Math 8850, Fall 2021
Walker H. Stern

Homework 10

DuE: Wednesday, 17. Nov. 2021

Exercise 1. Recall from class that, given K € Seta, we define Fx € Cata, by
Obj(Fk) = Ky, and
Ek(z,y) := colim C[N](z,vy).

(Nec,k)z,y

1. Show that the assignment

Setn —— Cata

KI—)EK

defines a functor.

2. Show that there are functors

of simplicially enriched categories which piece together to define a natural trans-
formation
JOa E(_) — C.

CORRECTION: In the previous exercise, we used the opposite 2-morphism con-
vention. We will use the following convention for the rest of the course.

Definition. Recall the definition of a 2-category from Homework 1. Denote by Cat,
the category whose objects are (small) 2-categories, and whose morphisms are strict
2-functors. Denote by A™ the 2-category with objects 0,1, ..., n, and such that

e For every ¢ < j, there is a morphism ¢; ; : ¢ — j such that ¢;; = id;.

o Forevery S ={i =iy <iy <--- <=3}, and every T" = {ig, }o<t<r C S
containing ¢ and 7, there is a unique 2-morphism

Gbik_l,j ©:«--0 ¢z‘1,z‘2 S ¢i,z‘1 <~ ¢itT_1,j ©---0 ¢it1 ity © ¢i,it1
Exercise 2. Recall the 2-nerve Nj : Caty — Setp is given by
Ng(C)n = Fun2<An, C)

1. Let C € Caty. Show that there is a simplicially enriched category N, (C) with
Obj(Na(C)) = Obj(C), and

Nu(C)(z,y) == N(C(z,y)).
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2. Show that the above definition extends to a functor

NM : Cat2 E— CatA

Exercise 3.

1. Show that there is a commutative diagram

CatA
Cat, N > Seta

where Nyc denotes the homotopy coherent nerve.

2. Suppose C € Caty has non-invertible 2-morphisms. Show that Ny(C) is not a
quasi-category.



