{ Ak,

However, we’d like a more intuitive description of this construction. Apply the general
construction of colimits from coproducts and coequalizers, we see that we can write | X |

as the coequalizer of

id
HAk—>A"—>X |Ak‘ = HAm—>X |Am‘
fx
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Working out what this means, we see that this gives us the quotient of the space

[T x» > 1A"]
n>0
by the relations (f*(c0),z) ~ (o, fs(x)),for f : [n] — [m],c € X,,,andz € |A"|.
Effectively, we obtain the geometric realization by realizing each n-simplex in X,,, then
gluing these together in the way specified by the face and degeneracy maps of X.
The idea here is simply to make rigorous the pictures we have been drawing — we
can draw a simplicial set as a collection of simplices, glued together along the face maps.
The realization of a degenerate simplex si*(o) just gets collapsed to the simplex o, and so
doesn’t show up in the pictures.
The realization and singular simplicial set functor fit into the same framework as the
nerve/fundamental category adjunction, where Sing plays the role of the nerve IV, and the
realization | —| plays the role of 7. It is the same Yoneda extension-restriction construction

we saw before, which will come up in various guises throughout this course.

4.1 Kan complexes

Previously, we were able to characterize the simplicial sets coming from categories and
groupoids in terms of horn filling conditions. Our aim here is a bit more modest — we
want to develop the metaphor from the overture in terms of horn fillers.

We expect a space to be something like a “higher category in which all morphisms are
invertible,” i.e., a higher groupoid. When we considered groupoids as simplicial sets, we
noticed that they corresponded to precisely those simplicial sets which had unique fillers
for any horn.

To try and find an analogous condition for Sing, we will have to weaken this condition
slightly. In particular, we will have to lose uniqueness. This isn’t surprising, given our
metaphor — if paths in a space are like morphisms in a groupoid, we shouldn’t expect
that there is a unique way to compose them, or take the inverse. Rather, the composite (or
inverse) should be unique up to homotopy.

Definition 2.21. We call a simplicial set X € Seta a Kan complex if, for every map
f:+A? — X from a horn into X, there exists a filler g : A™ — X making the diagram

Ar L x

[
AP
commute. Note that we do not require g to be unique.
Proposition 2.22. Let X € Top be a topological space. Then Sing(X) is a Kan complex.
Proof. We begin by considering a a morphism f : A — Sing(X). We would like to

construct a dash arrow making the diagram

AP L Sing(X)

1
-
-
-
-
-
-

-

ATL
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of simplicial sets commute. However, since Sing is right adjoint to | — |, giving the arrow
f : A? — Sing(X) is equivalent to giving an arrow f : |[A?| — X. Similarly, we can

show that the desired map exists by showing that there is some g : |A™| — X making the

diagram
Ay Lo x
Pl
\[ //’/g
|A"
commute.

Indeed, it will suffice for us to note that |A?| is a retract of |A™|, via a map r : |A"| —
|AZ|.6 Since then, we can define g = f o r, and we will have got = foros = f, so that
the diagram commutes.

Remark 2.23. Notice that we have not gone as far as before — we have not given an ‘if and
only if’ statement characterizing singular simplicial sets of topological spaces. That said, it
will turn out that Kan complexes are a good combinatorial analogue of topological spaces,
though it will take us some time to make this precise.

4.2 Simplicial homotopies

We now want to see some of the ways in which Kan complexes behave like topological

spaces.

Definition 2.24. Let X be a Kan complex, and let a,b € X;. A path froma tobin X isa
map
fiA — X,

such that f|roy = a and f[{1) = b.

Proposition 2.25. Let X be a Kan complex. The relation

there is a path
froma tob

a~b =
is an equivalence relation.

Proof. Since there is a degenerate 1-simplex from z to = for any x € X, reflexivity is
immediate.
To that the relation is symmetric, suppose we have an edge f : © — y in X. Then we

can form a A3-horn
T

s0(y)

in X. Since X is a Kan complex, we can fill this horn, obtaining in the process an edge
g :y — x as desired.
A similar argument (now using a A%-horn) yields transitivity. O

¢ The retraction map can be computed out by taking
projection along the vector from the center of the i™ face
to |A™| to the ™ vertex of |A™].
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Definition 2.26. Let f, g : X — Y be maps of simplicial sets. A simplicial homotopy from
f togisamap
H: X xA' — Y

such that H|x 10y = fand H|yx 13 = g.

Proposition 2.27. Suppose Y is a Kan complex. Then for any simplicial set X, simplicial

homotopy is an equivalence relation on the set Homge, (X,Y).

Proof. Later. O






3

HOMOTOPY THEORY AND MODEL CATEGORIES

We now want to study the homotopy theory of spaces in terms of Kan complexes. The
hope that underpins this approach is that we can reduce knotty topological problems to
straightforward (if lengthy) combinatorial ones.

But what does it mean to study ‘homotopy theory’? There are many answers to this
question, and we will here take the naivest of these. We want to study topological spaces,
treating weak homotopy equivalences as invertible morphisms. This may at first seem like
an unremarkable approach, but a surprising amount of theory is needed to obtain a good
way of doing this. Ideally, given a weak homotopy equivalence f, we’d like to be able to
define an inverse 1.

As you likely know from algebraic topology, this isn’t always the case, so we’re stuck
doing the next-best thing: formally inverting the weak homotopy equivalences.

Definition 3.1. Let C be a category. A class of weak equivalences in C is a collection
‘W of morphisms in C such that

1. Every isomorphism in C is in W.

2. Ifg:a—band f : b — c are morphisms in W, define the set V := {f, g, f o g}. If two
of the morphisms of V' belong to W, then the other does as well.

We then call the pair (C, W) a category with weak equivalences.!

Given a category with weak equivalences (C, W), we can define a new category
C[W~1], which is obtained from C by ‘forcing’ the morphisms in W to be invertible. We
can do this by noticing a useful property of functors — they always send isomorphisms to

isomorphisms.

Definition 3.2. Let (C,' W) be a category with weak equivalences. For any other category
D, denote by Fun"V(C, D) C Fun(C, D) the full subcategory on those functors which send
all the the morphisms in W to isomorphisms in D.

A localization of C at W is a functor

Ly :C —— C[W™1]
such that the induced map

L%, : Fun(C[W~1],D) —— Fun(C,D)

!'To check your comprehension, it is a good exercise to
show that

1. Let C be a category and J the set of isomorphisms in
C, then (C, J) is a category with weak equivalences.
2. Let Wy g be the set of weak homotopy equivalences

in Top. Then (Top, Wy ) is a category with weak
equivalences.
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is fully faithful and has essential image Fun"V (C, D).
Example 3.3.

1. ([4, Ex. 3.1.1]) Consider the category BN with a single object *, and whose morphisms
are precisely the natural numbers, with composition given by addition. The localization
of BN at the set of all of its morphisms is precisely BZ — the groupoid associated to the

integers.

2. Consider the category [1], which consists of two objects 0 and 1, and a single mor-
phism f : 0 — 1. The localization of [1] at the set of all of its morphisms is the walking
isomorphism: the category with objects 0 and 1, and morphisms f : 0 — 1 and
g:1—0suchthatgo f =idgand f o g = id;.

3. (Homological algebra) Given an Abelian category? A, denote by W the set of quasi- 21f you don’t know what this is, don’t worry, but keep
isomorphisms in Ch(A). Then the derived category D(A) is the localization of Ch(A) at this example in mind if you take a homological algebra
course.
W.

Lemma 3.4. Localizations are unique up to equivalence of categories commuting with the
localization functor.

Proof. Suppose given two localizations Ly : C — D and Ky : C — E Since Ky lies in
Fun"(C, E), the fact that Lyy is a localization means that there is a functor

F:D——E
such that F' o Ly =, K. By the same reasoning, there is a functor
G:E——D

such that G o Ky =, L.
Two further applications of the definition show that G o F' 2 idp and F o G = idc. U

Definition 3.5. Denote by Wiy, the collection of all morphisms f : X — Y in Seta
such that | f| : | X| — |Y| is a weak homotopy equivalence of spaces.

Our goal in this chapter will be to elucidate® the following claim: 3 I'm being a little bit evasive with my wording here,
because in the interest of saving time, we will not be

Theorem 3.6. The realization functor descends to an equivalence proving this statement. Instead, we will be building up
evidence for it, as well as some useful technology.

| —1: Se’[A[\/V_1 | — Top[W;IlE]

simp

1 Cofibrations and invertibility

Looking at the categories Top and Seta, we can notice that in sufficiently nice cases, weak

homotopy equivalences are ‘almost’ invertible — i.e., are actual homotopy equivalences.



1.1 Case study: CW complexes
We cite without proof a celebrated theorem of Whitehead:

Theorem 3.7 (Whitehead). Let f : X — Y be a continuous map between CW complexes.

Then the following are equivalent.
« f is a weak homotopy equivalence.
« f is a homotopy equivalence.

This tells us something very interesting about the localization map
LWHE :Top —— TOp[WﬁlE],

Namely, if we restrict this map to the full subcategory CW C Top of CW complexes, we
get a functor that is defined by simply identifying homotopic maps! In some sense, this
means that part of the localization Top[W;ﬁE] already ‘lives inside’ CW.

Even better, there is another famous theorem, which lets us completely restrict our
attention to CW.

Theorem 3.8. Let X be a topological space. Then there is a CW complex Y, and a weak
homotopy equivalence f : Y — X.

This tells us something remarkable: if we identify homotopic maps in CW, we get the
entire homotopy category Top[W 5!

It turns out that we can generalize this behavior. The category Top carries the struc-
ture of a Model Category — a structure which allows us to find ‘good’ objects like CW

AN INTRODUCTION TO QUASI-CATEGORIES 49

complexes for which the weak equivalences can be turn into real homotopy equivalences.

To try and understand this better, let’s think about what a CW complex really is. Any
CW complex X can be built as follows

Construction 3.9. We start with the empty space &. We can add a single point to @ by
%] *
%] *

We keep doing this until we get a discrete space X, which consists of the 0-cells of X .*

forming a pushout square
—

—

Next we take each 1-cell « : D! < X of X. This comes equipped with an attaching
map
fa: 0D — X,.

We can then add the 1-cell a to X by forming a pushout square

oD! —— D!

el

Xg —— Y

We do this until we have added all the 1-cells of X to X, and obtain a space X; — the
1-skeleton of X.

4 Notice that * = DV is the 0-dimensional cell, and that
@ = 0DV is its boundary.
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We continue to play the same game, adding n-cells to X,,_; via pushouts of the form

oD —— D"

L

Xpog — Y
until eventually we reach the space X (perhaps after infinitely many iterations).

This tells us that our CW complexes can be built from the empty set using nothing but
the inclusions 9D*¥ — D*. But what operations do we need to allow to be able to build
any CW complex from these maps?

Definition 3.10. Suppose that C is a cocomplete category. A set K of morphisms in C is
called saturated if

1. All isomorphisms are contained in XK.

2. If there is a pushout square

f

Q—n»
O+

g
such that f € K, then g € K. (We say X is closed under pushouts.)

3. If we have a countable sequence

Ao f1 A f2 A,

of morphisms in X, then the induced morphism Ay — colim;cn A4; is in K. (We say K
is closed under countable composition.)

4. If there is a collection {f; : A; — B;}iecr of morphisms in X, then the induced
morphism

I fi
[lics Ai == 1Lic, Bi
is in K. (We say X is closed under coproducts.)

5. If there is a commutative diagram

such that g € K, then f € K. (We say X is closed under retracts.)

Definition 3.11. Let J be a set of morphisms in a cocomplete category C. The smallest
saturated class K containing J is called the saturated hull of J. We will often denote the
saturated hull of J by J.
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Example 3.12. Consider the set
Jd:={0D" — D"},en

of morphisms in Top. We will denote the saturated hull of J by Cof,, and call its elements
(classical) cofibrations.

We can thus rewrite our description of CW complexes as follows.

Lemma 3.13. Let X be a CW complex. Then the unique map & — X is a classical cofibra-

tion.

Proof. We define a sequence of classical cofibrations

X,1 = X() X1 X2 (3.1)

iteratively as follows. Let C), denote the set of n-cells of X. We define the map X;_; —
X to be the pushout

Haecn oD" —— HaECn D"

J#- |

bi
X’L—l — Xz

Since Cofy is closed under coproducts, the top arrow is in Cof. Since Cof is closed under
pushouts, the bottom arrow is as well.

The colimit of (B.1) is by definition the space X, and so since Cofy is closed under
countable composition, the map @ — X is in Cof. O

Remark 3.14. The reason for requiring that Cof; be closed under retracts is not yet appar-

ent. Our later discussion of Kan complexes will make clear why this axiom is of use.

Definition 3.15. We call a space X € Top (classically) cofibrant if the unique map
@ — X is in Cofy.

The upshot of the preceding discussion (together with a slight strengthening of White-
head’s theorem to include all classically cofibrant objects), is the following.

Theorem 3.16. Let Top® C Top denote the full subcategory on the classically cofibrant
objects. Denote by Ho(Top) the category obtained from Top® by identifying homotopic
morphisms. Then the localization map Ly, induces an equivalence of categories

Ho(Top) ~ Top [W;E] .

1.2 Case study: Simplicial sets

Let’s try the same approach with simplicial sets, to see if a similar notion of ‘cofibrant’
simplicial set exists, such that every weak homotopy equivalence of simplicial sets is a
homotopy equivalence.

Before we define our cofibrations, though, let’s examine whether we need them. Is
every weak homotopy equivalence f : X — Y of simplicial sets already a homotopy
equivalence?

