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OVERTURE: WHAT IS CURVATURE?

Throughout the coming semester, we will repeatedly return to the concept of curvature.

At a purely heuristic level, curvature should be a measure of “how much a geometric
object bends in a given direction” Given a curve

v: la,b] —— R?
we want to be able to assign a number x(t) to each point v(¢) on the curve such that
1. When |(t)| is larger, the curve v is “more bendy” at the point ().
2. When k(t) = 0, the curve is a straight line in a small neighborhood of ().

To try and make sense of this, lets consider a very special curve: the circle of radius R
about the origin in R2.

We can immediately notice that % could be precisely the number we are looking for.

When R is very small, the circle bends very quickly, and % gets higher and higher. When
R goes to oo, a little arc of the circle starts to look a lot like a straight line, and % goes to

0.

Since we now have a notion of curvature for a circle, we can try to generalize this to an
arbitrary curve v. When discussing the slope of an arbitrary curve, we define the tangent

line — the line which best approximates the curve — because we have a well-defined

notion of slope for lines. In a similar fashion, we will try to define the curvature of v at a

point t¢[a, b] by finding the circle which best approximates  at the point (tg).!
Our starting data is thus a curve

v: [a,b] —— R?

! Such a circle is called the osculating circle for ~y at to,
from the latin word for “kissing”.
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and we wish to find a parameterized circle

P: (0,4 R2?
x —— (Rcos (f(x)) + c1, Rsin (f(x)) + ¢2)

with a value zg € [0, £] such that ¥(z9) = 7(¢o), and such that as many derivatives as
possible of 1) and y agree at zy and £, respectively.
To make this a little more tractable, we will make some SIMPLIFYING ASSUMPTIONS:

1. We will assume that both ¢’(z) and 7/ (¢) have length 1 for every value z € [0, {] or
t € [a, b], respectively.? That is,

Y () =1= ¢ ()]

2. The second derivatives 1" (o) and v"(t¢) are non-zero.?

These first two assumptions have some immediate consequences. For example, we then
have the inner product*

(' (). ) B =1
taking a derivative yields

2(y"(8),7'(1)) =0

so that 7/ (t) and 4"/ (¢) are orthogonal. By our second assumption, this means that
{%'(to),~"(to)} forms an orthonormal basis of R?.

While similar facts hold for ¢/, we can actually use our assumptions to give an explicit
form for 1. Our assumptions, plus the parameterization of 1), imply that

¢ (@) = RIf (x)| =1

so that

f(e) =+
This in turn means that, assuming f(0) = 0
x
flx) = 3

fore € {+1,-1}.
We will also make one final simplifying assumption, namely

3. At the value ¢y, we have®

Y(to)  =1(0,0)
7 (to) = (-1,0).

This tells us we have one of two scenarios:

2Tt will turn out that, for well-behaved curves, we can
always reparameterize our curves so that this is the case.
We will not show this yet, however.

3 This, as it turns out, excludes the case where the
curvature is 0. This is because I don’t currently want to
discuss “circles of infinite radius”.

* Also called the dot product.

* This is also justified in general, as we can translate and
rotate the curve v without changing the curvature at a
given point.
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~"(to) points upwards ~"(to) points downwards
Y Y
v v
7" (to)
7 (to)
< x < x
7 (to)
7" (to)
Y Y
Y v
x x
e=—landzg = R e=landzg =51
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More formally, we can set
’Y(k)(to) = w(k) (20)

for k = 0,1, 2, yielding

(Rcos (e%) + ¢1, Rsin (e%) + 02) = (0,0) 1)
(—e sin (e%}) , €COS (e%)) = (-1,0) (2)
(—;cos (e%)) ,—%sin (e?)) =~"(to). (3)

If e = +1, then {1’ (x0), 1" (z0)} is a positively oriented basis of R?, and so equations

(2) and (3) imply that " (¢9) points downwards. On the other hand, if e = —1, then

{¢'(x0),v" (x0)} is a negatively oriented basis, and so 7" () must be pointing upwards.

In either case, we see that xg = %.

Taking the norm of equation (3), we then see that

1
= = h"(to)],
so that
B 1
17 (to)]

Moreover, for equation (1) to be satisfied, we must have (c1, c2) = (0, —€R).
We thus see that, setting € = det(y'(to),~" (to)) the circle

1 1! . 1’
Wiz = (W cos(ealy"(to)]) (sin(ezy" (t0)]) — e>)

1
"y (to)

is the unique circle which agrees with v to second order at ¢5. We can thus make the
following

Definition 0.1. Let~y : [a,b] — R? be a plane curve with |¢/(¢)| = 1forallt € [a, b].°
The (unsigned) curvature of a plane curve (t) at tg € [a,b] is

K(to) == |7 (to)|.

¢ If we do not make this assumption, it is substantially
more subtle to define the curvature. Fortunately, we
can always reparameterize ~y so that this condition is
satisfied.
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CURVES

We will begin our study of geometry with curves, by which we will roughly mean 1-
dimensional subsets of R". There are two reasonable perspectives from which we might
formally define such subsets — by parameterizations, and as subsets of R™. It turns out that
— with the appropriate definition of dimension, and under sufficient regularity/smoothness
conditions — these two perspectives are equivalent, but for convenience, we will focus on

the former.

Definition 1.1. A parameterized curve in R™ is a function
v: la,b] —— R"
from some closed interval to R"™. We will additionally call

« A C* (parameterized) curve if v has continuous derivatives of all orders 0 < r < k on
[a, b].

« A smoothly (parameterized) curve if y has continuous derivatives of all orders on [a, b].

This is also called a C'*° curve.

« A regular parameterization if the first derivative v/(t) is non-zero for all ¢t € [a, b] This
is equivalent to requiring that the norm |/(¢)| is non-zero for all ¢ € [a, b].

In this chapter, we will always take the word curve to mean smoothly parameterized
curve unless specified otherwise. We will consider two parameterized curves to be “the

same” when they are related by a change of parameterization.

Definition 1.2. Let~ : [a,b] — R be a smooth curve in R™. A change of parameter is a
C™ bijection ¢ : [¢,d] — [a, ], the inverse of which is also C*°. The curve yo ¢ : [¢,d] —
R™ is then called a reparameterization of ~y.

We call a change of parameter ¢ orientation-preserving if ¢'(t) > 0 for all t € [c, d].

Since we are studying geometry, we will be exploring notions of distance, angle, and
curvature — these are in some sense the properties which characterize geometry as a

subject. We will start by giving a definition of the length of a curve or curve segment.

Let us illustrate, in two dimensions, why we might want
to impose the condition of regularity on our curves. It
is fairly clear why we need smoothness: If we want to
use techniques from calculus, we need to have access to
derivatives, and for simplicity, we often simply make the
assumption that + has derivatives of all orders.
Regularity, on the other hand, seems less obvious. For
instance, we can define a function

B:[0,2] ——— > [0,27]

2m exp(ﬁ) te[0,1)

0 tell,2]
which is smooth, surjective, and non-increasing. The
curve

~v:[0,2] ——— R2
t —— (cos(B(1)), sin(B(t)))
thus describes the unit circle in R?, but for any t €
[1,2], we have 4/(t) = (0,0). So this parameterization
is not regular, even though the circle clearly admits a
regular parameterization.
The reason to require regularity is that there are curves

for which no parameterization will be regular. For
example, consider the curve

v:[-1,1] —— R2
t —— (t2,¢3)
whose graph looks like

Y

It is an instructive exercise to convince yourself that
any smooth parameterization of this curve will not be
regular, because of the “fold” at the point (0, 0)
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Definition 1.3. Let 7y : [a,b] — R? be a C'! parameterized curve. For any ¢, t; € [a, D]
with {9 < 1, we define the arc length of -y from ¢ to ¢; to be the integral

ty
Livito,tr) = / /(8.

to

We also define the arc length as a function of the parameter ¢

t
()= Liiat) = [ 1 wldu
The first thing we need to check is that this is well-defined, and does not depend on our

choice of parameterization.

Lemma 1.4. Let+y : [a,b] — R™ be a C! curve, and let ¢ : [c,d] — [a, b] be an orientation-
preserving change of parameter. Then

L(yo ¢;¢c,d) = L(v; a,b).

Proof. We simply write the definition, and manipulate the resulting integral.

d
Lesied) = [ | 56od)w)|d,

d
— [ e@ew

Since ¢ is orientation preserving, |¢'(u)| = ¢'(u). We can thus change variables, using
v = ¢(u), dv = ¢'du, to obtain

d
Liyo dicd) = / I (6(w))] &' ()

b
=/ Y (v)|dv
= L(v;a,b).
Which yields the desired equality. O
Example 1.5. Let us consider the example of a helix in R3. This is the curve
y: [0,27] ————— R3

t —— (Rcos(t), Rsin(t), bt)

where R and b are positive real parameters.
We can compute the arc length of the helix v as follows. The first derivative is

7' (t) = (—Rsin(t), Rcos(t), b)

)
0] = VR R,
Thus

t
s(t) = / V R? 4 b2du = t\/ R? + b?
0

is the arc length of 7y as a function of the parameter ¢.

