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FINITE SPACES AND POSETS.

Our aim will be to provide an overview of some constructions linking finite spaces,
posets, and simplicial complexes; as well as equivariant versions of the same. As
such, our basic object of study is the following:

Definition 0.1. A finite topological space X is a topological space such that the
underlying set X is finite.! A topological space X is Tj (or Kolmogorov) if for every
pair of points z,y € X, there is an open set U C X which contains precisely one of
T, .

We consider finite spaces together with continuous maps, in particular, if we say
a map of finite spaces, we mean a continuous map

f: X—=Y
where X and Y are both finite. It turns out that finite T spaces are closely related
to posets — a connection which we can exploit to simplify our arguments.

Definition 0.2. A poset (partially ordered set) is a set X together with a binary
relation < on X which is

1. Refilexive: For all x € X, x < .
2. Antisymmetric: If x <y and y < x, then = = y.
3. Transitive: If x <y and y < z, then x < 2.
A monotone map or map of posets is a map
f: X—=>Y

between posets such that z <y implies f(z) < f(y).2

It turns out that these two concepts are basically the same. From any finite T}
space, we can construct a finite poset, and from any finite poset, we can construct a
finite Ty space.

Construction 0.3. Let X be a finite Ty space. We define a poset P(X), whose
underlying set is X, and with the following order: Let x,y € X. Then x > y if and
only if x € @, i.e., if and only if z is contained in the closure of the point y. In
contexts where it is necessary to distinguish between multiple partial orders, we will
denote the order on P(X) by <x.

1Tt is quite easy to draw examples of finite topo-
logical spaces. We can simply circle all of the
open sets other than () and X itself. For instance,
the space

=

Is the space with underlying set X = {a, b, c} and
topology

7 ={0,{a},{a,b},{a,c}, X}.

This space is, in fact, Tp.

2 We will often have cause to draw posets, too. If
z <y and z # y, we will draw an arrow from z to
y. For instance

o———0
0 1

is the poset 0 < 1.
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Remark 0.4. It is worth here giving an equivalent characterization of the order
relation on P(X). For x € X, denote by U, the intersection of all open sets con-
taining . We could equivalently define P(X) by declaring that « < y if and only if
x € U,. This is the definition given in [? ] and [7].3

Lemma 0.5. For any finite Ty space X, P(X) is a poset.

Proof. 1t is definitional that, for any z € X, = € {JT}, and thus = < z.

Suppose that x # y. Then, since X is Tj, there is a closed set U C X which
contains only one of z and y. Without loss of generality, suppose € U, y ¢ U.
Then m CU,andsoy ¢ @ By contraposition, we thus see that if y < z and
x <y, we have x = y.

Finally, to see transitivity, we note that if y € @, then @ C @ Thus, if
z € {y} and y € {z}, we have z € {z}. 0

We can also go the other way, getting finite spaces out of posets.

Construction 0.6. Let @@ be a finite poset. A subset U C @ is called upwards-
closed if, for every y € @, if there is a z € U such that x <y, then y € U. A subset
U is called downwards-closed if, for every y € @, if there is an « € U such that
y <z, thenyeU.

We define a topological space T'(Q) to have the same underlying set as @, with
the topology whose open sets are the downwards-closed sets.?

Exercise 0.7. Show that, for any finite poset @, T(Q) is a finite Tj topological
space.

Proposition 0.8. Let X be a finite Ty space. then T(P(X)) = X (as topological

spaces).

Proof. Let X be a finite T space, and denote the topology on X by 7, and the

topology on T(P(X)) by Tp. Suppose that U € 7. Let y € X such that there exists

an z € U with z € {y} (i.e, y < ). If y ¢ U, then {y} C U°. This implies z € U°,

which is a contradiction, so y € U. Thus, U is downwards-closed, and so U € 7p.
Now suppose V' € 7p. Then for every x € V and every y € V¢ we have that

z ¢ {y}. Consequently,

ve=J {v}

yeve

which is a finite union of closed sets in 7, and thus is closed in 7. Hence, V € 7. [

Proposition 0.9. Let Q be a finite poset, then P(T(Q)) = Q (as posets).

Proof. Denote the original order on @ by <q, and the order on P(T(Q)) by <r.
Let © <¢g y. If V is an open set of T'(Q) containing y, then V° is an upwards-closed
set of @ which does not contain y. Hence, « ¢ V¢ so € V. Since V was arbitrary,
we see that = € Uy, and therefore z < y.

3 To see that these two definitions are equivalent,
suppose that z € m now suppose that V is
an open set containing x, but not y. Then V¢

is a closed set containing y, but not x, which

is a contradiction. Hence, y € Ug.The other
implication follows similarly.

If we consider the three-point space X from the
previous sidenote, we can draw the poset P(X).

b c

4 Notice that this means that the closed sets of
this topology are the upwards-closed sets.

For those of you initiated into the lore of cate-
gories, most of our work in this section can be
subsumed into the statement that 7" and P are
functors which define an equivalence of categories
between the category of finite Ty spaces, and the
category of finite posets.
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Now suppose that  #¢ y. Then the set

U={z€Q|z>qy}

is closed in T(Q), and does not contain x, so zT y. Hence, if x >7 vy, then
T2Qy. O

Exercise 0.10. Let X and Y be finite T spaces, and let f : X — Y be a map
of underlying sets. Show that f is continuous if and only if f is a monotone map
between the posets P(X) and P(Y).