51
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Example 3.17. Consider A? and the simplicial set K with two vertices and two parallel
edges, as pictured below.

AN K

Y

N

Convince yourself that the realizations of these two spaces are homeomorphic to the
circle, but every map K — 0A? is nullhomotopic. Note that there is a map 0A? — K
which induces a homotopy equivalence on realizations.

This example shows us that, in fact, not every weak homotopy equivalence of simpli-
cial sets is a homotopy equivalence. Because of this, lets try to mimic our earlier procee-

dure for spaces.

Definition 3.18. Set
J:= {8An — A"}nZO-

We define the set of (simplicial) cofibrations to be the saturated hull Cofa of J.°
Call a simplicial set X (Kan-Quillen) cofibrant if the unique map @ — X isa
simplicial cofibration.

Unfortunately, unlike in the case of spaces, this does not solve our problem.
Lemma 3.19. Every simplicial set is Kan-Quillen cofibrant.

We will actually prove this lemma as a corollary of a more general proposition.
Proposition 3.20. Let f : X — Y be a monomorphism® of simplicial sets. Then f € Cof.

Proof. We first note that, given a pushout square

x Iy

|

ZTH/V

in Setn, if f is a monomorphism, then f’ is also a monomorphism.
We will inductively construct a sequence of Kan-Quillen cofibrations

X=x0_ I, x X2

Such that Y is the colimit of the sequence.
To begin with, let Iy = Y, \ X be the set of 0-simplices of Y which are not 0-simplices
of X. We can then define X! and f; as the pushout

Ha inlg aAO Ha inly AO

| |

1
-
X 3 X

* One might be tempted to ask why this is the natural
analogue of the cofibrations in Top. The reason is
that we can define homeomorphisms |A™| & D"
which, on the boundary, restrict to homeomorphisms
[OA™| =2 9D™.

® By a monomorphism in a category C, we mean a
morphism f : x — yin C such that, for any g,h : z —
zinC,if f o g = f o h, then g = h. This can be seen as
a generalization of the notion of an injective map:

Exercise 11. Show that the monomorphisms in Set are
precisely the injective maps. Show that the monomor-
phisms in Seta are those morphisms f : X — Y such
that, for every n > 0,themap f : X;, — Y, on
n-simplices is injective.
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so that X! contains all the 0-simplices of Y. By universal property, we get an induced
map ! : X' — Y such that ¢! o f; = f.

Now suppose we have constructed X*, and a monomorphism /% : X* — Y which is
surjective all the n-simplices of Y for n < k. We then set I, = Y}, \ (X%)}, to be the set of

k-simplices of Y not already contained in X*. There are canonical inclusions
s in, ONF — [aer, AF — Y.
Since all the (k — 1)-simplices of Y are contained in X*, the inclusion
L iy, 0AF — Y.
factors through ¥ We thus get a commutative diagram

Ha inly aAk B HaGIk Ak

|

Xk:
Y
»F

Forming the pushout then yields a space X**! and a monomorphism 1**+1 : Xk+1 vy
which hits all the k-simplices of Y, and such that the diagram

Ha inly aAk B Haelk Ak

| |

Xk Xk+1

fr+1 Xw

wk

Y

commutes.
By induction, we have constructed a sequence of Kan-Quillen cofibrations f; : X*~! —
X? whose countable composition is the map

f:X—=Y
Thus, this map is a Kan-Quillen cofibration, as desired. O

It thus becomes clear that we need more machinery if we want a nice description of the

localization.

2 Anodyne maps

The big issue we run into when trying to turn weak homotopy equivalences of simplicial

sets into homotopy equivalences is that simplicial homotopies are not usually reversable
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— they have a direction specified by the direction of the corresponding 1-simplices. This
means, in particular, that simplicial homotopy is not an equivalence relation. To rectify
this, we again need to restrict our attention to a special class of objects. Fortunately, this is
a class we have already encountered: Kan complexes.

Recall that a Kan complex X is defined by the property that, for any 0 < 7 < n, and
any map A — X, there exists a dashed morphism as below making the diagram

A — X
J{ /7(
A
commute. Our hope will be to relate this lifting property to the saturated classes of mor-

phisms we introduced earlier.

Definition 3.21. We define the class A of anodyne maps to be the saturated hull of the
set
{A - A" | 0<i<n}.

We will call amap f : X — Y of simplicial sets a Kan fibration if, for everyi : A — B
in A and every solid commutative diagram

A—— X

Il
z‘l e lf
-
.

B—Y
there exists a dashed arrow as indicated making the diagram commute.

It will turn out that we don’t actually need to test f against every anodyne map to see
that it is a Kan fibration. It will suffice to check only the familiar horn inclusions. This

follows from some quite general theory:

Definition 3.22. Let C be a category, andlet f : X — Y and ¢ : A — B be morphisms in
C. We say that f has the right lifting property (RLP) with respect to i and that ¢ has
the left lifting property (LLP) with respect to f if, for every commutative diagram

A—— X

o
I

B——Y

in C, there exists a dashed arrow as above making the diagram commute. In this case we
write i L f.
Let B be a set of morphisms in C. We denote

1B:={i | i L fforevery f € B}

and
By :={f | iL fforeveryie B}

Lemma 3.23. Let C be a cocomplete category, and let B be a set of morphisms in C. Then
LB is saturated.



AN INTRODUCTION TO QUASI-CATEGORIES 55

Proof. This amounts to checking the conditions for saturation. It is immediate that iso-
morphisms are contained in | B. Closure under coproducts is a straightforward applica-
tion of the universal property.

To check closure under pushouts, suppose that

|

TO+—Q
Rl

|
|

is a diagram in C. Suppose that the left-hand square is a pushout square with i € | B, and
suppose that f € B. Then by definition, we can solve the lifting problem defined by the

outer square, to get a dashed arrow

A—— CjX
[
B——D —Y

The universal property of the pushout then provides a map D — X, which is easily
checked to be a solution to the left-hand lifting problem. Hence j € | B.
To see closure under countable composition, suppose that

By By B
is a sequence of morphisms in | B, and suppose we are given a lifting problem

By —— X

l |

colimjey B —— Y

where f € B. By universal property, this gives us a countable sequence of lifting prob-
lems
B, — X

Lo b

Bi+1 — Y

which each admit a solution by assumption. The solutions display X as a cone over the
{B;}, and thus yield a map colim;cy B; — X by universal property, which solves the
lifting problem.

To see closure under retracts, suppose we have a retract diagram

/i\

1
|

<

£
|

|
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with ¢ € | B. Then suppose we are given a lifting problem

A— X

i I

B——Y

with f € B. We can stick these diagrams together, and solve the middle lifting problem,

A= A—— X

1A TA
lj l hl/f lf
B2, p=,p Y
\id/'
It is then easy to check that h o i g solves the initial lifting problem. O

Corollary 3.24. Let C be a cocomplete category, and B a set of morphisms in C. Then
B C L(BL)-

Corollary 3.25. Amap f : X — Y of simplicial sets is a Kan fibration if and only if it has
the RLP with respect to the maps A} — A" forall0 < i < n.

Corollary 3.26. A simplicial set X is a Kan complex if and only if the unique map X —
AY is a Kan fibration.

So now we have two ways of finding special types of objects, both related to saturated
classes. Kan-Quillen cofibrant objects are the objects such that the unique map & — X
is a Kan-Quillen cofibration; and Kan-Quillen fibrant objects (Kan complexes) are the
objects such that the unique map X — AY has the RLP with respect to the Anodyne
maps.

It will turn out that any weak homotopy equivalence between two Kan complexes is, in
fact, a homotopy equivalence, so in some sense the fibrant objects in Seta are good in the
same way that the cofibrant objects in Top are.

3 Model categories

We now want to axiomatize the kind of structures we have been examining. In effect, we
have a category C, and a set W of weak equivalences, and we want to see the localization
C[W™1] as “living inside” C. We have noticed that we can do this for Top by defining

a saturated set of morphisms Cof, and considering only the cofibrant objects, and we
suggested that we can do this for Seta by defining a saturated set of anodyne morphisms,
and considering fibrant objects with respect to these. We will now introduce a structure
which incorporates both of these ideas, and allows us to deal with localizations in a very
organized manner.

Definition 3.27. Let C be a complete, cocomplete category. A model structure on C
consists of three distinguished sets of morphisms: A set W called weak equivalences, a set
Cof called cofibrations, and a set Fib called fibrations. These sets are required to satisfy the

axioms:
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(M1) The pair (C, W) is a category with weak equivalences.
(M2) Each of the classes W, Cof, and Fib are stable under retracts.

(M3) A lifting problem
A— X

i| |#

B—Y

in C has a solution, provided that at least one of the following holds:

« We have i € Cof "W and f € Fib.
« We have i € Cofand f € FibN'W.

(M4) Any morphism X — Y in C admits a factorization

X%X’LY

Where i € Cof MW, and f € Fib.

(M5) Any morphism X — Y in C admits a factorization
X1y 4,y
Where j € Cof, and f € FibN'W.

We will refer to the morphisms of Cof N'W as trivial cofibrations and the morphisms of
Fib N'W as trivial fibrations.

Remark 3.28. Notice that this means the set Cof of cofibrations and the set Cof N 'W of
trivial cofibrations are both saturated, by Lemma B.23.

One important observation follows immediately from the definitions:

Lemma 3.29. Let (C, Cof, Fib, W) be a model category. Then (C°?, Fib, Cof, W) is a model
category.

The use of this lemma is that, if we prove a statement about a model category, we im-
mediately obtain its dual statement. For instance, if we notice that the set of cofibrations
is stable under pushouts, we immediately obtain that the set of fibrations is stable under
pullbacks.

Example 3.30.

1. Any complete and cocomplete category C carries a model structure in which Cof =
Jib is the set of all morphisms in C, and W is the set of isomorphisms in C

2. The category Cat of small categories carries a model structure where Cof consists

of those functors which are injective on objects, Fib consists of the isofibrations’

and W consists of the equivalences of categories.

" An isofibration F' : C — D is a functor such that, for
any ¢ € C and any isomorphism f : F(c) =, dinD,

there exists an isomorphism g : ¢ — b in C such that

F(g) = f.
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3. There is a model structure on the category Top in which Cof is the set of classical
cofibrations, Fib is the set of Serre ﬁbrationsg, and ‘W is the set of weak homotopy

equivalences.
Example 3.31. There is a model structure on Seta with
Cof: Cofibrations are monomorphisms.
Fib: Fibrations are Kan fibrations.

'W: Weak equivalences are weak homotopy equivalences.
Proposition 3.32. Let (C, Cof, Fib, W) be a model category. Then
1. Cof; = (FibN'W) and Cof = | (FibN'W)

2. (CofN'W) = Fib and (Cof N'W) = | Fib.

Proof. Tt suffices for us to show Cof = | (Fib N ‘W) and (Cof N W) = | Fib. The other
statements follow by duality. We prove one of these statements, and leave the other to the
reader.

Note first that Cof C | (Fib N'W) by (M3). Now suppose i : A — Bisin ; (FibN'W).
We can factor 7 as

ALE%»B

by (M5). We can then form the lifting problem

&)

_9,

N

~

W
UU«?

%
idp

which has a solution r : B — B by (M3). This then yields a retract diagram

A A, g Mg
I ig N
B——»B-—">3B
Thus, by (M2), ¢ € Cof. O

Remark 3.33. This implies that (1) Cof and (Cof N ‘W) are saturated, and (2) a model
structure is uniquely determined by Cof and W or by Fib and W.

4 Factorizations and the small object argument

We haven’t yet discussed the factorization axioms (M4) and (M5) in our definition of
model categories. There is a fairly miraculous trick for showing that such factorization
axioms hold, due to Quillen. To make use of this argument, however, we will need some

additional terminology.
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Definition 3.34. A partial ordered set [ is called filtered if every finite subset U C I has
an upper bound, i.e. there is an € I such that, for every y € U, y < x. We call a colimit
of a diagram

F: 1 —C

where [ is a filtered poset a filtered colimit, and we call such a diagram a filtered diagram

Definition 3.35. Let C be a cocomplete category. We call an object x € C compact’ if the
representable functor
Homc(x,—) : C —— Set

commutes with filtered colimits.
Equivalently, we say « is compact if, for every filtered diagram

F:1 ——C
T Y

with colimit cone 7 : F' = const, and every f : x — ¢, the following conditions hold:

1. There exists ¢ € I and f; : © — c¢ such that the diagram

commutes.

2. If g; : x = y; and g; : * — y; are two morphisms satisfying condition (1), then there is
ak € I with¢ < kand j < k such that the diagram

r —2 Yi

commutes.

Proposition 3.36 (Quillen’s Small Object Argument). Let C be a locally small cocomplete
category, and A a small set of morphisms of C such that the source of every morphism in A
is compact, then every morphism f : ¢ — d in C admits a factorization

where h is in the saturated hull of A, and g has the right lifting property with respect to
every morphism of A.

Proof. The key trick here is to push each lifting problem “one step further” in a colimit
diagram: We want to construct a N-index sequence

C C1 Co

° The original term used by Quillen was small, however,
small is now often used for an unrelated set-theoretic
notion.
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and a cocone with tip d over this diagram:

C C1 C2

\\

AN
fZFfi_ f2

Nd

with the following properties:
« Each morphism ¢; — ¢; 1 lies in A.

« Given a lifting problem
a — C;

1

b——d

with s € A, then there exists a morphism g : b — ¢;11 such that the diagram

A

C’L+1

b% \d

commutes.

Let us first see why this would imply the proposition. We define ¢, = colimy ;. Since
each ¢; — c¢;y1, the transfinite composite fo, : ¢ = ¢ lies in the saturated hull of A.