Definition. A polygonal path in R™ consists of an
ordered tuple x := (z!,...,2*) of points in R”. We
view this as a (continuous) path in R™ via the map

Px : > R™

which is defined, for ¢ € [¢, ¢ + 1], by

Px(t) = (1 —t + Ozt + (t — Oz,

The length of a polygonal path x = (z1,...,zF) is

k—1
L(gx) = Y [aF! — 2’|
=0

Construction. Let~ : [a,b] — R" be a continuous
curve in R™. Givena = tg < t; < -+ < tp, = b, we
obtain a polygonal path

(’Y(to)vv(tl)v s 77(tk))

in R™, we can view as an approximation of 7. We call
such a path a polygonal approximation to ~.

Challenge Problem. Let~ : [a,b] — R™ be a regular
C? parameterized curve. Show that the arc length is the
supremum of the lengths of polygonal approximations
to y, taken over all polygonal approximations to . Use
this to give a definition of arc length for C! curves.
Show that your definition yields a well-defined value
for any C'! curve.(Hint: show that the set of lengths

of polygonal approximations is bounded above by

(sup(|7' (®)[[b — al)))
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There is a very special kind of parameterized curve 7 : [a,b] — R™, where the parame-
ter ¢ is precisely the arc length of v from a to ¢. We encountered this condition in disguise
in the the overture. A key trick we will make use of is to reparameterize curves so that
they are parameterized by arc length.

Definition 1.6. We say that a curve v : [a,b] — R™ is parameterized by arc length if
|7/ (¢)| = 1. In this case, the arc length of v is

s(t) = /at ldu =t.

That is, the parameter ¢ of 7y is precisely the arc length.

Lemma 1.7. Let~ : [a,b] — R™ be a regular curve.! Then there is an orientation preserving
change of parameter ¢ such thaty o ¢ is parameterized by arc length.?

Proof. The arc length of vy is
¢
) = [ ')l
and so, by the fundamental theorem of calculus,

ds
!
— =)l
dt
As a consequence, s is a C'>° monotone increasing function of ¢, and has non-zero deriva-
tive everywhere. Since s is monotone increasing, it has a global inverse ¢(s). Since it has

non-zero derivative, we can apply the inverse function theorem B.1 to see that #(s) is itself

C> with
W dt 1

ds — |'(t(s)”
We then claim that v (#(s)) is parameterized by arc length. To see this, note that

p / NPV S

as desired. O

ﬂ
ds

1 Curvature in the plane revisited

We now return to the study of plane curves, v : [a,b] — R?, and their curvature. While
we have already discussed this in the overture, we will proceed more systematically here,

in a way that will lay the groundwork for our later study of curves in R™.
AssumpTION: Throughout this section, a curve will mean a regular, smooth, plane curve.

Given a curve v : [a,b] — RZ notice that 7/(t) is a tangent vector to ~y(¢) for any
t € [a,b]. When we were first considering curvature, we used a curve - which was
parameterized by arc length, in which case the vector % is a unit tangent vector. Our
contemplation of curvature split into two cases, depending on whether the basis

dy d*y
ds’ ds?

! Remember that we are taking the word “curve” to mean
“smooth curve”.

% Technically, we can weaken the hypotheses here. If we
allow our reparameterization ¢ to just be C'! with C'!
inverse, then the lemma holds whenever ~y is regular and
ct.
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was positively oriented or not.
To try and avoid case-by-case arguments, we will try to define a positively oriented
unit basis (for each ¢ € [a, b]) to which we can compare the derivatives of ~.

Definition 1.8. Let v : [a,b] — R? be a curve. A (smooth) vector field along ~ is a smooth
function

X: [a,b] — R?
where, for each t € [a, b], we consider X (¢) as a vector starting at y(t).> We call a vector
field X on +y a tangent vector field if X (t) is a tangent vector to v at y(t) for every ¢t €
[a, b)].
Example 1.9. We can view +/(t) and " (t) as vector fields on . In this case, ¥/ (t) is a
tangent vector field on .

Definition 1.10. Let ~y : [a,b] — R? be a curve.

« A moving 2-frame along ~y consists of a pair of vector fields along  which, for each
t € [a, b], form an orthonormal basis of R?. More precisely, a moving 2-frame consists
of two vector fields
e1,ez: la,b] —— R?

along +y such that, for every ¢ € [a, b],*
ei(t) - e;(t) = bi .
« A Frenet 2-frame for y is a moving 2-frame along ~y such that

1. For every t € [a, ], e1(t) is a positive scalar multiple of v/ (¢).
2. For every t € [a,b], the basis {e;(t), e2(t)} is positively oriented.

Conveniently, there is only one Frenet 2-frame. Condition (1) implies that

1
et) = ——7' ().
()]
Since 7 is C* and |7’| is non-zero, it follows that e (¢) is C*°. Condition (2), together

with orthonormality, requires that

ea(t) = (2 01) e1(t).

We can thus refer to the Frenet 2-frame.
In 2 and 3 dimensions, there is a standard notation for the vectors e; (t) and e3(t). One
conventionally writes T(t) := e;(¢) for the unit tangent vector and N(t) = ex(¢) for the

unit normal vector.

Lemma 1.11. Lety be a curve, and let {e1(t), ea(t)} be the unique Frenet 2-frame. Then the
FRENET EQUATIONS

V() = 1 (B)]er(t) (1.1)
e1(t) = w(t)ea(t) (12)
es(t) = —w(t)er(t) (13)

* There is a much better way to formalize this, using
tangent spaces and tangent bundles. We will eventually
switch to this formalism, but for the time being, we take
the naive perspective.

“Here, d; ; is simply the Kroenecker delta, i.e.

0 i
5i,j={ Z¢]
1 i=3
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hold, where
w(t) = ey (t) - e2(t).

Proof. The Frenet equation (1.1) is the definition of e; (¢). To obtain equations (1.2) and
(1.3), we differentiate the rothonormality relation

to obtain

Equations (1.2) and (1.3) then simply amount to expanding ¢/ (¢) and €5 (¢) in the basis

{ex(t), ea(D)}- O

We can rewrite equations (1.2) and (1.3) in a more compact form. Letting e(t) be the

matrix whose rows are e (t) and es(t), we can rewrite these equations as

iy [0 w(®)
e(t) = (—w(t) 0 ) e(t)

In the special case where 7y is parameterized by the arc length s, we find something inter-

esting. The Frenet equations simplify to

7' (s) = ex(s)

e'(s) = 0 w(s) e(s
) (_w(s) O)()

We can then express the curvature we defined in the overture in terms of the quantity w

d?y
ds?

k(s) :=

= le1(s)] = lw(s)

we might be tempted to define the (signed) curvature of a general curve to be the real
number w(s). However, as the example in the sidebar shows, this is not independent of
the choice of parameterization. The next lemma gives us a notion which is independent of

reparameterization.

Lemma 1.12. Letvy : [a,b] — R? be a curve, and let ¢ : [c,d] — [a,b] be an orientation-
preserving change of parameter. Let e(t) be the Frenet frame for v, and let €(u) be the Frenet
frame for v o ¢, and similarly forw and w. Then

Example. Let us consider the following two parameter-
izations of the unit circle
P(t) = (cos(t), sin(t)) t € [0,27]
and
o(u) = (cos(2u), sin(2u)) t € [0,m].

We first compute the Frenet 2-frame associated to each
parameterization.

For v: Note
W' (t) = (—sin(t), cos(t))
is a unit vector, so e1 (t) = 1’(¢). Then
ea(t) = ((1) _01> e1(t) = (—cos(t), — sin(¢)).

For ¢: The norm of

¢’ (u) = (—2sin(2u), 2 cos(2u))
is 2. So €1 (u) = (—sin(2u), cos(2u)). As above, we
find

e2(u) = (— cos(2u), — sin(2u))

We can then write the Frenet equations for each curve.

For :

For ¢:
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Proof. We first note that é;(u) = e;(¢(u)) fori = 1,2. Thus &;(u) = e}(d(u))¢’' (u). We
then directly compute

as desired. O

Definition 1.13. Given a curve 7 : [a, b] — R?, the signed curvature of y at t € [a, b] is

The unsigned curvature is the absolute value of x(t).

This accords fully with our previous definition: in the case when + is parameterized by

arc length, |7/(s)| = 1, so k(s) = w(s). This means that the signed curvature is precisely
the scalar k(s) such that

d?y

T K(s)ea(s).

Even in the case where -y is not parameterized by arc length, there is a relatively easy
way to compute the curvature of v, which does not require us to reparameterize the curve

by arc length, nor to explicitly compute the Frenet 2-frame.
Lemma 1.14. Let~ : [a,b] — R? be a curve. Then

_ det(y'(0),7"(1))
Vor

Proof. As usual, we write s(t) for the arc length of «y as a function of the parameter t €

k(t)

[a, ], and t(s) for the inverse function. Then

r(s) = S (1(s) =7 (1) 3

Taking an s-derivative, we find
d*t ds)?
/ — A (S ey [ £2)
46 =05z +7'0 (5)
Applying the function det(y(¢), —) to our above equation, we obtain

2
det(+ (1), ¢4 (s)) = 0+ det(y'(£)," (1)) (Zt) .
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We then can note that v/ (¢) = |y/(t)|e1(t) and €] (s) = k(s)ea(s). Thus, the left-hand side
becomes

det(v'(t), €1(s)) = [/ (D) (s(t)) det(ea(t), ea(t)) = |7 (1) [K(s(t))-

Moreover, by definition

ds 1
dt (1)l
so that our equation simplifies to
det(7'(£),7" (1))
KO ()] = —
(B
This completes the proof. 0

Example 1.15. Consider the cycloid, the curve created a point on a rolling unit circle

t € 10,27

which is not regular when ¢t = 0 or ¢ = 27. In the realm where it is regular, however, we
may attempt to compute its curvature using Lemma 1.14.
We first compute the derivatives

7' (t) = (1 — cos(t), sin(t))
1(£) = (sin(t), cos(?))

so that we find

det(v/(t),~7"(t)) = cos(t) — cos?(t) — sin?(t)

= cos(t) — 1
1Y (t)|* =1 — 2cos(t) + cos?(t) + sin’(t)
=2 —2cos(t)

We thus find that the curvature of the cycloid is given by
cos(t) — 1

3
2

(2 - 2cos(t))?

k(t) =

With som trigonometric identities, we can simplify this to

(t) = —2 sin’ (%) _ f2si1j12 (%) _ -1 .
(4 sinQ(%))% 8sin® (L) 4sin(%)

Notice that this becomes undefined precisely whent = 0 or¢ = 2m, i.e., the points at

which the curve is not regular.