Exercise 0.11. Let X and Y be T} spaces.

1. Denote by X x Y the product space. Show that P(X xY) = P(X) x P(Y) as

pOSG‘ES.5 ® By a product of posets (Q,<g) and (R, <g),
we mean the poset whose underlying set is the

2. Denote by X ITY the disjoint union space, and denote by P(X)II P(Y') the poset cartesian product @ x R, and such that
whose underlying set is X I1'Y, equipped with the order generated by those on (a,b) < (p,q) & (a <o p) A (b<g q)
P(X)and P(Y). Show P(XIIY) = P(X) I P(Y).

Exercise 0.12. Let @Q be a finite poset. Show that @ has a mazimal point, i.e., a
q € @ such that, if p € Q with p > ¢, p = ¢. Formulate a definition of a minimal
point, and show that Q) has a minimal point.

We can also perform a quite important construction, which allows us to classify
maps out of a product.

Construction 0.13. Let  and R be finite posets. Write Hom(Q, R) for the set of
all monotone maps @@ — R. We can define a partial order on Hom(Q, R) by setting

f<g= (VzeQ, f(z) <g())
We denote the resulting finite poset by Map(Q, R).

Exercise 0.14. Denote by [1] the poset {0 < 1} and by [2] the poset {0 < 1 < 2}.
Draw the posets Map([1], [2]) and Map([1], [1]).

Proposition 0.15. Let Q, R, and S be finite posets. Then there is a bijection
Hom(Q@ x R, S) = Hom(Q, Map(R, S)).
Proof. Given a poset map
f:QxR—S
define a map
Yy Q —— Map(R,S)
g —— (r— f(g,7))
We leave it as an exercise to the reader to check that the map f — vy is, in fact, a

bijection. O

Note that we can also view Map(R, S) as a finite Ty space. Moreover, given X
and Y finite Ty spaces, we can find a finite Ty space. T(Map(P(X), P(Y))) that
has the same universal property, but now from Tj spaces.
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1.1 Homotopies

We will begin by recalling some definitions from topology, and then relating them
to more esoteric combinatorial constructs via the relation with posets discussed
above. Throughout, we denote by I = [0, 1] the unit interval with the standard
topology.

Definition 1.1. Let X and Y be topological spaces, and let f,g : X — Y be
continuous maps. A homotopy from f to g is a map

h:XxI—=Y

such that h|x oy = f and h|x g1y = g. If there is a homotopy from f to g, we say
that f and g are homotopic.

Definition 1.2. A path from x to y in a topological space X is a continuous map
a: I — X such that a(0) = z and a(1) = y.

Our aim now will be to shift some of the topological nature of these definitions
into the world of posets. The benefit is that doing so will allow us to attack our
problems combinatorially.

Definition 1.3. The combinatorial interval J,, of length m + 1 is the poset® 6 While we keep the notation from [7], there, this
poset is called a finite fence.

0<l>2<---m—1>(<)m.

These posets should be thought of as finite analogues of the interval 1.7 7 As an example, let’s draw the topological space
associated to J3.

Let’s now consider a finite Ty space X, and a path

a:l—X

from x to y. Our aim is to show that this exists if and only if there is a combinato-
rial path
B:idn— X

from z to y. We claim that this will follow from the next proposition.8

$ This argument mostly follows [1].
Proposition 1.4. Let X be a finite space. The following are equivalent:

1. X is path connected.

2. X is connected.

3. For any x,y € X, there is a combinatorial path from x toy in X.

Proof. By general topology, (1) implies (2). We will proceed by showing (2) implies
(3) and (3) implies (1).
Suppose that X is connected. Fix z € X, and consider the set

Az := {y € X | there is a combinatorial path from z to y}.
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If y € A, there is a combinatorial path

<z >3 < Tmo1 < (>)y

If = < y, we can form a concatenated combinatorial path? from z to z, and so 9 Basically: stick one or two more inequalities on
z € A,. Similarly, we can show that if z > y then z € A,. Thus, A, must be both the end. If m is odd, then we get

closed and open. Since X is connected, this implies that either A, = () or A, = X. T<@ 202 < Tmo1 SY 22

Since x € A,, we see that A, = X. We thus see that fro any z,y € X, there is a and if m is even, we get

combinatorial path from x to y. Thus, (2) implies (3). E<a1 > e < Tm1 DY<y> 2

Finally, suppose that for any =,y € X, there is a combinatorial path from x to
y. We wish to show that there is also a topological path from x to y. Since we can
reverse and concatenate topological paths, it will suffice to show that, if x < y,
there is a topological path from z to y. We can assume, without loss of generality,
that  # y. We define a path

ol — 5 X

r t<l1
t ——

y t=1

To see that this is continuous, we note that the non-empty open sets of the sub-
space {x,y} C X are {z} and {z,y}. Thus, we need only note that

e =001

is an open subset of I. We therefore see that (3) implies (1), concluding the proof.

O
Definition 1.5. We say that X is order-connected if it satisfies condition (3) from
1.4.10 10 The space
Corollary 1.6. Let X be a finite space, and let x,y € X. Then there is a (topologi- b c
[ ] L]

cal) path from x to y if and only if there is a combinatorial path from x to y.