Moreover, the cocone with tip Y yields a factorization

Coo

of f. It thus remains only for us to check that p has the right lifting property with respect
to all morphisms in A.
Given a lifting problem
a — coo
Lk
b ——d

with s in A, the fact that a is compact allows us to find a morphism @ — ¢; such that the

diagram

|

C

/
\

0‘(—@

%

&(—



commutes. We can use our second property to find g : b — ¢;1 such that the diagram

a

Coo

. l p

N

commutes. The induced map b —2— ¢;41 Coo then solves the initial lifting

b d

problem.
We now only need to show that the desired sequence c; of objects in C exists. We
consider the set I of all diagrams of the form

myg
a; —> ¢

bl

b, — 5 d

where s; € A. Then we can form the coproduct over ¢ € I of the morphisms s; : a; —

biilo
Hai — H bl

el i€l

We thus get a commutative square

[ierai rC

Lok

ies bi > d
Forming the pushout then gives us an object ¢; and a commutative diagram

Hiel a; »C

| J

[licrbi — a

AN
f1

Where, by definition, 77 is in A. Moreover, given a particular lifting problem
a —2= ¢
[k
b d

n

—
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1% note that morphisms in A can appear more than once
in this coproduct.
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with s € A, the summand inclusions

a —— [ljc;ai —— ¢

ls | J

b%u bi*>01

iel
N
il
N

d

give us the desired partial lift. Iterating this process gives us the desired sequence ¢;. [
Corollary 3.37. Suppose that A and C satisfy the hypotheses of Proposition [3.34. Then
A= (A,

We now want to specialize this argument to the case of Seta. The first step is to iden-
tify the compact objects in Seta.

Definition 3.38. We call a simplicial set X € Seta finite if X has only finitely many
non-degenerate simplices.

Lemma 3.39. Let X € Seta, and denote by P (X) the poset of finite simplicial subsets
Y C X. Then P'™(X) is filtered, and
X = colim Y.
Y €Pin(X)

Proof. The fact that Pi"(X) is filtered follows from the fact that a finite union of finite
simplicial sets is itself finite.

By the explicit description of colimits in Set, we see that colimy ¢ pm(x)Y C X. On
the other hand, suppose that A — X is a simplex. Then the image of A" is a finite
simplicial subset of X, and so X C colimy ¢ pu(x) Y. O

Proposition 3.40. A simplicial set X € Seta is a compact object if and only if X is finite.

Proof. Suppose that X is compact. Then since

X = colim Y
Y ePin(X)
the identity idy : X — X must factor through some Y € P"(X), i.e., the identity must
factor as X — Y < X. This, however implies X =Y, and so X is finite.

On the other hand, suppose that X is finite, let I be a filtered poset, and F' : I —
Seta be a diagram with colimit cocone 77 : F' = consty. Suppose we are given a map
f + X — Y. For any non-degenerate simplex o of X, there is then an ¢ € [ such that
flo : A™ = Y factors through F(i,).

For every non-degenerate simplex o of X, we choose such an 4,. This is a finite set
by assumption, and since I is filtered, there isa £ € I such that i, < k for every non-
degenerate simplex o of X. This means that, for each such o, f|, factors through F(k).
We can thus, for any n, define maps from the non-degenerate n-simplices of X to the n-

simplices of F'(k). We extend this map to degenerate simplices by forcing it to commute



AN INTRODUCTION TO QUASI-CATEGORIES

with degeneracy maps. Checking that this yields a well-defined map of simplicial sets
g: X — F(k) shows that f : X — Y factors through F'(k), as desired.
Finally, suppose that f : X — Y factors through F'(j) as

X 25 F(j) —— Y

and F({) as
X253 F0) — Y

For each non-degenerate simplex o of X, we can find a p, € I such that the composites

X 5 F(j) F(po)

and

X = F(0) F(ps)

agree on o (by the construction of colimits in Set). Since [ is filtered, We can thus find
some p € [ such that the composites

X = F(j) — F(p)

and
X 25 F(t) — F(p)

agree on all non-degenerate simplices. However, this implies that these composites agree

on all simplices, and so we see that X is compact. 0
Corollary 3.41. Foreveryn > 0 and every X C P([n)]), the simplicial set A* is compact.

Corollary 3.42. Every morphism f : X — Y in Seta factors as

X —=57Z-"5Y
where s is an anodyne morphism, and p is a Kan fibration.
Proof. Apply the small object argument to the set

A={A} - A"} O

Corollary 3.43. Every morphism f : X — Y in Seta factors as

X =575y
where s is in the saturated hull of {OA™ — A™}, and p has the RLP with respect to the
morphisms in {0A™ — A"}
5 Digression: Mapping spaces

We now pause in our contemplation of model categories to use some of the machinery
we have developed. Viewing simplicial sets as an analogue of spaces, we want to define

mapping spaces between two simplicial sets.
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Definition 3.44. Let K and X be simplicial sets. The simplicial mapping space Map(K, X) €
Seta is the simplicial set defined by the isomorphism

Homset, (A", Map(K, X)) = Homser, (K x A™, X).
The functoriality in A is given by the functoriality of K x A(~),
Proposition 3.45. There is an adjunction
K x (=) :Seta —— Seta : Map(K, —).
Proof. We prove the proposition by providing a bijection
Homset, (Z, Map(K, X)) = Homge, (K X Z, X).

natural in X and Z.

We first introduce the evaluation map:
ev: K x Map(K,X) — X

which sends a k-simplex (0,7v) € K x Map(K, X) to the simplex v(o x idan). We can
then define a map

Homset, (Z, Map(K, X)) —— Homget, (K X Z, X)

which sends f : Z — Map(K, X) to the map

fiKxZ —5 X

(o,7) —— ev(a, f(1)).
In the other direction, we can define a map
Homge, (K X Z, X) —— Homget, (Z, Map(K, X))
which sends f : K x Z — X to the map
f:Z — Map(K, X)
o —— flkxo

It is straightforward to check that these maps are mutually inverse. O

We now want to explore the behavior of mapping spaces with respect to anodyne
morphisms and Kan fibrations.

Definition 3.46. Let f : A — Bandg : C' — D be morphisms of simplicial sets. We
define the pushout-product of f and g to be the canonical map

fANg:Ax D]l e BxC —— BxD.
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Example 3.47. Let f : {0} — A',andg : A%} — A2 Then the source of the
pushout-product f A g can be drawn schematically as

(0,0) — (0,1) —— (0,2)

| |

(1,00 — (1,1)
as a subset of [1] x [2].

One key facet of the interplay between the pushout-product and mapping spaces is the
use of adjoint lifting problems.

Lemma 3.48. Letp : X — Y, f: A — B,andg : C — D morphisms in Seta. Then a
lifting problem
Ax D] e BxC — X

I

BxD —————Y

uniquely corresponds to a lifting problem

A— s Map(D,X)

J |

B —— Map(C7X) XMap(C,Y) Map(D7Y>

Moreover, the former lifting problem has a solution if and only if the latter does.

Exercise 12. Formulate and prove a version of for a general pair of adjoint functors
L : Setn —— Seta : R.

Exercise 13. Let B be a set of morphisms in Seta, and let € be a saturated set of mor-
phisms in Seta. Let Q denote the set of morphisms f in Seta such that f A g isin C for
any g € B.

1. Show that Q is saturated.
Proposition 3.49. Define

By = {A7 — A"}

By =4 {i} x A" J[ A'x0A™ - Al x A" |ie{0,1}
{i} x0A™n

Bs:=<{i} xB J[ A'xA— A'xB|ie{0,1}, A< B monic
{i}xA

Then B, = By = By is the set of anodyne morphisms.
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Proof. We first show that By C Bj. Fix A? with k < n, and define morphisms

{1}x(<) A1

AP SIAL  An Ly AR

where ¢ is defined on the level of posets as

One then has a retract diagram

AP —— {0} X A" [y ey A" X A —— A}

| | |

’IL—> 1 n—> n
A" e Al XA - A

For the case n = k, take the retract obtained for £ = 0, and reverse all arrows.
We next show that By C B;. We will show one of the two cases — the other is com-
pletely analogous. Consider the morphism

A={0} x A" [[1gyxpan A X OA™ —— Al x A" =B

in Seta. Every non-degenerate simplex of A’ x A" is contained one of the ‘maximal’
(n + 1)-simplices given by

o;:[n+1] ——— [1] x [n]

. 0.5)  j<i
Jr—
(Lj-1) j>i

for 0 < ¢ < n. We can define simplicial sets inductively by setting A,,+1 = A, and
A=A Uo;

to get a filtration
A:An+1 gArngAOZB

It will thus suffice for us to show that A;1; — A; is anodyne. However, we can notice

that the intersection of ; and A; 1 is precisely a A?'H-horn. Thus we have a pushout
diagram

An—i—l An+1
(3

Lk

Ai+1 c Ai

and A;11 — A, is anodyne, as desired.
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Finally, we show that B3 = B,. It is immediate that By C Bs. Let I be the set of
morphisms

I:={{0} - A {1} =AY}
Then by Exercise [L3, we see that the set
Q:={f:A=B|fAgeEByVgel}

is saturated. However, this means that Q is a saturated set containing all the simplex
boundary inclusions, and thus contains the monomorphisms. Hence, B3 C Bo, and we
are done. O

Corollary 3.50. For any anodyne morphism f and any monomorphism g, then f A g is
anodyne.

Proof. The set {h | h A g is anodyne} is saturated. It thus suffices to show that for any
h € Bs, the map h A g is anodyne. However, any such h is itself of the form ¢ A s, where ¢
is {i} — A, and s is a monomorphism. We thus see that

hAhg=UNANS)ANg=LA(sNg)

since s A g is a monomorphism, this lies in M3, and thus is anodyne. O

Corollary 3.51. Foranyi: A — B a monomorphism, and anyp : X — Y a Kan fibration,
the morphism

Map(B7 X) — Map(B7 Y) ><3\/[ap(A,Y) Map(A7 X)
is a Kan fibration.

Proof. This follows from Lemma B.4§. O

Corollary 3.52. For any Kan complex X and any simplicial set K, the mapping space
Map(K, X)) is a Kan complex.

Proof. Apply the previous corollary to @ — K and X — . O

We can now prove a statement we asserted at the end of last chapter, bolstering our
case that Kan complexes are the right choice of ‘good’ objects in Seta.

Corollary 3.53. For X a Kan complex, homotopy of maps B — X is an equivalence
relation on Homge . (B, X).

Proof. Ahomotopy H : A! x B — X is, by definition, the same thing as a path
A' — Map(B, X). Since paths define an equivalence relation on the vertices of any
Kan complex, homotopy of maps is thus an equivalence relation. O
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6 Cylinders

The trick here is that, with a model structure in place, we can define a notion of homotopy
in the category in question, and then use this to greatly simplify the localization of the

category at the weak equivalences.

Definition 3.54. Let (C, Cof, Fib, W) be a model category, and let X be an object in C. A
cylinder object Cyl(X) € C is an object equipped with a cofibration

XIIX — Cyl(X)

and a weak equivalence
Cyl(X) — X

such that the canonical map X II X —— X factors as

XIIX —— Cyl(X) —=— X.

Example 3.55.

1. In the model structure on Top described above, a cylinder object for X is the space
X x I, with structure maps

XTX =X x{0,1} — X xT 2% X

2. In our putative model structure on Seta, a cylinder object for X € Seta is the
simplicial set X x A!, with structure maps

XTX =X x{0,1} — X x Al 2%, x.

Exercise 14. Show that, in any model category C, every object X &€ C has both a path
object and a cylinder object.

The main utility of cylinder and path objects is that they allow us to define a notion of
homotopy in a model category.

Definition 3.56. Let (C, Cof, Fib, W) be a model category, and let f, g : X — Y be a pair
of morphisms in C. A left homotopy from f to g is a morphism

cyl(x) 5 v
from a cylinder object such that the composite map
XX — Cyl(X) 25 v
isfllg: XIIX —>Y.

Before we proceed, we briefly note that we can always obtain cylinder/path objects in a

model category.

Dual Definition B.54. Let (C, Cof, Fib, W) be a model
category, and let X be an object in C. A path object
Path(X) € C is an object equipped with a fibration

Path(X) — X x X
and a weak equivalence

X —— Path(X)

Such that the canonical map X —— X x X factors
as
X —— Path(X) — X x X.

Dual Example 3.53.

1. In the model structure on Top described above,
a path object for X is the space Map([, X) of
continuous maps with the compact-open topology,
equipped with the structure maps

evg X evy

X St Nap(l, X) —2 X, X x X,

2. In our putative model structure on Seta, a path
object for X is the simplicial set X, with structure
maps

evg X evy

X comsty T X x X.

Dual Definition B54. Let (C, Cof, Fib, W) be a model
category, and let f, g : X — Y be a pair of morphisms
in C. A right homotopy from f to g is a morphism

X —1L; path(Y)
such that the composite
X L path(Y) — Y x Y

isfxg: X =Y xY.
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Lemma 3.57. Let (C, Cof, Fib, W) be a model category, and let X be an object of C. Then
there is a cylinder object for X.

Proof. We factor the map id ITid : X II X — X using (M5) from B.27. This yields a
factorization

XX ' C—»X
where i is a cofibration and s is a trivial fibration (in particular, a weak equivalence). O

Ideally, we’d like our two notions of homotopy to be the same, i.e. that two maps are
left-homotopic if and only if they are right-homotopic. This is not always the case, but
often, it will be so.