Example. We could also try to compute the curvature
of the cycloid using an arc length parameterization. The
arc length of the cycloid is

sm:/; /2~ 2 cos(u)du
:/Ot2sin (g) du

t/2
= 4/0 sin(v)dv
=—4 cos(’u)\f/jo

=4(1 — cos(t/2))

= 8sin? (E)
4

The inverse function ¢(s) is thus

b(s) = darcsin (\/;)

This then requires us to take two derivatives of the
function

s = (s (/) i smesn (7))
s (sarsn (/7))

then take the norm (and possibly reparameterize it until
it is again in terms of ). This yields the same result (one
can check with, e.g., Mathematica) but the computation
is gross, and it is very easy to make a mistake.
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We round off our discussion of curves in the plane by showing something remarkable:
If we know the interval that a curve + is defined on and the curvature of that curve at all
points, then we know the curve (up to Euclidean isometry).

Proposition 1.16. Let~y,v : [a,b] — R? be two curves parameterized by arc length. Let
e(s) and é(s) be the Frenet 2-frames of -y and v respectively, and let (s) and K(s) be the
curvatures. If k(s) = F(s) for all s € [a, ] then there is an isometry f : R? — R? such that

foy=1.

Proof. Note that, since any pair of orthonomal bases are related by a unique orthogonal
transformation, there is a (unique) orthogonal matrix A such that

Aeq(a) =e1(a) and Aey(a) = éx(a).

Now consider the system of linear first-order ODEs

' 1(8) 0 0 k(s) 0 x1,1(8)
T 5(8) _ 0 0 0 k(s) x1,2(8)
x’zl(s) —k(s) 0 0 0 x2.1(8)
x’22(8) 0 —£(s) 0 0 Z2.2(8)

These are simply the Frenet equations 1.2 and 1.3 for -y (or %)), so the scalar functions
e1,1(8), e1,2(s), e2,1(s), and ez 2(s) satisfy these equations, as do the functions €7 1(s),
€1,2(s), €2,1(s), and €2 2(s). By linearity, we then see that the component functions of
Aeq(s) and Aey(s) satisfy this linear system.
However, by construction, Ae;(s) and Aea(s) have the same initial values as €7 (s) and
€2(s), respectively. Thus, the uniqueness of solutions to systems of linear ODEs tells us
that Ae;(s) = €1(s) and Aey(s) = éa(s) for all s € [a, b].
It is an easy exercise to see that the Frenet 2-frame associated to A~(s) is {Ae1(s), Aea(s)}.
Thus, since their Frenet 2-frames agree and they are parameterized by arc length, both ~
and 1) satisfy the differential equation

Lo(s) = er(s)
which is the Frenet equation 1.1, under the assumption that - is parameterized by arc
length. We again see that both Av(s) and ¢)(s) satisfy this equation. Let v € R? be the
unique vector such that Ay(a) + v = ¢(a). Then Ay(s) + v and ¢ both satisfy this linear
system, and have the same initial values. The uniqueness of solutions for systems of linear
ODEs then tells us that, defining

flx) = Az + v,
we have f oy = 1), as desired. O

Proposition 1.17. Let k(s) : [a,b] — R be a smooth function. Then there exists a (smooth)
curvey : [a,b] — R2, parameterized by arc length, such that the curvature of 7y is k().

Proof. This follows immediately from the existence of solutions to the Frenet equations.
The only technicality is the fact that the resulting frame is orthogonal, which we will

show more generally in the next section. O
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As a final application, lets try to understand what curves have constant curvature
Kk €R.

Corollary 1.18. Let~ : [a,b] — R? be a curve parameterized by arc length such that the

curvature k(s) = K is constant.

1. Ifk = 0, then ~y is a line segment.

2. Ifk # 0 then ~y is an arc of a circle of radius ﬁ

Proof. 1t suffices to compute the curvatures of circular arcs and line segments, and then
apply Proposition 1.16. A line parameterized by arc length s is given by

¥(s) = (s,0).

and it is immediate that the curvature of 1) is 0. The arc-length parameterization of an arc

of a circle of radius R is given by
P(s)=(R cos(i%), Rsin(i%))
And, taking two derivatives, we find that the curvature is
k(s) = £—=.

This completes the proof. O

2 Curvature in R"

We now want to go back through our 2-dimensional definitions, and generalize them to
curves in arbitrarily many dimensions. Our first task is to understand the appropriate

generalization of the Frenet frame to this case. Ideally, given a smooth curve
v :la,b] —— R",

we would be able to define smooth functions
e : la,b] —— R"

with properties analogous to the Frenet 2-frame. Roughly speaking, the properties that we
used in discussing the Frenet 2-frame should generalize as follows:

« For every t € [a, b], the ordered tuple of vectors

(ex(t), ex(t), ... en(t))
form an orthonormal basis of R™.
« The vector e;(t) “corresponds to” the i™ derivative (%) (t) of  at ¢.

We’ve been a little vague with what we mean by the second point, so let’s develop

these ideas further.

19
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Definition 1.19. Let~y : [a,b] — R™ be a curve. A (smooth) vector field along ~y is a
smooth function
X: [a,b] — R"

where, for each ¢ € [a, b], we consider X (¢) as a vector starting at y(¢). We call a vector
field X on vy a tangent vector field if X (t) is a tangent vector to v at (t) for every ¢t €
[a, ).

Definition 1.20. Let v : [a, b] — R" be a (smooth) curve.

« A moving n-frame along ~y consists of a pair of vector fields along y which, for each
t € [a,b], form an orthonormal basis of R™. More precisely, a moving n-frame consists
of vector fields
e la,b] —— R"

along 7y for every 1 < i < n. These vector fields must satisfy the following condition:
For every t € [a,b] and every 1 < i,5 < n,

ei(t) - e;(t) = dij.
That is, the ¢;(¢) form an orthonormal basis of R™.
« A Frenet n-frame for -y is a moving n-frame (e, ..., e,) along -y such that

1. For every k < m and every t € [a, ]

Span(ey(t),...,ex(t)) = Span(v'(t),...,v" (1)),
where Span denotes the span of a set of vectors in R™.
2. For every t € [a, b], the basis (e1(t), ea(t), . .., en(t)) is positively oriented.
3. Foreveryl1 <k <n—1,
Y (1) - en(t) > 0

It is important to note that not every curve has a Frenet n-frame. Conditions (1) and (3)
together imply that (y/(t),...,7%*)(t)) is a linearly independent set for k& < n, and that it
has the same orientation as (e1(t), ..., ex(t)).

Definition 1.21. We call a (smooth) curve v : [a,b] — R™ a Frenet curve when, for every
t € [a, b, the set
(), -, 7" ()

is linearly independent.
Example 1.22. Consider the helix
y: [0,27] ————— R3
t —— (Rcos(t), Rsin(t), bt)
The first two derivatives are
7' (t) = (—Rsin(t), Rcos(t), b)
7" (t) = (—Rcos(t), —Rsin(t),0)

which are clearly linearly independent. Thus 7 is a Frenet curve.
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More generally, the condition that a regular curve be a Frenet curve is very simple in

2 2
three dimensions. In this case, the requirement is simply that dd—: does not vanish.

Lemma 1.23. Suppose that : [a,b] — R? is a regular smooth curve. Then  is a Frenet
2
curve if and only if % is always non-zero.

Proof. The “only if” direction is immediate. On the other hand, suppose that 7" (to) is a
parallel to 4/ (to) for some tg € [a, b].
Parameterize 7y by arc length, and note that

dy _dyds
dt  ds dt
Po_dy (Bs\ iy (ds)?
dt2  ds \ dt? ds? \ dt
and that the matrix
ds 0
E o
d°s s
@ (%)

3, and so is invertible for any t € [a, b] by regularity. This

means that (7' (to),7” (to)) is a basis of R? if and only if (Z—Z, %) is a basis of R2.

Since the speed of an arc-length parameterization is 1, we see that

has determinant (%)3 = |y

d dy d?v
0= —~ .~/ =91 21
ds ' 7 ds ds?

2
so that % and ZT; are orthogonal. At s(tg), these two vectors do not form a basis, and so

2
T2 (st10)) = 0.

as desired. O

We know that, for a curve 7y to have a Frenet frame, it is necessary that  be a Frenet
curve. However, we have not established necessity. This is, however, not terribly hard, and
is a consequence of the Gram-Schmidt orthonormalization process.

Proposition 1.24. Let~y : [a,b] — R™ be a Frenet curve. Then there is a unique Frenet

frame (e, ..., e,) fory.