Proof. Suppose that there is a topological path

f:I—-X

from x to y. Denote by Y C X the image of f. Since I is connected, so is Y. By
Proposition 1.4, this means there is a combinatorial path in Y from x to y. is order-connected. The space
Suppose there is a combinatorial path from z to y, and consider this path as

L ¥

a subspace Y C X. Then, by definition, Y is order connected, and thus path- .
connected by Proposition 1.4. Hence, there is a path from z to y. O

Definition 1.7. Let @ and R be finite posets, and let f,g : @ — R be monotone
maps. A homotopy from f to g is a map c

h:QxJn— R

is not.

for some m > 0 such that hlgxfoy = f and h|gxfm} = g. If there is a homotopy
from f to g, we say that f and g are homotopic.
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Corollary 1.8. Let X and Y be finite Ty spaces and let f,g: X — Y be continuous
maps. Then there is a homotopy from f to g if and only if there is a homotopy
from f to g when considered as maps of posets.

Exercise 1.9. Prove Corollary 1.8 using Proposition 1.4 and Proposition 0.15.11

We now notice that we can define homotopies of maps between posets by build-
ing them out of very simple maps.

Definition 1.10. Let @ and R be finite posets, and f,g : Q — R monotone maps.
An elementary homotopy from f to g is a map

h: Q xJi = R
such that h|gxqoy = f and h|gx 1y = g-

Exercise 1.11. Show that there is an elementary homotopy from f to g if and only
if f < g as elements of Map(Q, R).

Definition 1.12. Let X be a space, and A C X a subspace. Denote by i : A — X
the inclusion. If there is a map r : X — A such that

1. roi=1idy

2. There is a homotopy
H: XxI—-X

from the identity on X to ¢ o r such that, for every a € A and every t € I,
h(a,t) = a.

we say that A is a deformation retract of X.

Deformation retraction is a particularly strong way of saying that a subspace A
is homotopy equivalent to X. Heuristically, it means that we can ‘squish X into A
without moving the points in A’

To make sure that this definition is sensible, we need a further lemma.

Lemma 1.13. Let X be a topological space, and let B C A C X be subspaces. If
B is a deformation retract of A, and A is a deformation retract of X, then B is a
deformation retract of X.

Proof. We fix the data of the two deformation retracts. Let iz : B — A and
i4 : A — X be the inclusions; rg : A — B and r4 : X — A the retractions; and
ha: X xI— X and hg : A x I — A be the homotopies.

Define i =i4 0ip, and r = rg ory. We note that

roi=rgorypoiqoigp =rgoig =idpg.

We thus need only construct a homotopy from i o r to idx.
Consider first the composite

X 1™ g Moy g4 x

1 Hint: a homotopy from f to g is equivalently a
path
h:I— T(Map(P(X),P(Y)))

from f to g.
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This provides a homotopy H; from ¢4 oidg o7 toi4 0oig org or4. Note that, for
b€ Bandte T, we have that Hy(b,t) = b.12 Since hy is a homotopy from idx to
i4 0T4, we can then concatenate hq and H;p to get the desired homotopy from idx
toior=iq0igorgors.td O

We now introduce some terminology and notation from [4] which is of some use
in analyzing homotopies of finite spaces via the associated posets. Of particular
use will be a kind of subspace of a finite space — called a core — which can be
displayed as a deformation retract. The following material very closely parallels the
final section of [4].

Definition 1.14. Let @ be a finite poset. We say that a point ¢ € @Q is

t14

1. upbeat™® if there is an x € QQ with = > ¢ such that y > ¢ implies y > =x.

2. downbeat if there is an x € Q with x < ¢ such that y < ¢ implies y < z.

The upbeat and downbeat points are in some sense, superfluous. Given an up-
beat point ¢, for instance, we choose x > ¢ such that, for every y > ¢q, y > x. We
can then homotop ¢ to x, and the poset will look much the same. We make this
formal with the following definitions and lemmata.

Definition 1.15. A minimal finite poset is a finite Ty space X such that P(X)
has neither upbeat nor downbeat points. A core of a finite T;) space X is a minimal
subspace A C X which is a deformation retract of X.

Lemma 1.16. Let X be a finite Ty space. Then X has a core A.

Proof. We will show that, for an upbeat (or downbeat) point x € X, X \ {z} is a
deformation retract of X. The lemma then follows immediately from Lemma 1.13.
We work with the associated poset P(X). Let x be an upbeat point of =, and

choose z > x such that, for every y > = y > 2. Define a map

h:P(X)xJ; = P(X)

by setting
¢ qF=x
hg,t)=<2 q=2, t=0
z qgq=z, t=1
To see that this is a monotone map, we need only note that if ¢ > z, then h(g,1) =
q>z=h(z,1) and, if ¢ < x, then h(q,1) =q¢ <z < z = h(z,1).
This map clearly fixes P(X) \ {z}, and defines the desired deformation retract.
O

Exercise 1.17. Complete the proof of Lemma 1.16 by showing that, for any down-
beat point 2 € X, the subspace X \ {z} is a deformation retract of X.

Cores are of substantial utility in the study of finite spaces, because they allow
us to reduce the study of homotopy equivalences of finite spaces to the study of
homeomorphisms of cores, as the following proposition shows.

12 Note that, from the definition of a deformation
retraction, we have that r 4 fixes every point in A.

3 Recall that the concatenation of a homotopy
h: X xI — X from f to g and a homotopy

H: X xI— X from g to q is the homotopy
h(x,2t) 0<t<

(H * h)(z,t) := 1 i
H@,2(t-1) L<t<

from f to q.