Example 3.58. Let X be a topological space, and let a,b : * — X be the inclusions of
two points. A left homotopy from a to b is a factorization

* IT % Ix+ 25 x

of the map a I1 b : % IT x — X. In other words, this is a path from a to b in X.
On the other hand, a right homotopy from a to b is a factorization

« —— XT — 5 X x X

of themap a x b: * — X x X. This is also a path from a to b. So, in Top, our two notions

agree.

In general, left and right homotopy do not always agree. More importantly, left/right

homotopy do not always define an equivalence relation on the set of maps Homc(X,Y).

Example 3.59. In our proposed model structure on Seta, a left homotopy from f : X —
Y tog: X — Y canbe written asamap X x Al =Y.

Consider A7 € Seta. Denote by i; : A? — A% the inclusion of the j™ vertex. Then
there is a homotopy from 4 to i1, and a homotopy from ; to io, but no homotopy from g
to io. The reason that left homotopy does not define an equivalence relation in this case is
precisely because the target A? is not a fibrant object, i.e. a Kan complex.

To rectify these issues, we will need to introduce two special kinds of objects in a
model category. We have already met both of these concepts in special cases.

Definition 3.60. Let (C, Cof, Fib, W) be a model category. Denote the initial and termi-
nal objects of C by @ and x, respectively. An object X in C is called fibrant if the unique
map

X — %

is a fibration. Dually, X is called cofibrant if the unique map
g — X

is a cofibration.
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Example 3.61. In our standard model structure on Top, every object is fibrant, and the
cofibrant spaces are retracts of cell complexes. In our proposed model structure on Seta,
every object is cofibrant, and the fibrant objects are Kan complexes.

Lemma 3.62. Let (C, Cof, Fib, W) be a model category and X € C be a cofibrant object.
Let XTIX 2% oyl (X) —25 X and XTTX 2 oyl (X) —25 X be two

cylinder objects for X. Then
1. The morphisms iy : X — Cyly(X) and j1 : X — Cyl,(X) are trivial cofibrations.

2. The pushout K in the diagram

X — 5 oyl (X)

b

Cyl,(X) —X— K

is a cylinder object for X when equipped with the maps poiy and qo jo from X — K
and the map s : K — X obtained by universal property.

Proof. To see (1), we note that by definition
X s oyl (X) —25 X

is a factorization of the identity, and s; € W. Since W satisfies 2-out-of-3, this means that
j1 € W. Moreover, since X is cofibrant, we can write the inclusion of the second factor
X — X II X as the coproduct of the identity on X with the cofibration @ — X. Since
cofibrations are a saturated set, this implies this inclusion is a cofibration. Thus, j; is a
composite of cofibrations, and so is itself a cofibration.

To see (2), we note that trivial cofibrations form a saturated class, and thus are closed
under pushout. Since out argument for (1) shows that j; and 49 are trivial cofibrations, we
thus see that p and ¢ must be trivial cofibrations as well. Universal property implies that

the diagram
X —2 5 oyl (X)

"

Cyly,(X) —+— K

52

induces a unique dashed map s. Since s; and p are weak equivalences, 2-out-of-3 implies
that s must be as well.

The final verification — that ¢ IT jo : X I1 X — K is a cofibration — is left to the
reader. O

Lemma 3.63. Let (C, Cof, Fib, W) be a model category. If X is a cofibrant object andY is
any object, then left homotopy is an equivalence relation on Hom¢ (X,Y).
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Proof. First, let us show that f is left-homotopic to f. Let
XIIX —— Cyl(X) —— X
be a cylinder object for X. It is then immediate that
fos

XX —— cyl(Xx) 25 v

is a factorization of f Il f : X IT X — Y. Thus f o s is a homotopy from f to f.

Reflexivity of the relation follows immediately from the fact that if
X1 x 20 oylx) — X
is a cylinder object for X, then so is

19114y

XX =2 Cyl(X) —— X.

Transitivity follows immediately from Lemma B.63, part (2). O

Dualizing, we immediately obtain

Dual Lemma [3.63. Let (C, Cof, Fib, W) be a model category. If Y is a fibrant object and X

is any object, then right homotopy is an equivalence relation on Homc (X, Y).
Finally, we aim to show that left and right homotopy describe the same equivalence

relation on Homc (X, Y') when X is cofibrant and Y is fibrant.

Lemma 3.64. Let (C, Cof, Fib, W) be a model category, and let X be a cofibrant object.
Suppose that f,g : X — Y are left-homotopic. Then for any path object Path(Y') of Y, there
is a right homotopy

H:X —— Path(Y)
from f tog.

Proof. We begin with a cylinder object
XTI X M cylx) — X

for X and a homotopy G : Cyl(X) — Y from g to f. Additionally, we have fixed a path
object

Y — Path(Y) —2 Y x V.
We write a commutative diagram

X —°F path(y)

b

Cyl(X) (my xY
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By the dual of Lemma (1), we note that the map Path(Y) — Y X Y is a fibration.
Additionally, ¢ is a cofibration. This means we can solve the lifting problem represented
by this commutative diagram, to get a map

x L Path(Y

l/l

making the diagram commute. We can then check that 1) o ip : X — Y defines a
homotopy from f to g.
To see this, let 11,72 : Y X Y — Y be the two projections. We then compute

mopotoig=mio((fos)xG)oig

= fosoig
=foidx =f
and
mpopooig=Goig
=g.
completing the proof. O

Corollary 3.65. Let (C, Cof, Fib, W) be a model category. Let X be a fibrant object, and Y’
a cofibrant object. Let f,g : X — Y be two morphisms. The following are equivalent.

1. For any cylinder object Cyl(X) of X, there is a left homotopy from f to g with cylin-
der object Cyl(X).

2. f and g are left-homotopic.

3. For any path object Path(Y") of Y, there is a right homotopy from f to g with path
object Path(Y).

4. f and g are right-homotopic.

Proof. Follows immediately from Lemma and its dual. O

7 Localizing model categories

Our penultimate objective in this chapter will be to see how a model structure on C with
weak equivalences W allows us to describe the homotopy category C[W~!] with a mini-
mum of difficulty.

Definition 3.66. Let (C, Cof, Fib, W) be a model category. We call an object X € C
fibrant-cofibrant if it is both fibrant and cofibrant.

Let X,Y € C be fibrant-cofibrant objects. We call a morphism f : X — Y a homo-
topy equivalence in C if there is a morphism ¢ : Y — X such that g o f is homotopic to
idx and f o g is homotopic to idy.



AN INTRODUCTION TO QUASI-CATEGORIES

Example 3.67.

1. In the model structure on Top, the homotopy equivalences in the model-categorical
sense are precisely the classical homotopy equivalences.

2. In our putative model structure on Seta, the homotopy equivalences are the simplicial
homotopy equivalences.

Proposition 3.68. Let (C, Cof, Fib, W) be a model category, and let X and Y be fibrant-
cofibrant objects in C. If a morphism f : X — Y isin'W, then it is a homotopy equivalence.

Proof. We first notice that, given a weak equivalence f : X — Y, we can factor it as

where ¢ is a trivial cofibration. By 2-out-of-3, we see that s is also a weak equivalence,
and thus a trivial fibration. It thus suffices to show the statement for trivial fibrations and
trivial cofibrations. Since these two cases are dual, it will in fact suffice to prove one of
them.

Suppose f : X — Y is a trivial cofibration. Fix a path object

Y — Path(Y) —— Y x Y
for Y. Since f is a trivial cofibration and X is fibrant, we can solve the lifting problem

id
14X>X

X
V]

Y —— %

to obtain a dashed morphism g : ¥ — X such that g o f = idx. We then consider the
lifting problem

X L path(Y)

(fog)xidy xY

since f is a trivial cofibration and Y is a fibration, we can solve this lifting problem to
obtain a morphism ¢ : Y — Path(Y"). The map 1) is, by construction, a right-homotopy
from f o g to idy, completing the proof. O

Remark 3.69. This proposition is sometimes known as Whitehead’s Theorem, as the version
of this statement for topological spaces was proven by Whitehead in the 1940’s.

We want to compute the localization C[W~!] by restricting to fibrant-cofibrant objects,
and taking homotopy classes of maps. The next step towards doing so is to show that

every object is a fibrant-cofibrant object up to weak equivalence.

Definition 3.70. Let (C, Cof, Fib, W) be a model category. For X and Y fibrant-cofibrant
objects, denote by moHomc (X, Y) the set of homotopy classes of maps from X to Y in C.
We define the homotopy category Ho(C) to have
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« Objects the fibrant-cofibrant objects of C.

+ Hom-sets given by
Homy,(c)(X,Y) := moHomc (X, Y).

Exercise 15. Show that Ho(C) is at well-defined category.

Construction 3.71. We aim to construct a canonical functor II¢ : C — Ho(C).
We first define Ilc on objects. Let X € C. We can factor the unique morphism

g —— X

into a cofibration and a trivial fibration.

1%} RX — X

px

The object QX is cofibrant, and weakly equivalent to X. We call QX a cofibrant re-
placement for X.
We then factor the unique morphism

QX —— %
into a trivial cofibration and a fibration
QX —/—— RQX —» *
ix

Note that RQ X is fibrant, and since the morphism @ — RQX factors as @ — QX —
RQX, we see that RQ X is also cofibrant.

We also fix an important convention: if X is already cofibrant, we choose QX = X
and the trivial fibration QX — X to be idx. Similarly, if X (and thus @ X) is already
fibrant, we choose RQX = ()X, and the trivial cofibration QX — RQX to be idgx. We
then can define an assignment on objects to be

IIc(X) = RQX.
Now let f : X — Y be a morphism in C. We obtain a diagram

g QY

| I

QX —— Y

fopx
Since py is a trivial fibration and @ — QX is a cofibration, we can choose a solution to

the lifting problem, i.e., amap Q f : QX — QY such that the diagram

ox -9, gy

px| |

XﬁY
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commutes.
We need this map to be at least unique up to homotopy. Suppose g : QX — QY is
another map making this diagram commute. Let

xux %M cpx) s x

be a cylinder object for X. Then we can form a lifting problem

x1x 9 oy

(Josd1 )l lpy

Cyl(X)

fopxos

and solve it to obtain a left-homotopy H from Q f to g.
We now note that, given our choice of @) f, we can play the same game. Form the

lifting problem
Qx 9%, roy
ix | l
RQX — «

Solving this yields a map RQ f : RQX — RQY such that the diagram

ox —%, gy

N Jo

ROX 90 Ry

commutes. A dual argument to that given above shows that RQ) f is unique up to right-
homotopy with this property.

We can thus define IIc(f) := [RQ f]. Functoriality follows immediate from the unique-
ness of RQ f up to homotopy.

Theorem 3.72 (Quillen). Let (C, Cof, Fib, W) be a model category. The functor
Ilc : C —— Ho(C)
exhibits Ho(C) as a localization of C at'W.

Proof. Proposition shows that Il¢ sends morphisms in W to isomorphisms. This
immediately tells us that the functor

II¢ : Fun(Ho(C),D) —— Fun(C, D)

has essential image contained in FunW(C, D). To see that this is precisely the essential
image, suppose we are given a functor /' : C — D which sends the morphisms in W
to isomorphisms. Since the set of objects of Ho(C) is a subset of the objects of C, we can
define F' : Ho(C) — D on objects by F(X) = F(X).

Now suppose that f,g : X — Y are homotopic morphisms between fibrant-cofibrant
objects of C. Choosing a cylinder object (jo,71) : X II X — Cyl(X) with projection
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s : Cyl(X) — X, we obtain a left homotopy h : Cyl(X) — Y from f to g, ie., the

following diagram commutes:

X<—Cyl

\/

Applying F' to this diagram shows us that F'( f ). Thus, for any homotopy class
of morphisms [f] : X — Y between fibrant- coﬁbrant objects, there is a well-defined
F([f]) : F(X) — F(Y). We have thus constructed a functor F : Ho(C) — D.

To see that F o Ilc = F, we note that for each object X € C we have chosen a zig-zag
of weak equivalences

X+ QX —=5 RQX

Px 1X

For any morphism f : X — Y in C, we obtain a commutative diagram

X < QX — RQX

fJ{ J{Qf N J{RQf

Y «5— QY —— RQY

Py

If we apply F' to this diagram, the elements of W become isomorphisms, and the right-
hand column becomes F o IIc(X) — F o Il (Y'). We thus obtain a commutative diagram

ix )0 -1
FOOMEED, (11 ()

(f)l lﬁ(nc(f))
Y

— F(TI-(Y
F(iy)oF(py) ( C( ))
yielding a natural isomorphism F 2 F o Il¢.

We now show that II¥ is fully faithful. Suppose that we are given u, v : F' = G, where
F,G : Ho(C) — D, and suppose that i o IIc = v o Il¢. This implies, in particular, that for
any fibrant-cofibrant object X € C

Hx = Hiic(X) = Ve (x) = VX

So v = v, and II{ is faithful.

Now suppose we are given two functors F, G : Ho(C) — D, and a natural trans-
formation i : F o IIc = G o Il¢. For any fibrant-cofibrant object X € C, we define
nx : F(X) — G(X) tobe pux. Forany [f] : X — Y inHo(C), we then see that the
diagram

F(X) 25 G(X)

F([ml lc:(m)

FY) —— G(Y)
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commutes, so 7 : F' = G is a natural transformation.
The final check we must perform is to show 7 o IIc = p. For fibrant-cofibrant objects
X € C, we already know that np. (x) = px. However, for every Y € C, we have a
commutative diagram
Fo(Y)) § FIe(QY)) 4o F(e(RQY))
py) F(iy)
ny BQY lMRQY

G(e(Y)) go— GUIe(QY)) 5~ GI(RQY))

which shows that 1y is uniquely determined by j1rgy. More generally, a natural trans-
formation F'ollc = G oll¢ is uniquely determined by its components at fibrant-cofibrant
objects of C. Thus Il¢c o = p, and the proof is complete. O

8 Quillen adjunctions

Our final consideration in the study of model categories is how to relate two model cat-
egories to each other. Given any two categories with weak equivalences (C, W¢) and
(D, Wp), any functor

F:C——D

such that F(Wc) C Wp will induce a functor on localizations C(\W¢ '] — D[Wg1].
However, this makes no use of the model-categorical techniques we have developed over
the course of this chapter, and thus will likely be quite complicated to work with.