Proof. The Gram-Schmidt process uniquely determines e; through e,,_1 to be

1 !
€1 = 7
1|
k—1 i
en = ’Y(k) - Zi:1 (’Y( ) ei)e;

Y0 = ST (10 - e

Since ey, ..., e,_1 then span an n — 1-dimensional space, there is a unique unit vector e,,

such that (eq, ..., e,) form an oriented basis. O

We now want to generalize the Frenet-Serre equations to the n-dimensional case.

Fortunately, this works in much the same way as the 2-dimensional case.

Warning. You cannot apply the criterion of Lemma
1.23 to the second derivative of v with respect to another
parameter. For example, let

vi= 1,1,1)
V3
and define
v [%, 1] — R3
Po—-s

So that « is a quadratic parameterization of a straight
line segment. Then note that

and
v (t) = 2ty

so that -y is not a Frenet curve, by v"/(t) is non-zero for

allt € [%, 1]. The arc-length parameterization of this

same curve is

D

-)v

4
2

where s € [0, 3/4]. Note that ‘;S—;’ = 0, as expected.

V(s) = (s +

Exercise 1. Use the implicit function theorem to show
that the final vector field e, (¢) constructed in the proof
below is, indeed, a C'*° vector field. (You can assume
without argument that e1, ez, ..., ep—1 are C°.)
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Proposition 1.25. Let v : [a,b] — R™ be a smooth Frenet curve, and denote by (e1, ..., ep)
the Frenet n-frame for . Then -y and the e; satisfy the differential equations

v'(t) =1y (t)]ex(t) (1.4)

el(t) = Zwm (t)e;(t). (1.5)

where
wij(t) = ei(t) - €;(t) = —wji(t).
Moreover, for j > i+ 1, we have that w; ;(t) = 0.

Proof. Equation 1.4 is simply the first step of the Gram-Schmidt orthonormalization
procedure, and equation 1.5, together with the definition of w; ;(t) follows by expanding
e}(t) in the basis given by the Frenet frame.

If we differentiate the orthonormality equation
ei-ej =0

we obtain the relation

which gives the skew-symmetry of the w; ;. Finally, we note that e; is, by construction, a
linear combination

ei(t) =Y Mty P (1)
k=1

Differentiating shows that
ei(t) =D Ay V().
k=1

so that, in particular, ¢; must be a linear combination of ey, ..., €;41. O

Note that we can rewrite equation 1.5 in matrix form

=)

0 wi,2 0 0

e} el
e/ —W1,2 0 w23 0 s 0 e
2
2 — 0 —Ww2,3 0 w34 0
el : : e
n
" 0 0 0 - —Wp1n O

As before, we want to find a version of the w; ; which do not depend on our choice of

parameterization:

Lemma 1.26. Lety : [a,b] — R" be a Frenet curve, and let ¢ : [c,d] — [a,b] be an
orientation-preserving change of parameter. Let e(t) be the Frenet frame for ~y, and let €(u)
be the Frenet frame for y o ¢, and similarly for w; ; and w; ;. Then

&i,j(u) _ Wi,j(¢(u))
|Lry(p(w)] ' (dw)
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Proof. This is identical to the proof of Lemma 1.12. O

Definition 1.27. Let v : [a,b] — R™ be a Frenet curve with Frenet n-frame {e;(¢)}. The

smooth function
ki(t) = LJ,H( )
Iy ()]

is called the ¢ ™ curvature of 7.

Remark 1.28. Note that for n > 2, if v is parameterized by the arc length s, we have

_wia(s) _enls)ea  77(s)eals)
’{1(8)_ |’}//(S)| - 1 - 1 _I’y ( )|>0

Notice that, unlike in two dimensions, the curvature 1 (s) is always positive, because we
have taken the convention that (ej, e2) has the same orientation as (7'(s), " (s)).

We can reformulate the Frenet equations in terms of the curvatures x;, yielding our

final form of the equations. First, though, we need to fix some notation.

Definition 1.29. Let~ : [a,b] — R" be a Frenet curve. We denote by F(t) the matrix
whose rows are the vectors e;(t) which make up the Frenet n-frame. That is, we write

Now, given a Frenet curve v : [a,b] — R™ parameterized by arc length, we note that

wii+1(8) = ki(s). We thus can reformulate the Frenet equations as the matrix ODE

E'(s) = K(s)E(s) (1.6)

0 K1 0 O 0

—K1 0 ky O 0

K(s) := 0 —k2 0 ks 0
0 0 0 -+ —Kpq1 O

As before, we have existence and uniqueness theorems for curves with given curva-
ture functions. The proofs are more or less the same as the corresponding proofs in two
dimensions. We will state the uniqueness theorem, and then prove the existence theorem,
along the way filling in the gap in the proof of the 2-dimensional existence theorem.

Proposition 1.30. Let~,v : [a,b] — R™ be two Frenet curves parameterized by arc length
with Frenet n-frames given by {e;(s)} and {€;(s)}. Suppose that ~y and 1) have the same
curvature functions k;(s) for1 < i < n — 1. Then there is a unique isometry f : R" — R"

such that f oy = ).
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Proof. The proof is virtually identical to that of Proposition 1.16. O
Finally, we come to existence.

Proposition 1.31. Letk; : [a,b] — R for1 < i < n — 1 be smooth functions such that
ki(s) > 0 for1 <i < n — 2. Then there exists a Frenet curve vy : [a,b] — R"™ parameterized
by arc length such that the k; are the curvature functions of y.

Proof. The argument hinges on the existence of solutions to the linear ODE
E'(s) = K(s)E(s).

By [5, Theorem 6.2.3], for any choice of an initial orthonormal frame E(a), a solution to
this equation exists on the interval [a, b]. It is immediate from the fact that K (s) is C*°
that the solution E(s) must also be C'°.

Before continuing, however, we must show that F(s) defines an orthnormal frame. We
will do this by showing that the matrix E(s) E(s) is constant. Since the initial data F(a)
consist of an orthogonal matrix, this will suffice to prove that F(s) is orthogonal. Note,
before we begin, that K (s)” = —K(s). We compute

d%(E(S)TE(S)) = (E'(s))TE(s) + E(s)TE'(s)
= (K(s)E(s))" + E(s)K(s)E(s)
=E(s)'K(s)"E(s) + E(s)K(s)E(s)
—E(s)TK(s)E(s) + E(s)K(s)E(s)

so that E(s)T E(s) is constant, as desired. For an arbitary choice of inital value ~(a), we
can then solve the linear ODE

7 (s) = exs).

to obtain a smooth curve v : [a,b] — R™.
To see that this is a Frenet curve, we first note that regularity follows from the equa-

tion
7' (s) = ex(s)
Taking successive derivatives of v shows that v(*) lies in the span of ey, . . ., e;. In particu-
lar, the coefficient of ¢; in the expansion of 4(*) in terms of the basis (e1, . .., ¢;) is
K1(8)ka(s) - Ki(S)
and so
’y(i) -e; > 0.
As a consequence, the vectors 7/, ..., v(%) are linearly independent, completing the proof.

O

Exercise 2. Let : [a,b] — R™ be a Frenet curve such that x,,_1 vanishes identically on

[a,b]. Show that v is contained in a hyperplane of dimension (n — 1).
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3 Three dimensions, osculating circles

Now that we have a theory of curves and curvatures in arbitrary dimensions, let us spe-
cialize to a more visualizable case: dimension 3. In this case, a regular smooth curve 7 is

2
Frenet if and only if ZT} # 0, so the condition that  be Frenet is not terribly restrictive. Let’s picture the Frenet vectors at the point s = 27d on
the helix. Visually, we obtain

Example 1.32. Let’s return to the helix of Example 1.5. We will work directly with the

arc-length parameterization,
~(s) = (Rcos (2) , Rsin (2) ,b%) s €0, 6md]

where R > 0and d = vV R? + b2,

We first compute the Frenet frame of 7. The first two derivatives are
5= (-8 m(f) R (f) b
v (s) = g sin{5 ), geos(o), o

v'(s) = (—:; cos (2) 7—6% sin (2) ,0> €3

We already know that e; = 7/(s), so it remains for us to compute the norm

R? R R
HI(S) = |’7N(S)‘ = ﬁ = ﬁ = R2 + b2

The second Frenet vector, is thus

d? 1" S . S 0 The vector ey is, of course, the tangent vector, and
62(5) - Epy (S) = \—cos E ) — SIn E ’ precisely as in the 2-dimensional case, the vector eg

points in the direction the curve is bending. The vector
The third vector can be conveniently obtained using the cross product e3 is then determined by e1 and es.

If we also include the osculating circle, we obtain
b . /s b s\ R
ols) = eals) xeals) = (dsm (2) =g (3)-2

We can then compute the second curvature

, b b
Ka(s) = €5(s) - es(s) = 2R+

Our discussion of osculating circles from the overture can be carried over nearly verba-

tim in this context. Consider a Frenet curve
v [a,b] — R3

parameterized by arc length, and choose s¢ € [a, b]. We abbreviate x1(sg) = K1, €;(s0) =
e1, etc. Then define an arc-length parameterized circle in e;-e5 plane by

0(w) = & (—cos(rru)es + sin(miu)er) +(s0) + e

Notice that ¢(0) = 7. We can compute the derivatives

@' (u) = sin(k1u)es + cos(kiu)e;

¢" (u) = —k(— cos(k1u)es + sin(kiu)er )
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We then see that
¢'(0) = e1 =/ (s0)
¢"(0) = k1e2 = 7" (s0)
As such, the circle ¢ has contact of order 2 with the curve ~.