14 Let’s sketch an example of an upbeat point
(the notion of a downbeat point is formally dual).
Consider the poset

a e L))

N

Cc

Q. e——e

The point d is upbeat, because for every y > d,
we have y > c.
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Proposition 1.18. Let X be a minimal finite Ty space. If f: X — X is homotopic
to the identity, then f =idx.

Proof. We again work with the associated poset P(X). Since any homotopy can
be decomposed into elementary homotopies, it will suffice to prove the statement in
two cases: f > idx, and f <idy.

Suppose f > idx. Let « be a maximal point of X. Then f(x) = z. Now let
xz € X, and suppose, inductively, that f(y) = y for any y > z. For y > =, this
implies that

y=1r) = f(z)

If f(x) # z, this means that z is upbeat, which contradicts the minimality of X.
Thus f(x) = z. By induction, we see that f =idx

A completely analogous argument using downbeat points and minimal points
shows that if f <idy, then f =idx. O

Corollary 1.19. A map f : X — Y of minimal finite Ty spaces is a homotopy
equivalence if and only if it is a homeomorphism.

Corollary 1.20. Finite Ty spaces are homotopy equivalent if and only if they have

homeomorphic cores.

Exercise 1.21. Derive these two corollaries from Proposition 1.18

1.2 Finite G-spaces

We now want to add some algebraic information to our finite spaces. Throughout
the rest of the document, we will fix the following conventions:

e A group will mean a finite group.

e If a group G is considered as a topological space, we will consider it to be equipped
with the discrete topology.

Definition 2.1. Let G be a group. A finite G-space is a space X equipped with a
continuous G-action, i.e. such that the map

GxX—X

which defines the action is continuous.
If X and Y are G spaces, a continuous map

f: X=>Y
is called equivariant if, for every g € G and every = € X,

flg-z)=g- f(z).

‘We will, throughout this section, consider a
running example: the so-called pseudo-circle,
which we will denote by G1. This is the finite Tp
space whose associated poset is

a
°

b

The pseudo-circle functions, perhaps unsurpris-
ingly, as a kind of discrete analogue of the circle.
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Exercise 2.2. Let G be a group, and X a topological space. Show that an action
of G on the underlying set of X makes X into a G-space if and only if, for every
g € G, the induced map

g-(—): X=X
is continuous.1® 15Tt is important to note that this is only true
when we equip G with the discrete topology.
Since we have already seen that finite T; spaces and finite posets are, in effect, If G is a more complicated topological group,

the same thing, it is probably not surprising that we can rewrite the definition of a
G-space in terms of posets

Definition 2.3. Let G be a group. A G-poset is a poset @ equipped with a mono-
tone action, i.e. an action such that the defining map

f[:GxQ—=Q

is monotone.16

A map f: Q — R of G-posets is called equivariant if, for every g € G and every
1€Q, flg-a) =9 f0)

Exercise 2.4. Convince yourself that a finite Ty G-space is the same thing as a
finite G-poset.

Our aim will be to study the homotopy theory of finite G-spaces.

additional conditions are necessary.

16 Here G is viewed as a discrete poset.

Example. Lets consider the group Z/2, and

give some actions of Z/2 on the pseudo-circle G*.

ops 3 Note that a Z/2-action is uniquely determined by
Definition 2.5. Let X and Y be G-spaces and let an automorphism 7 : &1 &' such that 72 = id.

fg: X =Y

be equivariant continuous maps. We can equip X x I with a G-action by letting G .
act trivially on I. A G-homotopy from f to g is an equivariant continuous map

h:XxI—=>Y
such that h|x oy = f and hlxx (1} = g
As ever, we can give a parallel definition for finite posets.

Definition 2.6. Let @ and R be finite G-posets and let

[,9:Q—R

be equivariant monotone maps. We can equip @ x J,, with a G-action by letting G
act trivially on I. A G-homotopy from f to g is an equivariant monotone map

h:QxJn— R

for some m such that hlg oy = f and h|gx 1y = 9. We call a G-homotopy elemen-
tary if m = 1.

Lemma 2.7. Let G be a group and let @ and R be finite G-posets. Consider two

G-equivariant monotone maps f,g : Q — R. There is an elementary G-homotopy

We list the possible Z/2-actions on &G1.

The trivial action, where 7 is the identity.

The ‘vertical’ action, where 7(a) = b, 7(b) = a,
and 7 fixes c and d.

The ‘horizontal’ action, where 7(c) = d,

7(d) = ¢, and 7 fixes a and b.

The ‘rotation‘ action, where 7(a) = b, 7(b) =
a, 7(c) =d, and 7(d) = ¢

from f to g if and only if f < g as elements of Map(Q, R).7 17 Note that this does not mean that two equiv-
ariant maps are G-homotopic if and only if they
are homotopic. The intermediate maps may fail
to be equivariant.



12 WALKER H. STERN

Proof. We already know that there is an elementary homotopy from f to g if and
only if f < g. It thus will suffice for us to show that a homotopy

h:QXJ1—>R

from f to g if and only if f and g are equivariant. This, however, follows immedi-
ately from the fact that, for a € G

h(a-(q,0)) = h(a-q,0) = f(a-q) =a- f(q) = a-h(q,0)

and
h(a-(g,1)) =h(a-q,1) =g(a-q) =a-g(q) = a-h(g,1).

Example 2.8. Consider the poset

b_\/c

equipped with the Z/2-action which fixes a and swaps b and ¢. We define two Z/2-
equivariant maps, idg, and g(¢) = a for all ¢ € Q. Since g < idg, these maps are
G-homotopic.