For the remainder of this section, we will fix two model categories (C, Cofc, Fibc, Wc)
and (D, Cofp, Fibp, Wp). The basic idea is that, to relate model structures, we will need
two functors: a left adjoint which respects cofibrations, and a right adjoint which respects
fibrations. This is not as strange as it seems — cofibrations are stable under various kinds
of colimits, and fibrations under various kinds of limits, so it makes sense to associate left
adjoints with cofibrations, and right adjoints with fibrations.

Lemma 3.73. Let
F:C—D:G

be an adjunction. The following are equivalent.

1. The functor F' preserves cofibrations and trivial cofibrations.

2. The functor G preserves fibrations and trivial fibrations.

3. The functor G preserves fibrations, and the functor F' preserves cofibrations.

4. The functor G preserves trivial fibrations, and the functor F preserves trivial cofibrations.

Proof. By adjointness, we see that, foranyi: A — BinCandp: X — Y in D, there is a
correspondence between lifting problems

A — G(X) F(A) — X

{ lG(p) A F(i)i P

B — G(Y) F(B) — Y
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Suppose F preserves trivial cofibrations, and let p € JFibp. Then for any ¢ € Cofc N We,
the right-hand lifting problem has a solution, so the left-hand lifting problem also has a
solution. Thus G(p) € (Cofc N Wc) 1, and so G(p) € Fib. Thus G preserves fibrations.
Dually, we see that if G preserves fibrations, then F' preserves trivial cofibrations.

An completely analogous argument shows that F' preserves cofibrations if and only if

G preserves fibrations. O

Definition 3.75. We call the adjunction F' 4 G a Quillen adjunction if any of the
equivalent conditions of Lemma are satisfied.

Lemma 3.76 (Ken Brown’s lemma). Let F' - G be a Quillen adjunction. Then I pre-
serves weak equivalences between cofibration objects. Dually, G preserves weak equivalences

between fibrant objects.

Proof. We show the statement for cofibrant objects. Let f : A — B be a weak equivalence

between cofibrant objects of C. Form the pushout

g —— A

.

B 5, AUIB

and note that i 4 and i are cofibrations.
Consider the map (f,idg) : AIl B — B. We can factor this map as a cofibration ¢ and

AnB Y4 g
q‘[ /

C

a trivial fibration p:

Since f, idp, and p are weak equivalences, it follows by 2-out-of-3 that o i4 and g o ip
are weak equivalences, and hence trivial cofibrations.
Applying F', we obtain a diagram

F(B) 22, p(B)

F(quB)l %(p)

F(O)

Since F preserves trivial cofibrations, F'(q o ig) is a weak equivalence, and thus, by 2-out-

of-3, so is F'(p). We also obtain a diagram

FA) 29 p(B)
F(p

F(quA)l /)
F(O)

As before, F'(q 0 i4) is a trivial cofibration, and we already know F'(p) is a weak equiva-

lence. Thus F'(f) is a weak equivalence, as desired. O

Remark 3.74. As usual, take a moment to convince
yourself that the definition of a Quillen adjunction is
self-dual. More precisely, check thatif ' : C <+ D : G
is a Quillen adjunction, then the dual adjunction G°P :
DO < C° : F°Pisa Quillen adjunction between
opposite model categories.



Definition 3.77. Let
F:C—/D:G

be a Quillen adjunction. We denote by C.. the full subcategory of C on the cofibrant ob-
jects. Note that the cofibrant replace () constructed above defines a functor

Q: C(W¢'] —— C W]
We define the left-derived functor of F to be the composite

LF : (W] —2 ¢ Wzl —£ DIwg ]

Proposition 3.78. A Quillen adjunction
F:C—D:G
induces an adjunction between derived functors.
LF:CW:'] —= DWW '] : RG

Moreover, ife : id = G o F andn : F o G = id are the unit and counit of the Quillen
adjunction, then the composite

QUY) %% GPQ(X)) U GR(F(Q(X)))
is the unit of the derived adjunction.

Proof. We show adjointness. See [[7, Proposition 1.3.13] for the characterization of the
derived unit. Let
¢x,y : Homp(F(X),Y) = Homc(X,G(Y))

be the natural isomorphism of our (underived) adjunction.

We begin with two natural isomorphisms, which are a consequence of our characteri-
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Dual Definition B.7}. Let
F:C—/D:G

be a Quillen adjunction. We denote by D the full
subcategory of D on the fibrant objects. Note that the
fibrant replacement R constructed above defines a
functor

R :D[WZ'] —— Dy[W—1]

We define the right-derived functor of G to be the
composite

RG : DIW5 ] —Z Dy w5l —E ciwg ]

zation of C[W¢!] 2 Ho(C) from Theorem B.72. There is an isomorphism natural in X and

Y:
Homp g1 (F(Q(X)),Y) = Homp (F(Q(X)), R(Y)) /~

where the latter denotes the quotient by the relation of left/right homotopy. Similarly,
there is an isomorphism natural in X and Y

Homgyg-1) (X, G(R(Y))) = Home (Q(X), G(R(Y))) /~

We want to define a natural isomorphism

Homp, 1) (F(Q(X)),Y) = Homp(F(Q(X)), R(Y)) /fQMYHomC(Q(X), G(R(Y)))~ = Homgpo-1y(X, G(R(Y)))

To do this requires only that we check that ¢ (x),r(y) and its inverse respect homotopy.

We will show the first of these claims. Let

R(Y) — Path(R(Y)) —» R(Y) x R(Y)
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be a path object for R(Y'). Andlet H : F(Q(X)) — Path(R(Y")) be a homotopy from
11 FQ(X)) > R(Y) to g : F(Q(X)) = R(Y).

Since G preserves products, fibrations, fibrant objects, and weak equivalences between
fibrant objects, we see that G(Path(R(Y"))) is a path object for G(R(Y)). By the natural-
ity of ¢, we then see that

¢(H) : Q(X) — G(Path(R(Y)))
is a right homotopy between ¢(f) and ¢(g). O
Definition 3.79. We call a Quillen adjunction
F:C—/—D:G

a Quillen equivalence if the left- and right-derived functors are equivalences of localized

categories.
Theorem 3.80 (Quillen). The adjunction
| — | : Seta &= Top : Sing

is a Quillen equivalence between the Kan-Quillen model structure on Set and the classical
model structure on topological spaces.

Proof. See [110], [7], or [B]. O



4
(QUASI-CATEGORIES

We now have all the pieces in place to make the key definition of this course. Let us recall

several ideas we have developed to date:

1. An oo-category in which all morphisms are invertible (i.e., and co-groupoid) is the
same thing as a topological space.

2. A topological space can be modeled as a Kan complex — a simplicial set X such that
X — AY has the right lifting property with respect to all horn inclusions.

3. Every 1-category is an co-category.

4. Categories can be identified with those simplicial sets X such that every lifting prob-

lem
A — X

Loi

withn > 2 and 0 < ¢ < n admits a unique solution.

Motivated by these facts, we make the following definition.

Definition 4.1. An inner horn inclusion is a horn inclusion A} — A™ withn > 2 and

0<i<n.

We call X € Seta a quasi-category if the unique morphism X — A in Seta has the

right lifting property with respect to every inner horn inclusion.

Quasi-categories — first introduced by Boardman and Vogt, and developed further by
Joyal, Lurie, and many others — will be our chosen model for co-categories.

We now aim to develop some technology for quasi-categories, in analogy with our
development of homotopy theory for spaces.

Definition 4.2. We will denote by JA the saturated hull of the inner horn inclusions
{A} — A" bocicn.

We call JA the inner anodyne morphisms in Setn.
We call the set JA | the inner fibrations. Note that X is a quasi-category precisely
when X — AY is an inner fibration.

Warning. In the Kan-Quillen model structure on Seta,
the anodyne morphisms were precisely the trivial cofibra-
tions. However, while we will eventually define another
model structure on Seta — the Joyal model structure
— which models co-categories, the inner anodyne maps
will not be precisely the trivial cofibrations in this model
structure. Rather, we will have an inclusion JA C Cof N'W.
Consequently, the inner fibrations are not the fibrations
in the Joyal model structure. However, the quasi-categories
are the fibrant objects.
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Exercise 16. Let ' : C — D be a functor of 1-categories. Show that N(F') : N(C) —
N(D) is an inner fibration of co-categories.

When discussing quasi-categories, we will use some different notation for familiar
objects.

Notation 4.3. Let X and Y be quasi-categories. We denote by Fun(X,Y) the simplicial
mapping space Map(X,Y), and we call it the functor quasi-category.

We aim to show that, this is, indeed, a quasi-category.

Definition 4.4. We define the following sets of morphisms in Seta:

31:

{A} = A" |0<i<n}

Jp = A" x A} [ 0A™ xA? 5 A" xA*|m >0
OA™ X A2

J3:= ¢ S x A} H K x A? - A™ x A? | K — S monomorphism
OK xA?

Proposition 4.5. I, =739 = @

Proof. The proof is analogous to that of Proposition .49, though somewhat more techni-
cal, and is left as an exercise to the reader. O

Corollary 4.6. Let X € Seta be a quasi-category. Then Fun(Y, X) is a quasi-category for
everyY € Seta.

1 The Bergner & Joyal model structures

Intuitively, an co-category should be something like a category C with spaces Map,(z,y)
instead of sets. However, the composition, associativity, and unitality of this category
should not be strict, but rather should only hold up to a coherently chosen set of homo-
topies.?

There is, however, a stricter notion of a category with mapping spaces of some kind in-
stead of hom-sets: an enriched category. We will use a particular kind of enriched category

in our discussion of quasi-categories.

Definition 4.7. A simplicially enriched category C — or simplicial category for short —

consists of
« A set Ob(C), called the objects of C.

« For each z,y € Ob(C), a simplicial set Map,(x,y) € Seta called the mapping space
from z to y.

« For each triple z,y, z € Ob(C), a morphism
— o —: Mape(z,y) x Mape(y, 2) —— Mape(z, 2)

of simplicial sets called composition.

2 We leave aside, for the moment, what precisely we
mean by “coherent”. A quasi-categorical avatar of the
non-uniqueness of composition is the fact that, in a
quasi-category C, each horn A? representing a pair of
composable morphisms may have multiple different
fillings to a simplex A2, which yields multiple possible
composites.
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« For each z € Ob(C), an element id, € Map, (2, x)o, called the identity on .

These data are then subject to the usual unitality and associativity conditions, i.e. for
x,y, z,w Ob(C), the diagram

idx (—o—)
Mape(z,y) x Mape(y, 2) x Mape (2, w) —— Mape(z,y) x Mape(y, w)

(—o—)xidl l—o—

Mape(z, z) x Mape(z, w) Mape (z, w)

—o—

and, for any z,y € Ob(C), the diagrams

idx {idy }
Mape(z,y) x JA S Mape(z,y) x Mape(y, y)

: |-

Mape(ajvy)
and
0 {id } xid
A” x Mape(z,y) —— Mape(z, ) x Mape(z,y)
Mape (z,y)
commute.

Definition 4.8. Given a simplicially enriched category C, we can define the homotopy cat-
egory hC of € to have Ob(hC) the objects of €, and hom-sets given by path components of
the mapping spaces.

hC(z,y) := mo (C(z,y)) .

As in the world of 2-categories and bicategories, we might hope that we can ”strictify”
an infinity category C so as to give a strict composition operation which is coherently
homotopy equivalent to the non-strict composition operation. More precisely, we would
like to define a “strictification functor”

¢ : Setp — Cata.

Which we will call the rigidification®. In fact, we are going to find that there is a Quillen
adjunction

¢ : Seta <> Cata : Na

Fortunately for us, we already have a very good technique for generating left-adjoint
functors out of Setp — cosimplicial objects! So we want to describe a cosimplicial object

¢:A — Cata.

To this end, lets think a little bit about how we interpret a simplicial set as a category,

and what we would want from a strictification. Fairly obviously we want to think of the

* Following the terminology of [B]. Unfortunately, the
functor € is still fairly commonly referred to as “The
left adjoint to the homotopy coherent nerve” in the
literature. Cumbersome, to say the least.
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0-simplices as objects, and the 1-simplices as morphisms. In this light, how do we think of
a 2-simplex

Yy
o= 7 \i ?
T 2

Following our discussion above, we would generically say that o “displays h as a com-
posite of f with g” However, this is no good for rigidification. When we rigidify, we want
to define a strict composite of f with g, rather than many possible, equivalent composites.