Definition 1.33. Let : [a,b] — R3 be a curve. The osculating plane of v at so € [a, ]
is the plane containing (so) and spanned by e;(so) and e2(so). The osculating circle of 7
at sg is the best circular approximation of 7y at sg, and is the circle in the osculating plane

with radius 3 and center

_1
k1(s0

¢ =7(s0) +

7)62(80).

51(80

Exercise 3. Show that, for an arbitrary Frenet curve v : [a,b] — R3, the identity

) xA0)
) = R
holds.

Exercise 4. Characterize all three-dimensional Frenet curves with constant curvatures ~1
and ko, as in Cor 1.18.

Remark 1.34. We should here remark that, in dimension 3, a slightly different notation is
more common. Given a Frenet curve -, one typically writes the unit tangent vector e; (¢)
as T(t). We call the vector ex(t) the unit normal vector, and denote it by N(¢), and we call
the vector e5(t) the binormal, and denote it by B(t).

Moreover, in dimension 3, the first curvature k1 () is usually simply called the cur-
vature, and denoted £ (t). The second curvature x(2) is usually called the torsion, and

denoted by 7.

4 Curves in 2d Minkowski space

So far, we have restricted ourselves to the conventional Euclidean metric on R™ — the
distance between points x and y is given by

This distance is defined via the Euclidean scalar product — also called the dot product —

n
(v,w) = Z VW
i=1

which we write as

We can then define distance by

d(z,y)* = ((x —y), (x —y)).

In physics — more precisely the physics of general relativity — it is common to con-
sider a different inner product: the Minkowski inner product. In this section, we will con-
sider a 2-dimensional toy model of this inner product, and attempt to understand the

geometry of curves in this context.



INTRODUCTION TO DIFFERENTIAL GEOMETRY 27

Definition 1.35. Let v,w € R? be two vectors. The Minkowski inner product of v and w
is defined to be

(v, WY1 1 = VIW — VaWs.

Notice that there are non-zero vectors v such that (v,v)1 ;1 = 0.> We denote the space R? 5 We sometimes say that the bilinear form (—, —)1 1 is
equipped with the inner product (—, —)1 1 by Rb1. degenerate.
There are three types of vectors in R+!:

« Avector v € Rb! is called timelike if (v,v)11 < 0.

« Avector v € Rb! is called spacelike if (v,v)1,1 > 0.

« Avector v € Rb! is called lightlike (or null) if (v,v)1 1 = 0.

Corresponding to these three cases, we have three corresponding special types of curves. We draw the spacelike, timelike, and lightlike vectors in

RLL
Definition 1.36. A smooth curve 7 : [a,b] — RY! is called regular when 7/ is always dmelike T
melike
a non-zero vector. We call a regular curve ~y timelike, spacelike, or lightlike, respectively, &
S

when ~/(¢) is timelike, spacelike, or lightlike, respectively. &g}?\
Exercise 5. Show that if 7y is a regular smooth null curve, then -y is a straight line seg- spacelike

ment with slope £1.

For spacelike or timelike curves, we can define a reasonable notion of arc length, using
more or less the same definitions we used in Euclidean space.

Definition 1.37. Let 7y : [a,b] — R'! be a smooth regular curve.
Timelike curves must have timelike tangent vectors for

every value their parameters, so at each point in their
trajectory, they must be bounded by the two lightlike
lines through that point. For instance the following is a

1 [t .
L('y; a, b) — ; / /<7’(u)77’(u)>171du Timelike curve.
a

where ¢ denotes the imaginary unit.

« If 7y is timelike, we define the arc length of -y to be

« If v is spacelike, we define the arc length of ~y to

4.1 Hyperbolic trigonometric functions

Our first aim in exploring R'! is to understand the relation of arc length and angle to the Similar considerations apply for spacelike curves.
sin and cosine functions.
Let us briefly recall how sine and cosine are defined. We define a curve, the unit circle,
by requiring that
(x,2) =1

Parameterizing this curve by arc length then yields

~v(s) = (cos(s), sin(s)).
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We will now attempt to do the same in Minkowski space. The equation corresponding
to the circle is
<.’£, $>171 = ].

or, in more familiar notation,

3 — a3 =1.

This is a hyperbola, whose asymptotes are the lightlike curves through the origin.®
We can parameterize one sheet of the hyperbola as

v(t) = (V2 +1,¢t) teR.

and so our first objective is to parameterize this curve by (Minkowski) arc-length. Taking

a derivative, we find

So that

A O = e — 1=
’ t24+1 2+ 1

This tells us that this curve is timelike.

To compute the arclength of the curve, we consider the integral

t ) } B t 1
S(t)Z/O v —={v (y)m(y)hdu—/o 7\/mdy

We can perform a somewhat odd substitution:
V2 +1
u=+vVy +14+ydu = ?\J/—;j—:ydy
ye +

u

. —

NS

We thus can simplify the integral to

VEZFI+t
/ d—u—ln(\/tQ—i—l—i-t).
1

— =
On final assessment, therefore, we obtain
s(t)=1n (\/752 +1+ t)

We can then solve for ¢

2es 2
This is the y-coordinate of the corresponding point on the hyperbola. We thus can think

of it as our analogue of the sine function in Minkowski space.

Definition 1.38. The hyperbolic sine function is the function

sinh(s) ;= ————.

¢ The plot, complete with asymptotes, looks like this.
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We can also compute the z-coordinate — our cosine analogue — by plugging ¢(s) into

S __ —S 2
:z:(s)\/(e26> +1
\/628—2+€S+1
o 4
Jer 424 e
Y 4

e’ +e ¢
2
Definition 1.39. The hyperbolic cosine function is the function

the first component of v:

cosh(s) := %

One of the odd features of Minkowski space is that our circle analogue — the hyperbola
— has two pieces. We will refer to these as path components, since no continuous path
which lies in one of these pieces can reach into the other. One of the effects of this fact is

explored in the following exercise.

Exercise 6. Show that for any point (a, b) on the hyperbola defined by

there is a unique o € R and a unique sign =+ such that

(a,b) = (£ cosh(a), sinh(a)).






2

PARAMETERIZED SUBMANIFOLDS

So far, we have considered only the geometry of curves: 1-dimensional subspaces of
R™. Our next goal is to generalize this to k-dimensional subspaces of R". Our approach
does not need to change much. Jumping straight to dimension % from 1 may seem a little
extreme, but we will quickly specialize to easier cases: first to the case of hypersurfaces
(k = n — 1), and then to surfaces in 3d space (k = 2 and n = 3). We work in greater
generality initially to emphasize that many of the concepts we will define work equally
well in any dimension.

Some results and constructions will, of course, depend on the dimensions n and &
(e.g., the Gaul map), and we will comment explicitly when this occurs. We will begin by

recalling some properties of subsets of R™.

Definition 2.1. We call a subset U C R™ open when, for every point € U, there is some
r > 0 such that the open ball

By(z) ={yeR" ||y —z[ <r}

is contained in U. Intuitively (and in a way which can be made rigorous) an open set is a

set which does not contain its boundary.
Example 2.2.

1. In R, every open interval (a, b) is an open set.
2. The set R” C R" is open.

3. The set
H:={zcR? |z >1}

is not open. The reason for this is that, for any point (a, 1) € H and any r > 0, the ball

B,.(a,1) will contain points whose first coordinate is less than 1, as pictured below.

~

Pictorially, an open set is one that does not contain its
boundary. E.g.

Given a point x € U, we can always draw a little ball
around x which always stays in U.
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4. The set
{r eR? |z, > 1}

is open.
5. For any point € R™ and any r > 0, the open ball B,.(x) of radius r around x is open.

Notice that the majority of our key analytic theorems from ?? assume that we are
working on some open set. It is for this reason that we will, throughout this course, tend
to work with open sets.

Before we can start in on the definition of submanifolds, we need to better understand
what the differentials of multivariable functions mean.

1 Differentiation on R"

I’'m not going to aim for a rigorous exposition of differentiation and integration in these
notes. Such matters are better left to an analysis course. I will, however, try to develop
some computational tools, as well as some of the underlying intuitions.

The key point of a derivative is to approximate an arbitrary function by something
linear. In single-variable calculus, when we differentiate a function f : R — R at a point
x, the defining property is that

f(@) = f(@o) + f'(zo)(x — o)

for z close to xp. We make this formal by defining the derivative f/(z) to be the real
number (if one exists) such that

fim f(zo+h) = f(zo) = f'(w0 + D)
h—0 h

=0.

Equivalently, we can define
/ .
f(@o) = %lgb

Our first question to answer is what does the number [’ (1) mean? We can think of it
as the slope of the tangent line to f(x), or as a velocity. More useful, however, is to view
f'(z0) as a linear transformation. We can think of f’(x¢) as the linear transformation
which turns possible velocities at the point x to possible velocities at the point f(xg). We
typically formalize this viewpoint by defining the tangent space to R at xo to be T, R :=
R, which we view as the possible velocities of linear paths through z( in R. We then

Even clearer is when we consider a curve v : R — R2. To each point 2 € R? we
associate a tangent space T,R? := R? — viewed as the possible velocities of linear paths
through z — The derivative v/(¢) = (74 (t),¥4(t)) can then be viewed as a transformation

d’}/t ITtR E— T,Y(t)RQ,

The image of this transformation is a linear subspace, which can be identified with the
space of all possible tangent vectors to the image of v at the point v(¢) — The tangent
space of the curve v at y(t).