Definition 2.9. Let X be a finite G-space. For x € X, the orbit of x under G is
the set

O, ={yeX|3geGst. g-z=y}
We denote the set of orbits of elements in X under G by X /G, and equip it with

the topology whose open sets are those sets with open preimages in X. We call the

resulting space the quotient space.

Definition 2.10. Let G be a group, and let @ be a finite G-poset. On underlying
sets, we define the quotient poset Q/G exactly as we defined quotient spaces. Let O
and L be orbits in Q/G. We define an order on Q/G by defining

OL<L&edreQanddyeLst. x<y.

A priori, it is not clear that this actually defines a poset. However, it will follow
from the following lemma that it does.

Lemma 2.11. Let G be a group, and let X be a finite Ty G-space. Then the order
<r on P(X/G) is the same as the order <p on P(X)/G.

Proof. Let O,L € P(X/G) such that O <p L. We want to show that there are
elements x € O and y € £ such that x € U,. Suppose this is not the case. Choose
z € O and y € L with an open set V such that x ¢ V and y € V. Then, for every
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g€G,g-x¢g-Vandg-ye€g-V. The set [V] of orbits of elements in V is open
(since its preimage is (J,c; g - V). By construction, [V] contains £, but does not
contain O, which is a contradiction. Thus O <p L.

Now suppose that O <p L. By definition, this means that there is x € O and
y € L such that € U,. Let U C X /G be an open set containing £. The preimage
U C X is an open set containing y, and thus contains 2. However, this immediately
implies that U contains O, so O <p L. O

Definition 2.12. Let G be a group. We say that a finite G-space X is G-contractible
if there is a G-homotopy from idx to a map f : X — X whose image lies in is a sin-

gle G-orbit.'8 18 This notion is extremely sensitive to the G-
action on X. To illustrate this, consider the
This may seem like a strange definition. It implies that there are spaces which following two simple cases: Denote by 3 :=

{1, 2,3} the set with three elements, treated as

are not contractible, but are G-contractible. Since this seems a bit counterintuitive, a discrete topological space. If we equip 3 with

let’s try to see why we might want this definition. the trivial Z/3 action, it is not Z/3-contractible
(since it is not contractible as a space). However,
Lemma 2.13. Let X be a G-space, and consider * to be the one-point G-space if we equip 3 with the 7/3-action which cyclically

permutes the elements, the identity map 3 — 3
already takes values in a single orbit, and so it is
7,/3-contractible.

equipped with the trivial G-action. There is a bijection

{equiuariant maps} o {G-ﬁxed points Of X}

Tix— X

Proof. A continuous map f : x — X is the same thing as a point f(x) = z € X.
This map is equivariant if and only if, for all g € G,

r=f()=flg-*) =g f(x)=g-x =

This tells us that only spaces with G-fixed points can be G-homotopy equivalent
to the point. If we suppose that X has a G-fixed point, then we see that intuition
matches with definition. Any equivariant map of G-spaces f : X — Y sends fixed
points to fixed points. Consequently, we have

Lemma 2.14. Suppose X is a G-space, and x € X is a G-fized point. Then
X is G-homotopy equivalent to the one-point G-space X if and only if X is G-
contractible.

Proof. Tt is clear that if X ~g *, then X is G-contractible. We suppose instead
that we have a G-homotopy
h:XxI—X

from idx to a map f which takes values in a single orbit O. Since f is equivariant,
it sends z to a fixed point. Since a fixed point is a G-orbit, O = {x}. Setting

¢ : x — X to be the (equivariant) inclusion of X, and ¢ : X — * to be the unique
(equivariant) map, this implies that h is a homotopy from idx to ¢o. Thus, ¢ and
1) are G-homotopy inverse maps. O

What this says, in effect, is that, whenever the intuitive definition could possibly
apply, it agrees with the formal definition. One further lemma makes clear that the
formal definition is of significant use.
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Definition 2.15. Let X be a G-space. We denote by
XC.={zreX|g-x=2 VgeG}

the set of G-fixed points. We equip this will the subspace topology induced by
X% cX.

Lemma 2.16. Let G be a group and let X and Y be G-spaces. A G-equivariant
map f: X =Y induces a continuous map f¢: XG = Y.

Proof. Let x € X be a G-fixed point. Then f(x) is a fixed point by Lemma 2.13.
We thus see that f defines a map of sets f& : X¢ — Y@, Since this is simply the
restriction of f to a subspace, it is continuous. O

Following [5], we now show that the notion of a core of a finite space X carries
over nicely into the equivariant setting.

Definition 2.17. Let X be a G-space. We call a subspace Y C X a sub-G-space if
the G-action on X preserves Y. The subspace Y then naturally inherits a continu-
ous G-action such that the inclusion

Y > X

is G-equivariant.
For a finite Tj space X, we will call a core A C X an equivariant core of X if A
is a sub-G-space and A is an equivariant deformation retract of X .19

Lemma 2.18. Let X be a finite Ty space. Then X has an equivariant core A.

Proof. As in the proof of Lemma 1.16, we will show that we can remove upbeat
points via an equivariant deformation retraction. Unlike in Lemma 1.16, however,
we will have to remove more than one at a time.

Consider an upbeat point € X. Then, for any g € G, the point g(x) must be
upbeat.20 Consequently, the orbit O, of z under G consists only of upbeat points.
Since this is an orbit, the subspace Y = X \ O, is a sub-G-space. We denote the
inclusion by 7 : ¥ — X.