To make this possible, we simply define the strict composite fog = fg to be the orieted
path of 1-simplices which first traces g and then f. We can then interpret our 2-simplex ¢
as displaying a specific 2-isomorphism i = fg¢. Our mapping space can thus be seen as
the simplicial set

h g
Al = = Map(z, 2)
So how do we interpret a 3-simplex
2
v !
o= g ?
0 L 3
\h /

Well, let’s think about the mapping space from 0 to 3. Counting the "strict composites”
we’ve added, we have four morphisms from 0 to 3: w, uh, fv, and fgh. The 2-simplices
give us 2-isomorphisms

a:w= fv

8w = uh

v :uh = fgh

d: fuv= fgh

As with our interpretation of the 2-simplex, the 3-simplex itself is then interpreted as

displaying a specific 3-isomorphism
yofB=doa
Viewed as a simplicial set, this is then

fo fah

= Map(0, 3)
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Notice that, to express the isomorphism between § o « and y o /3, we had to define a
new 2-morphism w = fgh. So we really interpret the 3-simplex as this 2-isomorphism
u:w = fgh together with two 2-isomorphisms 4t = d oavand x = y o .

We then notice that we can do this more cleverly. Instead of giving the 1-simplices
names, we can identify each string of 1-simplices in A™ with the set of vertices it passes

through. Relabelling our mapping space, we get

023 0123

= Map(0,3)

03 013

But this is just the nerve of the poset Py 3 whose objects are subsets of [3] containing both
1 and 3. With this in mind, we can make a preliminary definition our cosimplicial object
¢

Definition 4.9 (Rigidification). We define a cosimplicial object called the rigidification
to be the functor
¢: A — Catpa

defined as follows.

It sends objects [n] to the simplicially enriched category €[A"] defined as follows.
. Ob(€[A™]) ={0,...,n}.

« Fori,j €{0,...,n}
C[A"](i, ) = N(P;;),

where P; ; is the poset of subsets of {7, ..., j} containing i and j.

« To define composition, we need a morphism of simplicial sets
N(Piyj) X N(Pj7k) — N(R,k)

We have a multiplication P; ; x P; — P\ given by (I, J) — I U J. This induces the

composition map on nerves.

A morphism f: [m] — [n] induces a functor €[A™] — €[A"] on objects by i — [ (i),
and on hom-simplicial-sets N (P; ;) as follows. On the underlying posets, we send

Pi,j > {iakla . '7k7‘—17j} = {f(7)’f(k1)v e '7f(k7“—1)7f(j)} € Pf(i),f(j)-

This extends to a functor of poset categories, hence a morphism of nerves.
Taking the Yoneda extension of the rigidification, we find a functor €: Setn — Cata,
also called the rigidification.

By the usual theory of cosimplicial objects (explained in Section ??) we have the fol-

lowing results.

* Note that this doesn’t work in a generic simplicial set,
but does work in the nerve of a poset.

It’s worth commenting here on why we don’t simply use
the cosimplicial object [n] +— [n], where [n] is viewed
as a simplicial category with discrete mapping spaces.
The reason is that this collapses precisely the coherence
data that we described above, and in more complicated
infinity categories, will destroy much of the coherent
data encoded in quasi-categories. There is, however, a
morphism

C[A™] = [n]
which is an isomorphism on objects, and induces a weak
homotopy equivalence on mapping spaces. We will later
see that these functors are weak equivalences in the
relevant model structure on Cata .

The poset P; ; can be equivalently described as the
power set of the set L; j := {k € [n] | i < k < j}, and
is thus, geometrically, a cube.
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Lemma 4.10. The rigidification € preserves colimits.

Definition 4.11 (homotopy-coherent nerve). Let C be a simplicial category. The homotopy-

coherent nerve of €, denoted Ny, is the functor
Na(C) = Cata(€(—),C): Aop — Seta.
We thus have an adjunction
¢ : Seta <> Cata : Na.

While it would go far beyond the scope of this document to prove them, we will state
and use the following theorems.

Theorem 4.12 (Bergner). There is a model structure on the category Cata with

(WE) weak equivalences given by those functors F' : C — D such that hf : hC — hD is
essentation surjective and which induce weak homotopy equivalences of simplicial sets

Fay: Clx,y) = D(z,y)
for every z,y € €

(F) Fibrations given by those functors F' : C — D such that hF' : hC — hD is an isofibration

and which induce Kan fibrations
Fx,y : G(z7y) - D(l‘,y)
foreveryx,y € C.

In particular, the fibrant objects are precisely those C € Cata such that each Map(z,y) is a
Kan complex for every x,y € Ob(C).

Using simplicially-enriched categories, we can also now define the weak equivalences
of quasi-categories, and thus the model structure on quasi-categories.

Theorem 4.13 (Joyal). There is model structure on the category Seta with
(C) The cofibrations are the monomorphisms

(WE) A functor f : X — Y is a weak equivalence if and only if the induced functor
C[f] : €[X] — C[Y]
is an equivalence in the Bergner model structure.

(FO) The fibrant objects are precisely the quasi-categories.

Remark 4.14 (Key observation). It is very important to notice that, while the Joyal and
Kan-Quillen model structures are not the same, they have the same cofibrations. As a
result, the have the same trivial fibrations: those X — Y which have the RLP against
every simplex boundary inclusion.

The right adjoint of our adjunction fits into a commuta-
tive triangle of right Quillen functors

Cata

%
Cat ~ Seta

where disc includes categories into Cat as simplicial
categories with discrete mapping spaces.

* This can be viewed as an co-categorical version of a
very familiar theorem: A functor between 1-categories is
an equivalence of categories if and only if it is essentially
surjective and fully faithful (induces bijections on
mapping spaces). Our version says that a functor

F : C — D of simplicial categories is an equivalence

if and only if it is essentially surjective and homotopy
fully faithful, i.e. induces homotopy equivalences on all
mapping spaces.



AN INTRODUCTION TO QUASI-CATEGORIES

Theorem 4.15 (Joyal). The adjoint functors
¢ : Seta < Cata : Na

define a Quillen equivalence between the Joyal model structure and the Bergner model struc-

ture.

We will later see some exemplar computations to show that Na preserves, e.g, fibrant

objects.

2 Computing rigidifications
Let’s go back and formalize some of our intuition about mapping spaces in €[X]. The
k-simplices in €[A"](4, j) have the form

c:=5CS C---CSk

where each Sy C [n] such that i, j € Sy and, for all s € Sy, i < s < j. We will reformulate
the data involved in o to obtain a new interpretation of the mapping spaces. We first

write
So={i=a1<a <---<a, =4}

and then define
Sﬁ = {S €Sk | ap < ag_;,_l}.

We can think of Sf; as an n-simplex in A" with initial vertex a, and final vertex as41. We
can thus completely encode the information of Sy and Sy, in the string of simplices

5;7 5137 . 5};—1
in A™. Note that
« the final vertex of Sﬁ is the intitial vertex of Sf;“
« the initial vertex of S ,i is 7, and

« the final vertex of S,Z*l is j.

We can visualize this information as a necklace of n-simplices:

Definition 4.16. The necklace of shape k;, ..., k, is the simplicial set
N=ARJaR]] - J]A% = Ak vak v...vak
A0 A0 AO
The images in N of the vertices 0, ky € AF¢ are called the joints of N and the set of joints
of N is denoted by J. The set of vertices of N is denoted by V.
The category Nec of necklaces is the subcategory of Seta whose objects are necklaces,
and whose morphisms are maps of simplicial sets f : N’ — M preserving the minimal and

maximal joints.
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We have thus shown
Lemma 4.17. A k-simplex in €[A"](4, j) is equivalently the following data:
« A necklace N.

« A collection of subsets
JN=8C S C-CS=Vx

« Amap f: Np — A" sending the lowest joint to i and the highest joint to j.
the simplex is degenerate if and only if there exists 0 < ¢ < k such that Sy = Sp+1.

This may seem like we have unnecessarily complicated the definition of the rigidifica-
tion. However this reformulation will allow us to give a generic description of mapping
spaces in the rigidification of a simplicial sets.

Given a simplicial set K and vertices x,y € K, we define (Nec,x ).y as the full sub-
category of Nec,x on those maps N — K which send the initial joint to = and the final
joint to y. By the functoriality of the rigidification, given a map N' — K in (Nec, )z y»
we get a map

eN(z,y) — €[K](z,y)
where we abuse notation by denoting by « the lowest joint of N and by y the highest joint
of N. These piece together to form a cone, so that we have a canonical map

colim €[N](z,y) = €[K]|(z,y)

(NEC/K)z,y

We can define a simplicial category E'x whose objects are the vertices of K, and with

Ex(z,y) := colim C[N](z,y).

(NEC/K)z,y
The composition operation is given by “gluing necklaces”, i.e. given f : N — K in

(Nec/x)apand g : M — K in (Nec,x )5, We can construct a new map

fVg:NvM=N][[ M- K
A{b}

in (Nec) )q,c- It is a matter of unwinding the definitions to show that the canonical maps

above piece together into a canonical functor
Ex — CIK].
Note 4.18. The construction K — FE'i extends to a functor
E(_) : Setp — Cata.

The simplicial functors Ex — €[K] assemble to a natural transformation p : E_y = [C].
Each of the functors p x is bijective on objects.

Before characterizing mapping spaces in general, we need some more facts about

necklaces.
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Definition 4.19. We define a functor
C(~) : Nec — Catp

Which sends N to the simplicially enriched category C with Cx(z,y) = N(P, ,) where
P, , is the poset whose objects are totally ordered subsets of Vo starting at x and ending
at y, and containing Jy.

Lemma 4.20. Let N be a necklace. Then there is an isomorphism
CIN] = Cx
of simplicial categories.

Proof. This is definitional if N is a simplex. We now show that, for two necklaces N and
M, we have

Cvae = Cx [ O
Cho
The functor in question is clearly bijective on objects (i.e., that C_) preserves pushouts).
On mapping spaces, This follows by careful examination of the universal property of
pushout.
It then follows that, for any necklace

N=AFv...vAF

we have
¢Nj=ear [T - ] ear
C[A0]  €[A%)]
~ 0o I T Can
Cpro  Cao
= CNa
proving the lemma. 0

Corollary 4.21. Suppose K is a necklace. Then the functor
MK : EK — Q:[K]
is an isomorphism of simplicial categories.

Proof. Since pu is bijective on objects, it will suffice to check that it is bijective on map-
ping spaces. Given x,y € K, let K, , be the full simplicial subset on those vertices s € K
with z < s < y. Then K, , is also necklace, and the inclusion K, — K is a terminal
object in (Nec/x)z,y, so that Ex (z,y) = €[K, ,](z,y) and

pr : €K, ) (z,y) = C[K](z,y)

is the inclusion. However, it follows immediately from that this is an isomorphism of
simplicial sets. O
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Now, given a simplicial set K, the colimit cone exhibiting K as the colimit over its
category of simplices A /i gives rise to a canonical functor

colim Eany — Ff.
/K

Lemma 4.22. Let K be a simplicial set, and x,y € K. Then the map

o : (COIimE(Ak)> (z,y) = Ex(x,y)
A/K
is surjective.

Proof. Given an n-simplex o : A™ — Ex(x,y), there is by definition a necklace N, a map
f N — K, and an n-simplex v : A" — €[N](z,y) = Ex(z,y) representing ¢ in the
colimit.

We thus have a commutative diagram of simplicial sets

(colimA/N Ear) (z,9) —= Ex(z,v)

] b

(COlimA/K E(Ak)) (a:,y) T EK(xvy)

where the top map is an isomorphism by f£.21. We thus see that, by commutativity, there

colim E/an
(A/K @ )>

which is sent to ¢ under ¢. O

exists an n-simplex in

Proposition 4.23 (Dugger-Spivak). For any simplicial set K, the canonical functor
is an isomorphism of simplicial categories.

Proof. The functor in question is clearly bijective on objects, so it will suffices to show
that it is an isomorphism on mapping spaces. For z,y € K, we obtain a commutative
diagram

(colimp . E(any) (,y) LN Ex(z,y)

|= [

(COlimA/K Q:[Ak]) (I, y) - Q:[K](I7 y)
where the left-hand map is an isomorphism by .21, This thus implies that ¢ is injective.
However, by .24, ¢ is also surjective, and thus an isomorphism, and thus

px : Ex(x,y) = €[K](z,y)

is an isomorphism. 0

Note 4.24. This proposition thus allows us to represent simplices of the mapping spaces

¢[K](z,y) explicitly in terms of
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« anelement f : N — K of (Nec/x )z y
« an n-simplex in €[N](z, y)

modulo equivalence relations. In the particular case where K is a simplicial subset of the
nerve of a poset, this simplifies substantially.

Corollary 4.25 (Dugger-Spivak). Let X = N(Q) be the nerve of a poset Q. Forz,y € @

define a poset P, ,, whose objects are totally ordered chains

ordered by inclusion. Then

Proof. This follows from unravelling the relevant colimit. O

Note 4.26. For a simplicial subset Y C N(Q) of the nerve of a poset, the mapping space
CY)(z,y) C €[N(Q)](z,y) consists of precisely those simplices such that the corre-
sponding necklace in N (Q) factors through Y.

Using this characterization, we can prove that certain morphisms of simplicial sets

induce Bergner equivalences, and thus are themselves equivalences of simplicial sets.

Definition 4.27. Let A™ be an n-simplex. The simplicial subset

T = A{O,l} H A{I,Q} H H A{n—l,n} c A"
Af1} A{2} Afn-1}

is referred to as the spine of A™.
Lemma 4.28. The inclusion iy, : Z, — A" is a Joyal equivalence of simplicial sets.

Proof. Tt suffices to show that €[i,,] : €[Z,,] — €[A"]is a Bergner equivalence. It is
clearly essentially surjective (indeed, surjective on vertices).

However, we know that €[A"](i, ) is contractible if ¢ < j and empty otherwise. It is
immediate from the above theorem that €[Z,,](i, j) is a 1-point space if i < j and empty
otherwise. Thus €[i,,] induces homotopy equivalences on mapping spaces. O

We can also use this characterization to prove that Na preserves fibrant objects (which
is also an implication of the Quillen equivalence above).