To make this intuition formal, we make the following definitions.

Pictorially

TR

dryt

dyi (T(R))

L0 D
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Definition 2.3. Let U C R"™ be an open set. For any « € U, the tangent space of U at z is
the vector space
T,U :=R".

The tangent bundle of U is the set TU consisting of pairs (z,v) where x € U and
v € T,U. We call (z,v) (orv € T,U) a tangent vector to U at x. Notice that there is a
canonical identification

TU 2 U x R",
and so we can view TU as a subset of R?™.

Definition 2.4. Let U C R"” be an open subset, and f : U — R™ a function. The (total)
derivative D f, at a point x € U is the linear map

(Df)g : R" —— R™

such that

i /@) = F@) = Doy = )

=0.
y—a ly — |

If the total derivative of f exists at every point € U, we call f differentiable on U, and
we define a map
df : TU —— TR™

(z,0) —— (f(2), Dfa(v))
called the differential of f.

Remark 2.5. Under the canonical identifications T,,U = U x R", we can identify df,
with D f,. Moreover, we can equivalently view df as a map

U — Lin(R",R™)

¢+ Df,

from U to linear maps R™ — R™.

Remark 2.6. Notice that if the differential of f : U — R™ exists at every point, then f is

continuous.

One of the key questions we need to answer is how do we compute using total deriva-

tives and differentials?” The solution is the following lemmata.

Lemma 2.7. LetU C R" be open, andlet f : U — R™. Denote by f; : U — R for
1 < i < m the i™ component function. If f; is differentiable for every 1 < i < m, then f is
differentiable

Proof. 1t suffices to show the lemma at a point « € U. Suppose the differential of f; at =
exists, and represent it by a 1 x n matrix A;, so that, for any 1 < i < m,

lim |fi(y) — filz) — Ai(y — )|

=0.
y— ly — |
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For € > 0, choose § > 0 such that, for any y € U with |y — z| < 6,
1iy) = fila) = Aty = )| < =l —al

forevery 1 < i < m.
Define a m x n matrix A by

We then see that for y € U such that |y — z| < J, we have
1Y) = fla) = Ay — 2> =Y (fily) = fulw) = Aily — )
j=1

m 62
<Y —ly—af =y — .
=1 m

We thus see that

o 1) = £(2) = Ay =)

y—z ly — |
as desired. O

=0,

Our second lemma is a generalization of the chain rule from single-variable calculus.

Exercise 7. Let B be an m X n matrix. Define

B
18] == sup 12V
vER™ ‘UI

Show that || B|| is always finite. Note that for any v € R",
[Bu| < [[B]|v].

Lemma 2.8. Let f : R® — R™andg : R™ — R* be differentiable. Then g o f is
differentiable, and

D(go f)z = (Dg)f(m) oDf,

foranyz e R

Proof. Fix x € R", and denote by A the m x n matrix representing D f,., and by B the
matrix representing Dgy(,). By the triangle inequality

l9(f(y)) — g(f(2)) = BA(y — 2)| <|g(f(v)) — g(f(z)) = B(f(y) — f(z))|
+|Bf(y) — B(f(x)) — BA(y — =)

Since f is differentiable at z, for any € > 0 we may choose d; > 0 such that for |y — x| <
01, we have

[f(y) = f(=@)

< ||A|l + €
ly — |
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and
If(y) = f(z) — Ay — z)| < ely — =|.

Similarly, since g is differentiable at f(z) and f is continuous, we may choose d2 > 0 such
that when |y — x| < da,

19(f(y)) = 9(f(x)) = B(f(z) = f(y))| < elf(y) = f(2)].

Taking 0 = min(d, d2) we see that for |y — 2| < d, we have

l9(f(y)) —g(f(z)) — BA(y — 2)| <|g(f(y)) — 9(f(z)) — B(f(y) — f(=))]
+|Bf(y) — B(f(x)) — BA(y — =)
<elf(y) — f(=)] + €| Bllly — z|

Dividing through by |y — x|, we obtain

9(f W) ~ 97 (@) ~ BA - )] __ ('J”(y)—f(@' N B||)
ly — 2| ly =]

And apply the property of d; to see that

lg(f(y) —g(f(z)) — BA(y — z)|
ly — |

<e(Al +e+11BI)-

Since € can be chosen arbitrarily small, this completes the proof. O

Remark 2.9. When considering differentials, the statement of this lemma can be simpli-
fied even further. Let U ¢ R™%, V € R™and W C R* be open subsets,and g : U — V
and f : V — W be smooth maps. Then

d(fog) = df odg
asmaps U — TW.

This lemma has an immediate corollary, allowing us to give a matrix representing D f,..

Corollary 2.10. Let f : R™ — R™ be a differentiable function, and denote by x; : R — R"
the i™ coordinate function

Denote by A the matrix representing D fy with respect to the standard bases. Then

d
Aij = %(fi 0 9;)|e=0-

The implication of this corollary is that we can compute the matrix representation of
A; j using only the techniques of 1-variable calculus.

Definition 2.11. Let f : R™ — R be a differentiable function, and let a = (ay,...,a,) €
R"™. Define a curve in R" through a by

’%(t) = (al, e ,ai_l,t,aiﬂ, .. .,an).
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The i ™ partial derivative Off1 atais ! The partial derivative function 2L can be computed by
applying the usual differentiation rules to an expression
8f for f, treating variables other than x; as constants.

d
O, (a) := ﬁfo%‘hzo-

Given a differentiable function f : R” — R™, and x € R" the matrix representing D f,
is called the Facobian of f at x, and is denoted by J f,. By the corollary, we have

Ofi
Oxd’

We can rewrite Lemma 2.8 in terms of Jacobians.

(‘]fa:)iJ =

_A(fog)i _ ~~ 3fi gk
(J(fog))ij= T = By 9ai

k=1

Which is the usual chain rule for partial derivatives.
We will also make use of the notion of smoothness. This is more or less the same as the
corresponding notion for single-variable functions.

Definition 2.12. Let U C R" be open, and f : U — R™ a function.

« Wecall f a C?! function if f is differentiable at every point 2 € U, and the map

Df:U — R™™

x—— (Jf)a
is continuous.

« We call f a C? functionif f is C' and the map

Df:U — R™™

z—— (Jf)a
is C'1.
We say that f is C (or smooth) if it is C* for any k.
Remark 2.13. If f : U — V is smooth, then its differential, viewed as a map
df :U xR" —— V x R™,
is smooth. Indeed, f is smooth if and only if f is C'* and df is smooth.

We will not focus on proving smoothness here, but will rather note some facts which
allow us to check when functions are smooth.

Fact 2.14. « Any composite of smooth functions is smooth.

+ Any sum or difference of smooth functions is smooth.
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« Any rational function of n variables is smooth on its domain.

« The function 1/ is smooth on (0, c0). The functions exp, sin, cos, and In are all smooth

on their respective (open) domains.
As our final definition, we want a smooth notion of “sameness”

Definition 2.15. Let U C R"™ and V' C R™ be open subsets. We call a function f : U —
V a diffeomorphism if f is a C*° bijection, and the function f~1 is also C°°.

Exercise 8. Let U C R™ and V' C R™ be nonempty open subsets. Show thatif f : U —
V is a diffeomorphism, then n = m.
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2 Submanifolds, first steps

Now that we’ve established how to work with derivatives, we can get back to geometry.
We’re going to define embedded submanifolds in a fairly high degree of generality, but
most of our examples will live in R? or R?. The image you should keep in mind through-
out this chapter is that of a surface which is curved into three dimensions, like a torus or a

sphere.

Definition 2.16. Let U C R” be an open subset, and let k < n. A (smooth) parameteriza-

tion is a smooth map
¢: U —— R".

We say that ¢ is regular if the differential df, : T,U — Tj,)R" is injective for every
x € U (or equivalently if the Jacobian (.J f), has maximal rank). We call the point ¢(z)
singular if df,, does not have full rank.

Before continuing, let’s examine why we want to require parameterizations to be

regular. Consider the open set U = (—2,2) x (—2,2) C R?, and define a parameterization

¢ U——— RS

({L‘l,(EQ) — (xix%? (.’E% + .’L'%))

The Jacobian of this function is

3220
Jp=1 0 323
2$1 2:172

And we notice that this matrix only has full rank when x; and x5 are both non-zero. We
might initially think that we could find some other parameterization of the same surface
which is non-singular, but looking at a plot

we see that there are “creases” when x or x2 is zero. These are precisely what we seek to

avoid when we require that our parameterizations be non-singular.

Let’s think about some examples of submanifold ele-
ments. Let U C R? be the open unit ball around the
origin, U = {z € R? | |z| < 1}. We can define a map

¢p: U —-’y R3
z —— (21, Y2, 1—:1:%—90%)

Which parameterizes the upper hemisphere of the 2d
sphere.

S

= AN

Computing the Jacobian, we obtain

1 0
— 0 1
J¢ = Cy .

2 2 2 2
\/1711712 \/1lesz

And clearly, this has maximal rank.