Choose a point z > z such that, for every a > x, a > z. We can then define a
map

r: X ——Y
y yey
Yy

gz y=4gr
The map f is G-equivariant, and by construction i o f > idx. Since idx is also
equivariant, we see that this provides an equivariant homotopy fixing Y from io f to
idx. Thus, Y is an equivariant deformation retract of X. Applying this argument
iteratively to all upbeat (or downbeat) points yields the lemma. O

Remark 2.19. Note that the equivariant core of a finite 7Ty G-space X is the
same as its non-equivariant core — both are obtained by remove the upbeat and
downbeat points.

19 The eagle-eyed reader will note that we have
not yet defined equivariant deformation retracts
yet. It is a good check of your comprehension to
work out what the correct definition should be.

20

Exercise. Explain why this must be the case.



FINITE SPACES, GROUP ACTIONS, AND COMPLEXITY 15

Corollary 2.20. Let X be finite Ty G-space, and suppose that X is (non-equivariantly)
contractible. Then X is G-contractible.

Proof. By Corollary 1.20, the core of X is a point. By Lemma 2.18, we see that X
is G-homotopy equivalent to its core. O

Theorem 2.21. Suppose X andY are finite Ty G-spaces, and let f : X — Y
be an equivariant map. If f is a homotopy equivalence, then f is a G-homotopy
equivalence.

Proof. Let A C X be an equivariant core, and let B C Y be an equivariant core.
Denote the maps defining the retractions by

A, x T,y

B—*5Y 25 B
We then consider the composite map

I,y _ ", B

¢: A “ X

Since ¢ is a composite of G-equivariant maps, it is itself G-equivariant. However, by

Corollary 1.20, ¢ is a homeomorphism (since it is a homotopy equivalence between

minial finite T, spaces). Consequently, it has a G-equivariant inverse ¢=1 : B — A.
We can then define a composite map

Y BBt i x

which, as before, is equivariant. We claim that v is a G-homotopy inverse to f. We
will write a sequence of G-equivariant homotopies

o First note that
Yof=igop 'orpofoidy ~igo¢ 'orgofoisory

where the last equivalence follows from the fact that A is a G-deformation re-
tract of X.

e Then note
iAo(¢_1orBofoiA)orAZiAoidAOTA

by the definition of ¢.

o Finally, since A is a deformation retract of X, we have

igoidgorgy =140r4 ~idx.
Similar reasoning shows that there is a sequence of G-equivariant homotopies from
f o to idy, completing the proof. O

Exercise 2.22. Complete the proof of the theorem: construct a G-equivariant
homotopy from f o) to idy.
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1.3 Order complexes

There is a very different topological interpretation of finite posets. We can view a
finite poset @) as an simplicial complex — a space constructed by gluing together
simplices.Simplices can be seen as higher-dimensional generalizations of trian-
gles. We can use simplicies to build topological spaces out of conveniently well-
understood components. This is analogous to sewing: to obtain a 2-dimensional
surface which bends in 3-dimensions, we take flat pieces of fabric, and stitch them
together to get a more complicated object.

Definition 3.1. The standard (geometric) n-simplex |A™| is the subset

n+1
|A™] = {xER"+1|in:1andxi20 V1§i§n+1}

i=1

We will think of simplicial complexes as ‘spaces built out of standard n-simplices’

Definition 3.2. A simplicial complex K consists of a set X together with a subset
Sim(K) C P(X) \ @ of the power set such that:

1. Every singleton is in Sim(K).

2. Every set in Sim(K) is finite.

3. Y € Sim(K), and Z C Y, then Z € Sim(K).
If ZCY € Sim(K), we call Z a face of Y.

While this definition may seem rather abstract, the intuition behind it is quite
straightforward. The set X should be thought of as the vertices (or 0-simplicies)
of the simplicial complex. More generally, we think of each Y € Sim(K) with
|Y| = n+ 1 as being an n-simplex with set of vertices Y.

Example 3.3. We define a simplicial complex K with X = {1,2,3,4,5,6,7} and
with

Sim(K) = {{1},{2}, {3}, {4}, {5}, {6}, {7}
{1,2},{1,3},{2,3},{3,4},{2,4},{4,5},{5,6},{6, 7}, {5, 7},
{1,2,3},{5,6,7}}.

In a way that we will soon make rigorous, we can think of K as representing the

following picture:

The drawing, like K, has seven 0-simplices, nine 1-simplices, and two 2-simplices.

Example. We can easily draw the first few
standard n-simplices:

n=0
n=1
Y
q
> T
n=2

The standard 3-simplex is a tetrahedron. How-
ever, for obvious reasons, we cannot draw it as a
subset of R%.
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Example 3.4. The standard (combinatorial) n-simplex A™ has vertex set [n] :=
{0,1,...,n} and Sim(A") := P([n]) \ 0.

Construction 3.5. Let K be a simplicial complex with finite vertex set X (we
call such a simplicial complex finite). We construct a metric space | K| called the
geometric realization of K as follows. The underlying set of | K| is a set of formal

A::ZAM

zeX

with A, € R. To each such A, we associate a set Sy := {z € X | Ay, # 0}. We can
then define the underlying set

linear combinations

K| = {Z As ‘ Ao >0, > A =1, and S, € Sim(K)} c |AXI=

zeX zeX

Where we consider the coefficient vector (\;)zex as an element of |AIXI=1|. The
taxicab metric2! on RI*! then induces a canonical metric on | K|, equipping it with
the structure of a metric space, and thus, a topological space.