Proposition 4.29. Let C be a simplicial category such that for all z, y inC, C(x,y) is a Kan
complex. Then Na(C) is an co-category.

Proof. We need to show that we can solve the following lifting problem.

P
-
-
-
-
-
-

A’I’L
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Passing to adjuncts, we find the following lifting problem.

CA}] — C

2

-
2
-
-
-
-
-

C[A"]

We can view the simplicial category €[A?] as a subcategory of €[A"], where the only
data missing is the mapping space

C[A™](0, n).

Therefore, a solution to the above lifting problem need only fill in this information. This

means we need only solve the corresponding lifting problem.

\[ o

A k-simplex of €[Al'](0, n) is a chain
SoCS1C...C Sk

of subsets of [n] containing 0 and n, such that, for each consecutive s,¢ € S, the subset
S3t = {q € Sk | s < q < t} defines a simplex in A?". More precise, there exists
0 < j < nwith j # i such that S5 ¢ A{OLedun},

Let €[A?](0,n)* and €[A"](0,n)" be the full sub-simplicial sets (in the latter case,

subposet) on those objects which contain . We can define a map of posets
C[A™](0,n) — €[A™)(0,n)"

sending S — S U {i}. This is clearly homotopic to the identity, and one can check that
both the map and the homotopy descend to

C[A7](0,n) — €[A7](0, n)’
We thus have a commutative diagram

C[AT](0,n) —— €[AT](0, n)’

| |

¢[A"](0,n) —— €[A"](0,n)"
However, by definition, €[A"](0,n)" is the image of the composition map
CIAT](0,7) x €[A™](i,n) — C[A™](0,n).
We thus can extend the commutative diagram above to

C[AT)(0,n) —=— €[AT](0,n)" «—=— C[A7](0,4) x C[AT](i,n)

| | I

C[A](0,n) —— €[A"](0,n)" +—=— C[A™](0,i) x C[A"](i,n)

By 2-out-of-3, €[A?](0,n) — €[A™](0, n) is a weak homotopy equivalence.
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Notice that we have not only proved the given proposition, we have also shown

Lemma 4.30. Every inner anodyne morphism is a trivial cofibration in the Joyal model

structure.

Proof. We know that the inner anodyne morphisms are monomorphisms, and the above

proof shows that, for any 0 < ¢ < n, the morphism
C[A?] — €A
is a weak equivalence in the Bergner model structure. 0

Example 4.31. Let Kan C Seta be the full subcategory on Kan complexes. We may
consider Kan to be simplicially enriched by taking Kan(K,S) = Map(K, S). We have
seen that each mapping space is a Kan complex. Thus, the simplicial nerve N (Kan) is an
oco-category.

Definition 4.32 (co-category of spaces). The co-category of spaces is the category

S = Na(Kan).

3 Opposites, joins, and overcategories

Perhaps the most basic construction in category theory is the opposite category. Since we
do not want to perform two versions of every construction we give for quasi-categories,
we therefore need to give a good higher-categorical notion of an ‘opposite quasi-category’.

~

Definition 4.33. Notice that we have a (unique) isomorphism of categories/posets [n] =
[n]°P. Define a functor
op: A —— A

which sends each object [n] to the same object [n], and sends a morphism f : [n] — [m] to
the composite morphism

] = e L )P = [m]

It is not hard to see that this defines an isomorphism of categories from A to itself.

Let’s unwind what this means, practically, on coface and codegeneracy maps. First note

~

that the isomorphism [n] 2 [n]° sends 0 — n, 1 — n — 1, or, more generally,
T ——n—1

If we start with the coface map d; : [n — 1] — [n] which skips 4, we notice that the
corresponding map op(é;) : [n — 1] — [n] is a composite of injective maps of posets,
and thus injective. As a result, it must be a coface map itself. Moreover, the only element
not in the image is n — i, so we see that op(6}*) = 07_,. Similarly, we conclude that
op(ol) = ol'_,. The basic idea here is that we “reverse the order” of the elements of A.

We will often schematically write [n] — [n]°P to describe this functor.
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Definition 4.34. We obtain a cosimplicial object in Seta as the composite functor
o)
(AC)p A 25 A 25 Setp

Notice that (A™)°P 22 A", and that the only difference is the action on morphisms.
Given a simplicial set X, we define a new simplicial set X°P by defining

(X°P),, := Homset, ((A™)P, X).

Notice that the only thing that changes are the simplicial maps (e.g. face and degeneracy
maps), we still have (X°P), = X,

So how do we think about this construction? Let’s consider a 2-simplex o of X, which
we picture, together with its faces, as

By construction, we get a corresponding simplex o°? in X°P. But now, we have that
do(o°P) = da(o) = ¢°P, and da(c°P) = dp(o) = f°P. Similarly, do(f°P) = dy1(f) = b, and
d1(f°?) = do(f) = c. We can thus draw the 2-simplex 0P in X°P as

i.e., we are simply reversing the directions of all of the arrows.

~

Exercise 17. Show that, for a 1-category C € Cat, there is an isomorphism N (C) =
N (C)®P of simplicial sets.

We now want to study slice quasi-categories, as a prelude to defining limits and col-
imits in quasi-categories. We will begin by defining an ‘adjoint’ construction, which will
allow us to easily construct the necessary simplicial sets. Throughout this section, we will
explore the parallels to 1-categories in the sidenotes.

Definition 4.35. The extended simplex category A is the full subcategory of Cat on
the object [n] for n > 0, together with the object [—1] := @.
The ordinal sum is the functor

@5A+XA+*}A+

which sends ([i], [j]) to the linearly ordered set [i] @ [j] := [¢ + j + 1] which we view as
the set
{0717"'72.—17i70/71/7"'7(j_1)/7-]'/}.
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Definition 4.36. Let X and Y be simplicial sets, we define the join of X and Y to be the
simplicial set X x Y defined by

(X*Y), = H X; XY

where we define X_; := x is the singleton.

Exercise 18. Show that there are canonical inclusions X — X xY and Y — X x Y. Show
that the assignment
(—) * K : SetA — (SetA)K/

X—— (K> XxK)
extends to a functor. Show that this functor preserves colimits. Do the same for K x (—).

Definition 4.37. Let C and D be ordinary categories. The join of C and D, denoted C % D,
is the category with objects

Ob(C x D) = Ob(C) IT Ob(D)
and morphisms
C(zr,y), =z,yeC
D(z,y), z,y€D
{*}, zcC,yeDbh .
a, zeD,yeC

(C+D)(z,y) =

Exercise 19. Show that, for 1-categories C and D, there is an isomorphism of simplicial

sets

N(C*D) = N(C)x N(D).
As a corollary, show that A™ Ak 2 AnthtL

Proposition 4.38. Suppose that C and D are quasi-categories. Then C x D is a quasi-

category.

Proof. Given a morphism f : A? — €+ D where A} is an inner horn, we consider three

cases:

1. If the image of A} is contained in € C € x D, then we can extend f to a morphism
A" = CCCxD.

2. If the image of A7 is contained in D C € % D, then we can extend f to a morphism
A" - D — €D

3. If neither of the previous cases holds, let j be the last vertex of A}* which is sent into
X. Then f determines morphisms

A{O,...,j} SN

and

A{j+1,...,n} =D

which, together, define an n-simplex in € x D, which extends f. O

The main motivation for our definition of slice quasi-
categories is the following description. Suppose that C is
a 1-category, and ¢ € C is an object. We define the slice
C /> and let D be another category. Given a functor

F:D——C /e
we can construct a functor
F:D*[0] — C

which sends the unique element of [0] to ¢. We define F°
on D as the composite

D—C,, —>C

For each (unique) morphism d — [0] in D % [0], we define
F to be the morphism F'(d) in C.

It is not hard to check that, given a functor G :
D * [0] — C which sends 0 to ¢, we can define a
corresponding functor G : D — C /e and that these two
constructions define a bijection

Fun(D, C/.) = Fun®(D * [0], C)

where Fun®(D % [0]) denotes the subcategory on
those functors which send 0 — ¢, and those natural
transformations whose component at 0 is ide.
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Using the join construction, we can now define a general version of over- and under-
quasicategories.

Definition 4.39. Let f : K — X be a morphism of simplicial sets. We define a simplicial
set X, by the universal property

Homsei (S, X ) = Hom,, (5 + K, X)

where Homget A (8 % K, X) denotes the subset consisting of maps S x K — X which
restrict to f on K C S x K.

Notice that there is a natural map of simplicial sets
X/f — X

which sends 0 : A" x K — X to o|an.

Exercise 20. Let C be a category, and € C an object. Show that there is an isomorphism
of simplicial sets N(C ;) = N(C) /5.

4 Left & right fibrations

Our aim is to prove the following statements:
Theorem 4.40. Let C be a quasi-category, and f : K — X a map of simplicial sets. Then
1. €,y is an co-category.
2. C/y — C s a Joyal equivalence if and only if it is a trivial Kan fibration.
We will do this by exploring two new notions of fibrations of simplicial sets.

Definition 4.41. We denote by RA the set of right anodyne morphisms, which are defined
to be

RA = {A? > A" [0<i<n)

Dually, we define the set of left anodyne morphisms to be

LA :={A - A" |0 <7i<n}.

We call a morphism p : X — Y of simplicial sets a right fibration if it has the right lifting
property with respect to all right anodyne morphisms. Dually, we call p a left fibration if it
has the right lifting property with respect to all left anodyne morphisms.

Remark 4.42. One can immediately notice that any Kan fibration is both a left and a right

fibration. Similarly, any left or right fibration is an inner fibration.

We will prove our first claim with a familiar style of result:

Lemma 4.43. Let f : A — Bandg : C — D be monomorphisms of simplicial sets. Then
the induced morphism

AxD[[ BxC—B«+D
AxC
is a monomorphism. If f is right anodyne or if g is left anodyne, then this morphism is inner

anodyne.

Dual Definition .39, Let f : K — X be a morphism
of simplicial sets. We define a simplicial set Xy by the
universal property

Homser (S, X 7) & Homi,, , (K * S, X)

where HomsfetA (K %S, X) denotes the subset consisting
of maps K xS — X which restrict to f on K C K % S.

The fibre of a fibration
f: X =Y
of simplicial sets over a vertex y € Y is the pullback

Xy — X

Ll
AV — Y
{v}

While it is immediate from the definitions that the fibres
of a left or right fibration are quasi-categories, we will
actually show more, namely that the fibres are Kan
complexes. For this reason, one sometimes sees left/right
fibrations referred to as fibrations in co-groupoids.



AN INTRODUCTION TO QUASI-CATEGORIES

Proof. We will show that if f is right anodyne, the pushout-product is inner anodyne. The
other case is dual.

By the usual saturation arguments, it suffices to show that the lemma holds when
f + A} — A" isaright anodyne horn inclusion, and g : 9A™ — A™ is a simplex
boundary inclusion. We note that in this case, we can identify A™ x A" =2 An+tm+l

We now identify which n + m-dimensional faces of this simplex lie in A" ¥ A™, and
which lie in A™ x JA™. Since the pushout-product, by definition, cannot contain the
unique non-degenerate n + m + 1 simplex, this will completely determine the pushout-
product. Note that the non-degerate n + m-simplices uniquely correspond to either (1)
pairs consisting of an n — 1-simplex in the first factor and an m-simplex in the second, or
(2) pairs consisting of an n-simplex in the first factor, and an m — 1-simplex in the second.

« In A? x A™, we have precisely those pairs of non-degenerate simplices (o, ) where ¢
is (n — 1) dimensional, 7 is the unique m-dimensional simplex, and ¢ is not the " face

of A?. This corresponds to the faces
do(A™+PFL) qy (AT gy (AntmEL) L d, (AL
where the hat denotes omission.

« In A™ x 9A™, we have every pair (,7) of non-degenerate simplices such that ~ is
(n — 1)-dimensional.

We thus see that the pushout-product morphism can be identified with the inclusion

AZerJrl N An+m+1

Since 0 < k < n, this is inner anodyne, and the lemma is proved. O

Remark 4.44. Unlike in the case of the pushout-product using ”x”, the pushout-product
using the join is clearly not commutative even up to isomorphism. This accounts for the
pair of hypotheses in the lemma above.

A virtually identical argument shows:

Lemma 4.45. Let f : A — B and g : C — D be monomorphisms of simplicial sets. If f is
left anodyne, the morphism

AxD [[ B+xC - B«D
AxC

is left anodyne. If g is right anodyne, the induced morphism is right anodyne.

Corollary 4.46. Consider maps of simplicial sets

A—tsp-2,x 1,y

Denote by r = q o p, and denote by py and o the composites p o i and r o i, respectively. If q

is an inner fibration, then the induced map

Xp/ — Xpo/ XYT'()/ K/
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is a left fibration. If q is a left fibration, then the map
Xp) = Xpo) Xv,0, Yry
is a trivial Kan fibration as well.
One immediate corollary is the following

Corollary 4.47. Let C be a quasi-category, and f : K — C a map of simplicial sets. Then
Cy, — Cis a left fibration. In particular, Cy, is a quasi-category.

Proof. We apply the previous corollary to the case where A = ), X = €, Y = A® and
B=K. O

5 Equivalences and left fibrations

We now turn to discussing equivalences in quasi-categories.

Definition 4.48. Let C be a quasi-category. A morphism® f : 2 — yin C is called
an equivalence if the corresponding morphism [f] in the homotopy category h€[C] is an

isomorphism.
As it turns out, there are quite a number of ways of characterizing these equivalences.