We can give another parameterization of (part of)
the upper hemisphere, using spherical coordinates. Let
U= (—n/2,7/2) x (—m,m), and define

Y: U R3
(¢,0) — (sin(¢) cos(0), sin(¢) sin(0), cos(¢))

The corresponding Jacobian is
cos(¢p) cos(f)  — sin(¢) sin(0)
Jip = | cos(¢)sin(f)  sin(¢p) cos()
— sin(¢) 0

At most points, this has maximal rank. However, when
¢ = 0 we get

cos(f) 0
(J¥)o,o = (Sin(9) 0>
0

Which has, at most, rank 1. As we saw when we studied
curves, this is a kind of "fake” singularity. There are
parameterizations of the same surface which do not have
a singularity at this point.
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Another reason we want to restrict ourselves to regular parameterizations is the notion
of dimension. Technically, the map (u,v) — (0,0, v) is a smooth parameterization, but
the image is a one-dimensional object — a curve. The parameterization is obviously not
regular, and so we can safely discard it.

We now seek to understand what it means for different parameterizations to define
the same submanifold. To understand this, let’s give two parameterizations of parts of the
unit sphere

S% = {(w1, 72, 73) € R® | 27 + 23 + 23 = 1}.

We can then try to compare them.

« We can parameterize the lower hemisphere over the unit disk B;(0) by

x:U—— L R3

T (33179%_ 1—1’%-37%)

« We can use the inverse stereographic projection to parameterize all of S® except one

pole
o: R? R3
2, 2
21, 215 ri+a5—1
(.131, 1'2) <1+z§+x§ ’ 1+z§+x§ ’ 1+x%+zg

Exercise 9. Verify that the three parameterizations given above are smooth and regular

on their given domains.

If we want to compare two of these parameterizations, we need to think about the
points where they describe the same points of the sphere. Let’s begin by comparing x and
o. Since o hits every point except the north pole precisely once, and x hits every point
below the equator exactly once, These parameterizations overlap precisely on the lower
hemisphere. Let’s denote the lower hemisphere by

H; = {(:171,1‘2,2133) S Sz ‘ T3 < O}

The map o is a bijection between R? and S? \ {(0,0, 1)}, with inverse

_ vy
o Nz,y,2) = (12’ 12)

The image of Hy, under o1 is the unit disk,

B1(0) = {(z1,22) € R? | 2] + 23 < 1}
Similarly, x is a bijection between U and H,, with inverse
Xy, 2) = (2,9).

As a result, we get mutually inverse functions — the transition functions — from the disk to

itself
—1
Y : B1(0) ——= Hp -2— B1(0)

In both of the following figures, we draw the images in
the disk of gridlines in the sphere, to aid in visualizing
the way that each map transforms the sphere. We draw
the stereographic projection on a restricted domain,
since drawing the whole plane is tricky. First, the
stereographic projection

iy

agpy

ﬁ’/llm'i\\\\\‘?\\\
G
‘\‘\“I [ !."’,/t
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and
-1
With
I To
T1,X9) = ,
Vo, m) <1+\/1—x%—m% 1—}—\/1—%%—1}%)
and

2(E1 2!1,'2
14+ a2 +23" 1+23+23)°

Y(z1,22) = (

Both of these functions are smooth B;(0), and so ¢ and 7y are mutually inverse diffeomor-
phisms from B;(0) to B1(0).

Exercise 10. Compare the parameterizations o and x for pieces of the sphere to the
parameterization given by spherical coordinates:

¢:(0,7) x (0,2m) R3
(¢,0) ———— (sin(¢) cos(6), sin(¢) sin(6), cos(d)).

Find the image of ¢, and verify that the corresponding transition functions with x and o
are both diffeomorphisms.

This motivates our definition of a compatible parameterizations. The point here is
to guarantee that things that look smooth with respect to one chart also look smooth
with respect to another. It will turn out that, under the hypotheses of smoothness and
regularity, all charts of the same dimension are compatible, but this is something we need

to prove.

Definition 2.17. Lety : U — R"and ¢ : V — R" be two regular parameteriza-
tions which are injective. Set M := 1p(U) N ¢(V'). We say that ) and ¢ are compatible

parameterizations if
« Thesets )1 (M) C U and ¢~ (M) C V are open.

« The composites

o (M) —— (M)

and
¢t oy T H M) —— ¢ (M)

are (mutually inverse) diffeomorphisms.
We call an injective, regular parameterization a chart.

Remark 2.18. Notice that any two charts whose images don’t intersect are compatible,
using this definition.

We are now ready to define submanifolds of R™.

The generic picture of manifold charts is very similar to
the picture of the specific charts we drew for S2:
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Definition 2.19. Let M C R"™. We call a subset U C M open if there is an open set
V CR"suchthat VN M =U.
We call the subset M/ C R™ together with a collection of charts a collection {¢q }oer of
charts
¢o : Uy —— R™

where U, C R* an k-dimensional submanifold if the following conditions ae satisfied

1. For every x € M, there is an open subset V' C M withz € V and an a € I such that
V C ¢o(Us,). (This amounts to requiring that every point x is covered by a chart?).

2. For any o, B € I, the charts ¢, and ¢ are compatible.

Where the charts ¢, and ¢ overlap, we call the functions ¢! o ¢5 and (bgl 0 ¢ the
transition functions between the charts.

Remark 2.20. Changing between charts is effectively the same as the change of param-
eters from our study of curves. If ¢ : U — R" is a chart,and ¢ : V — U is a diffeomor-
phism, then 1) o ¢ is a new chart, with the same image, and 1 o ¢ is compatible with 7). On
the other hand, given two compatible charts, they are related on their intersection by such

a diffeomorphism.

Remark 2.21. Since we want to study the geometry of the submanifolds M C R™, one
of our major tasks will be verifying that each of our constructions does not depend on the

choice of chart — any compatible chart should give us the same result.

Having gone through the rigamarole of defining compatibility, we are now going to
step back, and show that we don’t need to worry overmuch about it.

Proposition 2.22. Let¢ : U — R™ andvy : V. — R"™ be two smooth,regular, injective
functions from open sets of R* with the same image. Then the composite 1 o 1) is smooth,
and thus is a diffeomorphism.

Proof. We can check smoothness around any point y € V by applying the implicit

function theorem to
UxV — R"

(z,y) —— o(x) —P(y).

and the result follows. 0
Corollary 2.23. Any two k-dimensional charts to R™ are compatible.

Remark 2.24. One might reasonably wonder why on earth we worried about compati-
bility in the first place. The answer is that, a priori, we had no reason to assume that we

couldn’t get smooth
Exercise 11. Let 7y : (a,b) — R? be a smooth regular curve which is injective.

1. Show that the image of 7 is a smooth 1-dimensional submanifold of R2.

2 There is one more technical consideration involved,
which we won’t go into in detail, related to the the
fact that the subset in question must be open. If we let
M C R? be the cross formed by the two axes in R?

We can see fairly easily that every point in M other
than the origin has an open set around it and a chart to
that open set. The origin, however, has a problem: any
open set around it will contain a little cross, and so we
can’t define a chart from R on that open set. In principle,
such points aren’t too much of an issue in our setting,
but we exclude them to better match the more abstract
definition of manifold.
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2. Suppose that the first coordinate of y is always positive. Define the corresponding
surface of revolution R., as follows. Say that a point z = (z1, 22, 23) € R? lies in R,
precisely when the point

()

lies in the image of . Give a geometric interpretation (in words) of this condition.

3. Show that R, can be equipped with the structure of a 2-dimensional submanifold of
R3.

Notation 2.25. Throughout the rest of the course, we will often shorten the term “sub-
manifold of R™” to simply manifold. A k-dimensional submanifold will sometimes be
called simply a k-manifold.

3 Smooth functions and maps

Our next question is: can we define differentiable functions on manifolds? If we have a
k-manifold M C R”, we can define functions f : M — R as maps of the underlying sets,
but it is difficult to talk about differentiability in this context. The main reason is that f
may not depend on all of the coordinates of R", and so some parts of the derivative may
not be defined. The solution is call a function differentiable when it is differentiable in any
of our charts.

Definition 2.26. Let (M, {(¢q,U,)}) be a manifold, and let f : M — R be a function.

« We say that f is C* around a point x € M if there is a chart ¢,, : U, — M such that
x € ¢o(Uy) and the composite map

foda
is C*
« We say that f is a C* function if it is C* around every point in M

Notation 2.27 (IMPORTANT NOTATIONAL CONVENTION.). Coordinates and compo-
nent functions will, from here on out, be denoted with superscripts. For instance, given a
function ¢ : R® — R™, we will denote the component functions

¢) = (¢17"'7¢m)'
Similarly, the coordinates of x € R™ will be written
r=(zt ... 2").

This makes writing exponents somewhat trickier, but in the long run, is a very useful

convention.
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Example 2.28. In the following examples, we will define functions from S? C R? to R
using spherical coordinates (¢, 6) € [0, 7] x [0, 27). As we will see, because the spherical
coordinate chart is singular at the poles, it is not sufficient to check using spherical coor-
dinates that a function is smooth. More generally, we always will need at least two charts

to check that a function is smooth on the sphere.

1. Define a function f : S? — R by
f(8,0) =9

This is clearly well-defined on the whole sphere, and clearly smooth on the chart
defined by spherical coordinates. However, if we want to show that the function is
smooth at the north point (0,0,0) € S?, we need to use a different chart. Since the
chart

x: U R3

(ah,2?) — (a',2%, V1= (21)? = (2?)?)

contains the north pole, we can try to compose f with x. Notice that the polar angle of
a point y(z!, 2?) is given by ¢ = arccos(y/1 — (21)2 — (22)2). We thus see that

(f ox)(z!,2%) = arceos(v/1 - (21)? — (22)?).