Remark 3.6. Note that the realization of the standard combinatorial n-simplex
A™ is precisely the standard geometric n-simplex |A™|, justifying our notation and
terminology.

Definition 3.7. We define a map of simplicial complezes f : K — K’ to be a
map f : X — X’ of the underlying vertex sets such that, for each S € Sim(K),
f(S) € Sim(K").

Lemma 3.8. Let f : K — K’ be a map of finite simplicial complexes. Then the

assignment
[f] = K] — K|

> = Y Aaf(@)

zeX zeX

defines a continuous map.

Proof. We first check that |f]| is well defined. For A € |K| and y € X', the coeffi-
cient of y in f(A) is

@)y = > A

z€f~1(y)

and is thus greater than 0. By definition

> Iy, =1.

yeX’

Moreover Spa) = f(Sa), and therefore is in Sim(K”), so we conclude that |f| is a
well-defined map of underlying sets.

Non-example. The following drawings looks like
it should correspond to simplicial complexes, but

does not:

the reason for this is that, in a simplicial complex,
there is at most one n-simplex with a given set of
vertices. In the drawing above, however, both one
simplices have the same set of vertices.

21 Using the right notion of ‘equivalence of met-
rics’, where two metrics are equivalent if the
identity is a continuous function from each to the
other, this is equivalent to the Euclidean metric.
We here take the taxicab metric for the sake of
simplicity.
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To see that it is continuous, we note that
d(FI), 1AM = > | Y Te—A)|[ <Y T — Ayl =d(AT)
y€lm(f) |z€f~1(y) z€X

completing the proof. O

Exercise 3.9.
1. If f: K — K’ induces a injection Sim(K) — Sim(K’), |f| is injective.
2. If f: K — K’ induces a surjection Sim(K) — Sim(K"), |f| is surjective.

Corollary 3.10. Let K be a finite simplicial complex with vertex set X, and let
S € Sim(K) with |S| =n+ 1. Then there is a continuous injection

|fs|: |A"] = |K]|
Whose image is precisely those A € |K| such that Sy is a face of S.

Proof. Choosing a bijection between {0,1,...n} and S yields a map of simplicial
complexes fg: A" — K. 22 O

Exercise 3.11. Check that the image of |fs| is precisely that described in the

~

corollary, and thus is independent of our choice of bijection [n] = S.

Definition 3.12. We call the image of |fs| an n-simplez of | K|, and denote it by
|S].

Lemma 3.13. Let f : K — L and g : L — P be maps of finite simplicial complexes
(with vertex sets X, Xy, and Xp). Then

1. go f defines a map of simplicial complexes K — P.

2. On realizations |go f| = |g| o |f].

Proof. To show 1., note that the underlying maps of vertex sets compose to give
amap go f : Xg — Xp. Suppose S € Sim(K). Then f(S) € Sim(L) and thus
g(f(S)) € Sim(P). Part 2. follows immediately from direct computation. O

Definition 3.14. Let K be a simplicial complex with vertex set Xg. A subcomplex
of K is a simplicial complex L such that X C Xk and Sim(L) C Sim(K).

Let V C X. We define the full subcomplex of K on V to be the simplicial com-
plex L with

Sim(L) := {S € Sim(K) | S C V}.

So how do we obtain a simplicial complex from a poset?

22 Note that this is something of an abuse of
notation. While fs depends on S, it also depends
on our choice of bijection [n] = S.

We return to our example simplicial complex K

1 3 7

2 4 5 [§

An example of a subsimplicial complex is

7

4 5 6

This simplicial complex is not full, because it
contains the vertices 5,6, and 7, but does not
contain the simplex {5, 6, 7}, which is a simplex of
K.
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Definition 3.15. Let @ be a finite poset. We define the order complez K(Q) to be
the simplicial complex whose vertex set is the underlying set of ), and whose set of
simplices is

Sim(X(Q)) :={S C P(Q) | S is totally ordered}.

By a totally ordered set, we mean a poset of the form
Kok = ok =k,

Thus, the condition that S = {qo,q1,...,qn} is totally ordered amounts to saying
that

Consider the pseudo-circle from the previous

QO <qg <qg<---<qp. section. We draw the three ways we can look at
the pseudo-circle: poset, finite space, and order

This gives us a somewhat strange result. There are two ways of associating a complex.

topological space to a finite poset (). On the one hand, we can consider the finite

Ty space T(Q), and on the other hand we can define the (infinite, Hausdorff) space

|X(Q)|. There are a number of subtle connections between these spaces, but we

will, initially at least, only consider a loose heuristic — the spaces look similar.

There is a more explicit comparison which can be made between |X(Q)| and

T(Q), which was first constructed in [6]. To define it, we will need some additional

terminology.

Definition 3.16. We define the open n-simplex to be the space

n+1
Q" = {xeR”“|Zzi1and0§zi<1V1§i§n+1}C|A”|

i=1

when n # 0, and to be |A°| when n = 0.
Given a simplicial complex K and and n-simplex S € Sim(K'), we will denote by
S° C |K| the image of the inclusion

Q" < |A" < |K]|.

We will sometimes call S° and open simplex of K. Notice that, for n > 1, S° is an
open subset of | K].

Construction 3.17. Let @) be a finite poset. We define a map

mQ : 1X(Q) = T(Q)

as follows. Given a point 2 € X(Q), there is a unique simplex S = {go < q1 < -+- <
qn} € Sim(X(Q)) such that x € S°. We define

mo(x) = qo.