Definition 4.49. Given a quasi-category C, define an equivalence relation define an
equivalence relation on the 1-simplices of C by saying that, for f,g € Ci, f ~ gif
and only if there is a 2-simplex o € Cy such that dy(0) = f,di(0) = ¢, and dp(0) is
degenerate.

Denote by qCat C Seta the full subcategory on the quasi-categories. To each C € qCat
associate the category v(C) whose objects are the 0-simplices of €, and whose morphisms
are equivalence classes of 1-simplices of € under the relation defined above.

Exercise 21. Show that this construction yields a well-defined functor v : qCat — Cat.
Show that + is left adjoint to the nerve functor N : Cat — qCat. In particular, note
that for X € qCat there is a natural isomorphism (X ) = 71 (X), where 7 denotes the
fundamental category functor left adjoint to the nerve N : Cat — Seta.

Lemma 4.50. A morphism f : x — y in a quasi-category C is an equivalence if and only if
the induced morphism [f] is an equivalence in y(X).

Proof. There is a commutative diagram

Catpa

R
Cat N

Seta

The left adjoints to ¢, Nic, and N are, respectively, the homotopy category functor h :
Cata — Cat, the rigidification € : Seta — Cata, and the fundamental category functor
71 : Seta — Cat. Consequently, we obtain a natural isomorphism 71 = h o €. Applied to a
quasi-category C this, together with the exercise above, proves the lemma. O

ie. a 1-simplex.
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A key characterization links equivalences in a quasi-category to left fibrations.

Lemma 4.51. Supposep : C — D is a left fibration of quasi-categories and f : x — y in C

is a morphism such that p(f) is an equivalence in D. Then f is an equivalence.

Proof. We will show that if p(f) has a left inverse in hD, then f has a left inverse in hC.
Applying this fact twice then yields the statement.
If p(f) has a left inverse g, then we can form the lifting problem

y p(y)
% s pV Y)
_
* ids v p() idp(2) p(@)

since this is a left horn inclusion, we can provide a lift, which encodes a left inverse to f in
hC. O

Lemma 4.52. Supposep : C — D is a right fibration, and let x € C. If f : p(x) — y isan
equivalence in D, then there is an equivalence f tx — y such thatp(f) = f.

Proof. Letg : y — p(z) be a homotopy inverse to f. Since p is a right fibration, there is
a morphism g : § — x such that p(§) = g. By Lemma k.51, §is an equivalence. We then
form the lifting problem

N N
———— pe) — > (@)

z i

p(x)

Since this is a right horn, we can fill it, yielding f : x — ¢, which is left inverse to g.
Since g is an equivalence, f must be as well, completing the proof. O

Proposition 4.53. Suppose that C is a quasi-category, and that f : * — y is a morphism in
C. Then f is an equivalence if and only if every lifting problem of the form

A{0:1}

[N\

A —25e

l

An
admits a solution.

Proof. Suppose that f is an equivalence and consider the lifting problem in the proposi-

tion. Notice that the inclusion A — A™ can be rewritten as

AlwoA"™2 T {0} xA"2 5 Alx A2
{0}x0An—2
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We can therefore pass to the adjoint lifting problem

{0} —— C/gian

by (the dual of) Corollary [£.46, p and k are right fibrations. By Lemma [.51, the morphism
fisan equivalence in €/, ,. Applying Lemma .59, we see that this lifting problem
has a solution.

Since the inclusion {0} — A! is a right horn, this lifting problem has a solution, so the
original problem does as well.

On the other hand, suppose that each such lifting problem has a solution. We can form
the lifting problem

in C and see that this has a solution, yielding a morphism h : y — x which is left in-
verse to f in 71(C). A similar argument shows that h itself has a left inverse in 71(C), and
thus is an isomorphism in 71 (€). Thus, f is also an isomorphism in 71 (€), and so is an

equivalence. 0

Corollary 4.54. A quasi-category C is a Kan complex if and only if every morphism of C is
an equivalence.

Proof. By definition, p : € — A0 has the right lifting property with respect to every inner
horn inclusion. Proposition shows that p has the right lifting property with respect

to left horn inclusions, and the dual of Proposition shows the lifting property with
respect to right horn inclusions. O

The import of this proposition is that our definitions satisfy the homotopy hypothesis:
if we define co-groupoids as quasi-categories in which every 1-morphism is invertible,
then we see that these are the same thing as Kan complexes!

We conclude this section with the final result we need for our discussion of limits and
colimits.

Lemma 4.55. The following three sets of morphisms generate the same saturated class in

simplicial sets

1. The left horn inclusions
{A} = A" | 0<i<n}

2. The pushout-products

A" x {0y I oA™ x Al =A™ xAl[m>0
OA™ x {0}



AN INTRODUCTION TO QUASI-CATEGORIES 101

3. The pushout-products

K x {0} H S x A' | S < K mono
Sx{0}

Proposition 4.56. Suppose thatp : X — Y is a left fibration and each fibre of p is a
contractible Kan complex. Then p is a trivial Kan fibration.

Proof. We show that p has the right lifting property against the morphisms A™ — A™.
Since every fibre of p is non-empty, we immediately have the LLP against @ = 0A? —
A,

Suppose n > 0, and consider a lifting problem

8A”$>X

|

By considering the induced diagram

OA™ L X xy A"

| |

An < 5 A?’L
I

we can assume without loss of generality that Y = A" and g = ida». We thus need to
solve the lifting problem

8A”$>X

I b

A — A
To do this, we define a map
FIAT X Al 5 A7
i j=0

Note that v

Anx {0} = idan. We can thus form a lifting problem

OA™ x {0} S x

I g
OA™ x Al —— A"

Yloanxat

By Lemma [£.59, the morphism dA™ x {0} — JA™ x {1} is left anodyne, and thus, we
obtain a lift ¢ : A" x Al — X.
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By definition, the restriction |an x {1} is constant onn € A", so we get a lifting
problem in the fibre X,,:

OA" Dloanx (1} X,

A" AO

YR xat

Since X, is a contractible Kan complex, p,, is a trivial Kan fibration, and thus the lifting
problem has a solution
T: A" —— X,

We can then define a map
¢ OA™ x Al [oansy A" x {1} —— X
using ¢ and 7. This yields a lifting problem

OA™ x AM[pany ) A x {1} —2 X

| F

1
A" X At —————— A"
To solve this lifting problem, consider the maximal simplices in A™ x A':
ot AL 5 A" x Al

0,4) i<y
(Li=) i>j

i —

for 0 < j < n. We define simplicial subsets of A™ x Al by setting

Up:=0A"x A' [ A" x {1},
AATx {1}

and then defining
Uj+1 = Uj U 0j,

so that, in particular U, 1 = A" x Al
We notice that, for j < n, we have that
_ An+1
Uj n CTj = Aj+1
is an inner horn. Since p is, in particular, an inner fibration, we can fill this inner horn to
extend amap ¢; : U; — X toamap ¢j41 : Ujy1 — X in a manner compatible with ~.

When j = n, The intersection

1
U,No, = Aﬁil
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is a right horn. By construction, however, the image of the edge n — n + 1 in AZﬂ under

¢y, lies in the fibre X,,, and thus is an equivalence. Consequently, this horn can be filled
by (the dual of) Proposition t.53. We have thus constructed a lift

P A" x Al —— X
We then see that, by construction the restriction ¢ := 9|k x {0} makes the diagram

8A”$>X

| >

A" — AN
commute, completing the proof. O

Corollary 4.57. A left fibrationp : X — Y is a trivial fibration if and only if every fibre of

p is a contractible Kan complex.

Proof. One direction is Proposition [.56. For the other direction, we need only note that
trivial Kan fibrations are stable under pullback. O

6 Limits and colimits

With these preliminaries out of the way, we can now move on to defining limits and
colimits in a quasi-category. As in the 1-categorical case, we first need the notion of initial
and terminal objects in a quasi-category.

The intuitive definition of initial/terminal objects is quite easy to grasp: we want to say
that an object y € C is terminal when, for every z € C, the mapping space from x to y
is contractible.” However, this definition would require us to pass through simplicially-
enriched categories every time we wanted to work with initial and terminal objects.
To get around this issue, we will give a different model for mapping spaces in a quasi-
category.

Definition 4.58. Let € € qCat,andlet z,y € € be two objects. We define the left
mapping space Map5(z,vy) in C to be the pullback

| |
AN —— ¢
{v}

Dually, we define the right mapping space to be the pullback

J\/lﬁapg(x7 y) —— C/y

| |

A° — e

7'This is a general feature one encounters moving from
1-category theory to higher category theory. If we
require a morphism ¢ in a 1-categorical definition to be
unique, then we require the space of such morphisms
in be contractible in the corresponding co-categorical
definition.
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The proof that these agree, at least up to homotopy, with the mapping spaces we al-
ready have requires more technology than we have time to develop. For reference, we
state it as a proposition without proof

Proposition 4.59. Let C € qCat, and x,y € C. Then there are weak homotopy equivalences
Mapg (x,y) = €[€](x,y) ~ Map¢ (z,y)
of simplicial sets.

Definition 4.60. Let C be a quasi-category, and z a vertex of C. We say that x is an
terminal object in C if
G/w —C

is a trivial Kan fibration. Dually, we say z is an initial object if
C, /) = e
is a trivial Kan fibration.

Proposition 4.61. Let C € qCat. An object x € C is initial if and only if €[C](z,y) ~ A
foreveryy € C.

Proof. By Corollary .57, we see that 2 is initial if and only if all the fibres of C, ;) =
C are contractible Kan complexes. These fibres are, by definition, the mapping spaces
Map§(z,y), and so, by Proposition .59, are homotopy equivalent to €[C](z, ). O

Example 4.62. Let C be a 1-category with an initial object 2. Then x is an initial object
in N(C).

Remark 4.63 (Important observation). By Proposition [£.61, every initial object in a quasi-
category C is initial in the homotopy category 71(C) = h€|[C]. However, the converse
does not hold. For example, let K be any Kan complex which is path-connected, but not
contractible (e.g., K = Sing(S')). We can define a simplicially-enriched category Cx with
two objects, 0 and 1, and mapping spaces

€k (0,0) = Cx(1,1) = A°
and
GK(O,].):K QK(LO):@.

Since K is path connected, we see that h€[C] is isomorphic to the poset [1], and thus has
initial object 0. However, €[C](0, 1) is not contractible, so 0 is not an initial object in the

corresponding quasi-category.

Lemma 4.64. Let C be a quasi-category. An object x € C is initial if and only if every lifting
problem
A{0}

|~

OA" —— C

|

ATL

wheren > 1 has a solution.
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Proof. By definition, x is initial if and only if every lifting problem

DA™ —— €,

!

A" —— C

has a solution (for n > 0). Each such lifting problem is equivalent to its adjoint lifting
problem
A" x OA" [ [ poan @ x A" —— €

|

AD x AT

has a solution. However the morphism on the left is isomorphic to

DA™ 5 AT

proving the lemma. 0

In standard 1-category theory, we see that initial objects are unique up to unique
isomorphism. In higher category theory, such statements about uniqueness tend to be
replaced by statements about having a contractible space of choices. The following is thus a
higher-categorical analogue of the uniqueness of initial objects

Lemma 4.65. Let C be a quasi-category with an inital object . Denote by D C C the full

simplicial subset on the initial objects. Then D is a contractible Kan complex.
Proof. Since D is non-empty, the map
qg:D—A°

has the LLP against 9A? — A,
We then note that, for a lifting problem

OA" —— D

|

A" AO

Lemma yields a solution. 0

Lemma 4.66. Let C be a quasi-category, and f : © — y an equivalence in C. Then x is
initial if and only if y is initial.

Proof. 1t will suffice to show that, if z is initial, then so is 4. Suppose that x is initial, and

consider a lifting problem

oA" — %, ¢

|

A’I’L
where ¢(0) = yandn > 1.
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Since the map €, — € is a trivial Kan fibration, we can solve the lifting problem

g —— €y
oAr —L e

to get a map v : OA™ — C.,. This corresponds to a map
Y APt =€

such that ¢(0) = z, and Y|ga1,....n1y = ¢. In particular ¢(0) = z and (1) = ¢(0) = .
Since 1 is initial, the morphism (A%} from z to y must represent the same mor-
phism as f in the homotopy category, and thus must be an equivalence. As a result, we

can solve the lifting problem

A6L+1 P e

|

An—i—l

by Proposition f.53. Restricting the solution to A{1:27+1} yields a solution to the
original lifting problem, and we thus see that y is initial by Lemma [t.64. O

We now have all the pieces in place to define limits and colimits in quasi-categories.

Definition 4.67. Let C be a quasi-category, and f : K — C a morphism of simplicial sets.
The quasi-category of cones over f is the quasi-category C, ;. The quasi-category of cocones
under f is the quasi-category Cy,.

A limit of f in C is a terminal object of €, . A colimit of f in C is an initial object of

Gf/.
Remark 4.68. Notice that, in our definition above, a limit of f : K — C is not simply an

object in C, but rather a choice of a functor
f:A%K —> ¢

extending f. This is precisely the data of a limit cone over f, as the next exercise helps
illustrate.

Exercise 22. Show that, if | and C are 1-categories, and F' : | — C is a functor, then there is

an isomorphism of simplicial sets.
N(cone(F)) = N(C)/n(r)-
Conclude that a limit cone of F' is the same data as a limit of N (F).

Definition 4.69. For a simplicial set K, we fix the notation K< := A% x K, and K* =
K+ A,

Exercise 23. Let C be a quasi-category.
1. Prove that a limit over the empty diagram @ — C is a terminal object of C.

2. If Cis a Kan complex, show that @ — € has a limit if and only if C is contractible.
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