Exercise 3.18. Prove that, for any = € X(Q), there is a unique simplex S = {gg <
¢ < - < gn} € Sim(X(Q)) such that z € S°. Conclude the the map m is
well-defined.
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Definition 3.19. Let K be a simplicial complex, and x a vertex of K. We define
the star of = to be
Star(z) := U S° C |K|

Sesim(K)
zeS

Lemma 3.20. For any simplicial complex K, Star(x) is an open subset of |K|.

Proof. We first note that if we remove the point x from Star(z), we obtain

Star(z) \{z} = (J S°CIK]|
SeSim(K)
zeS, S#{z}

i.e., the union of the open n-simplices with n > 1 which have x as as a vertex.
This is a union of open sets, and thus is open. It will thus suffice for us to show
that there is an open neighborhood of a which is entirely contained in Star(X).
However, this follows immediately from the fact that, for any vertex ¢ of |A™], there
is an open subset of |A™| around ¢ which contains no vertex other than i. O

Lemma 3.21. For any finite poset @), the map mq is continuous.

Proof. Let U C T(Q) be an open subset. We claim that
Wél(U) = U Star(z)
zelU
Since this is a union of open sets, the lemma will then be proved.

Let a € U,y Star(z). Then there is a unique open simplex go < ¢1 < -+ ¢n
containing a, and & = g¢; for some i. Since U is open (i.e. downwards-closed) this
means that mg(a) =¢qo <z isin U.

Now suppose that a € Wél(U). Let S = {go < ¢1 < -++ < @n} be the unique
open simplex containing a. Then mg(a) = go, and so go € U. Consequently, S° C
Star(qo) C U,ep Star(z). O

The map 7 turns out to be something like an equivalence (See [6] for details)
— a weak homotopy equivalence. We won’t go into detail here, but effectively this
means that mg preserves a lot of topological information, and that, for some pur-
poses, we can consider T(Q) and |X(Q)| to be “almost the same”.

1.4 G-simplicial complexes

In this final, brief section, we discuss G-actions on simplicial complexes. As we will
see, there is a relation between G-posets and G-simplicial complexes. unfortunately,
the relationship is rather more tangled than in the non-equivariant?3 setting.

Definition 4.1. Let G be a group. A G-simplicial complez is a simplicial complex
K with vertex set X together with an action

GxX —— X

(g,2) —— g-x

Let’s try to get a sense of what the star of x looks
like. We consider the following simplicial complex
K:

The star of x is then the subset in red.

23 This is just a fancy way of saying “without a
group action”.
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such that, for each g, the induced map
g (—): X=X
is a map of simplicial complexes.

Lemma 4.2. Let K be a G-simplicial complex with vertex set X. Then |K| is a
G-space.

Proof. Since each g € G induces a map of simplicial complexes
g- (=) K=K,
Lemma 3.8 means that we get a continuous map
g (=) K] = |K].

It is immediate that the map induced by the identity element eg is the identity
on | K|, and compatibility with the group structure follows from Lemma 3.13. By
Exercise 2.2, these maps then equip |K| with the structure of a G-space. O

The import of this lemma, for us, is that it gives us a way to associate an infinite
G-space to a finite G-space as follows.

Lemma 4.3. Let G be a group, and let Q be a G-poset. Then X(Q) is a G-
simplicial complez.

Proof. The vertex set of X(Q) is simply @, so we need only show that, for S €
Sim(X(Q)) and g € G, we have g - S € Sim(K(Q)).
Let S={qo < q1 <+ <gn}. Then

9-S={9-4,9 0, --,9 @}
However, since the map g - (—) is monotone, we see that g - ¢; < g - gi+1. Thus

g-S e Sim(K(Q)).24 O

Ideally, we would be able to study quotients of G-simplicial complexes in terms
of the corrsponding posets, but there’s a problem: such quotients may not exist!

Example 4.4. Let K be the simplicial complex

0 1

0

and equip K with the simplicial Z/2-action which swaps 0 and 1. The quotient of
the underlying vertex set by this Z/2 action yields a singleton set. However, it is
clear that, for this quotient to make sense as a quotient of simplicial complexes,
there should still be a 1-simplex. This is, of course, impossible.

Remark. It is important to note that not
every continuous G-action on |K]| is induced by
a simplical G-action. For instance, let K be the
simplicial complex:

The realization |K| is homeomorphic to the circle
S, and thus there is a free, continuous Z/6-
action on |K|. However, every Z/6-action on K
is induced by an action on a three-point set, and
thus, there must be a non-identity element with a
fixed point by the orbit stabilizer theorem.

24 We technically also need to check that g - S is
still an n-simplex, but this follows from the fact
that g - (—) is a bijection.
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This is a problem, but not an insurmountable one. Instead of taking quotients of
simplicial complexes, we can first realize our G-simplicial complex to get a G-space.
The quotient is then well defined. However, there is some more bad news: There
are G-posets @ such that

1K(Q/G)| 2 |X(Q)|/G-

So, while we have a relationship between G-posets and G-complexes, this relation-
ship does not behave nicely under quotients.

The conditions under which |K(Q/G)| is homeomorphic to |K(Q)|/G are some-
what convoluted. In the (more general) context of simplicial sets, these are worked
out in [2]. While we will not go further into the matter here, the interested student
can either consult [2], or try to work out some such conditions themselves.
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