If we consider the (smooth) path in R? given by (t) = (¢,0), we see that, if f o y is
smooth around (0, 0), the function f oy o~y will be smooth at the point ¢ = 0. However,
the derivative of arccos(v/1 — ¢2) is discontinuous at ¢ = 0, so this f cannot even be
CcL.

2. We define a function g : 5% — R by

g(¢,0) = cos(¢).

This is also well-defined on the sphere, and clearly differentiable away from the poles.
Composing with the chart x from the first example, we see that the corresponding map
g o X is given on the open disk By (0) by

(gox)(@!,2%) = V1~ (21)? — (a?)2

which is smooth on its domain. A similar argument shows that f is smooth about the
south pole, and so f is a smooth function defined of S2,

More generally, we can define smooth maps between two different manifolds.

Definition 2.29. Let M and N be manifolds. A function f : M — N is said to be C* at
x € M if there is a chart ¢, : U, — M of M containing x, and a chart ¢g : Ug — N of
N containing y such that wﬁ_l o f o ¢, is a smooth function.

We say that f is C* if it is C* at every point in M.

Example 2.30. We define a few smooth maps.



44 WALKER H. STERN

1. Let M C R" be k-dimensional submanifold. The set R™ can be viewed as a submani-
fold of R™ via the single chart id : R™ — R™. The inclusion map

t: M — R"

is smooth. As a consequence, any smooth map f : R” — R induces a smooth map
four: M —R™

2. For any manifold M, the identity map id : M — M is smooth.

Notation 2.31. We will rarely specify the composition with the charts when writing a
smooth function on a chart. Suppose we have a smooth function f : M — R, and a chart
¢ : U — M. Write the coordinates on U as z = (x1,...

and write

,z¥) . We often abuse notation

to mean f(p(z!, ..., 2%)).

4 Tangents

Now that we have in mind our objects of study — submanifolds of R", we need to begin to
develop some technology to understand them. Our initial understanding of curves came
from understanding their tangent vectors. Indeed, in two dimensions, the Frenet frame is
completely determined by the tangent vector. In all cases, the first curvature only really
depends on the tangent vector and its derivative. We hope to generalize this perspective,
and thus we need to understand tangent vectors to a submanifold.

Recall that for U C R™ an open subset, the tangent space T,,U is defined to be a copy
of R™, and the tangent bundle T'U is the set of pairs (z,v) withz € U andv € T,U.
We can identify a point (z,v) € TU with a vector in R" starting from x with the same

direction and magnitude of as v.

Definition 2.32. Let M be a k-dimensional submanifold of R”, and let ¢ : U — M be
one of the charts of M. For any x € U, we define the tangent space Tyy(,,y M of M at ¢(x)
to be the image

Aoz (TU) C Ty R™.

We define the tangent bundle of M to be the subset
™™ = {(z,v) e TR" |v € T,M} C TR".

We can view the vectors in Ty ,) M as tangent vectors to curves in M as follows.

Consider any vector v € T,.U. This uniquely defines a straight-line path
y(t) =x + vt
in U. The path ¢ o 7y is then a path in M C R", and the tangent vector of this curve is

D¢, (7/(0)) = Doy, (U)

Let’s consider tangent spaces on the upper hemisphere
of S1. We'll use the now-familiar chart

X : U R3
(z1,22) —— (z1, 22, /1 — (z1)2 — (22)2)

The Jacobian of this map is

1 0
0 1

—at —xz?

Vi—(@)2=(22)2  /1-(21)2—(22)2

and so, for any point p = x(x!, 2?) in the upper
hemisphere, the tangent plane is spanned by the vectors

Jx =

(o o)
T— (z1)2 — (22)2

—x2
0,1,
( 1(901)2(902)2)

Viewing this plane as a subspace of R3, we obtain.

and
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As aresult, every vector in the image of D¢, (v) can be realized as the tangent vector to a
curve in M.
On the other hand, given a smooth curve 7 in ¢(U) C M which passes through ¢(x)

att = 0, we can write

dy d

-1,
= e om) = o, (1022 0)

so that the tangent vector to v at ¢ = 0 is in the image of D¢,,.
Having now defined the tangent bundle, and partially understood the definition, we

need to see that it does not depend on the choice of chart.

Lemma 2.33. Let M C R" be a k-submanifold of R", let ¢ : U — M be a chart of M, and
letv) : V — U be a diffeomorphism for V. C R*. Then for any x € U,

do. (T U) = d(¢ o ¢)w*1(w)(Txv)'

Proof. This follows immediately from the fact that

d(PoV)y-1(2) = doz o diby-1(s)
and, since © is a diffeomorphism, d1),,-1(,) is an isomorphism of vector spaces. O

Our next observation is subtler. For a smooth k-submanifold M C R”, the tangent
bundle
TM Cc TR"

can be identified with a subset of R?™ under the identification TR™ = R™ x R™.

Proposition 2.34. Let (M, {(¢4,Uq)}) be a smooth k-submanifold of R™. Then TM C
R?" is a smooth 2k-submanifold.

Proof. We will show that the maps
doo : TU, 2 Uy x RE —— TM C R??

are charts displaying a smooth structure on 7M. Notice that, since ¢,, is assumed to be
smooth, each of these maps is smooth, and it is easy to see that they are injective. We
need to show regularity, and show compatibility, and that the d¢,, appropriately cover
TM.
To see regularity, we first note that the components of d¢,, can be written as
n 1 n n
(dda)(,v) = <¢a<x>, o),y ek, 30 w))

k=1 k=1

So the Jacobians are

J(d¢a)(x,v)) = <(J¢I;;)w (J;)a)x)

For a matrix H comprised of sums of second partial derivatives. Since (J ¢4 ), has maxi-

mal rank k, we see that the rank of this matrix is 2k. Thus, d¢,, is regular.
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Next, suppose that (z,v) € T M. Then there is some open subset W C R™ and ¢,, a
chart of M suchthatz € Wand W N M C ¢o(Uy). But then, setting V = W x R C
R?", we have that (z,v) € V,and V C d¢ (U, x R¥). We thus see that the charts d¢,,
cover TM 3

We do not need to show compatibility, per Corollary 2.23. However, it is an instructive
exercise in manipulating differentials to do so. Let ¢ : U — M be achart,andy: V — U
a diffeomorphism. We then notice that dy o d(y~!) = idry and d(y~1) o dy = idrv, so

1

that dv is invertible. Since v and v~ are smooth, so are dy and dy~". Since

d(¢o) = dpody,
the charts d¢ and d(¢ o ) are compatible, as desired. O
Corollary 2.35. For a k-submanifold M C R", the projection

m: TM —— M
(z,v) —— x

is a smooth map.

Proof. For any chart ¢ : U — M and the corresponding chart d¢ : TU — T M, the map
¢! o7 od¢is given by forgetting the first k coordinates, and thus is smooth. O

4.1 Vector fields

Throughout this section, we fix a smooth k-submanifold M/ C R", and denote the projec-
tion from the tangent bundle by 7 : TM — M.

Definition 2.36. A smooth vector field on M is a smooth map X : M — TR" such that,
foreachp € M, X(p) € T,R™. A smooth tangent vector field on M is a smooth map
X : M — TM such that m o X = idys. A normal vector field on M is a vector field X on
M such that, for all p € M and v € T,,M, X (p) is orthogonal to v.

On any open set U C M, we can further define a tangent vector field on U to be a map
X :U — TM such that X (p) € T,M foranyp € U.

Notation 2.37. We will often represent vector field in coordinates. Let ¢ : U — M be
a chart of M, and suppose that z = (z!, ..., z%) are the coordinates of U. We will often
specify smooth vector fields on M locally as a function of the coordinates z°, writing, e.g.

X (zt,...,2") instead of the (technically more accurate) X (¢(z!,...,z")).

Definition 2.38. A local basis of T'M over an open subset U C M is a collection
Xi,..., X, : U — TM of tangent vector fields on U such that, for every p € U, the
set (X1(p), ..., Xa2(p)) is a basis.

Example 2.39. There is a canonical example of a local basis. Consider U C R*, and

define vector fields
epi U —TU

x — (x,€;)

where the latter e; is the standard basis vector in R™ = T, U. It is immediate that this is a

smooth map, and so the set (e,1, ..., e,x) is a local basis for U.

® The schematic picture we want to keep in mind here is:

Notice that this really is only schematic. The tangent
bundle T'M is, in general, not the same as M x R¥.
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Construction 2.40. Let ¢ : U — M be a chart of M, and let 2 € U and set p = ¢(z). By
definition, the tangent vectors d¢, (e, (x)) form a basis of T, M. As a result, the vector
fields

Opi® = 0;¢ :=dooey

form a local basis on ¢(U). Explicitly, viewing ¢, as a vector in R”, we have

_ 09 _ (3¢1 3(;5")

9i¢ = Ozt \ 0z’ Izt
We call 0;¢ a coordinate vector field

Lemma 2.41. Let¢ : U — M beachart, letp : V. — U be a diffeomorphism, and let
1 = ¢ o p be the composite chart. Write x* for the coordinates on V, and write y* for the

k
wo=y
(=1
Proof. We simply compute using the chain rule

- awl a,(/}n
aﬂ/)— <ayl7aaxl>

_(yoelont gm0 ont
N oyt 336@""’[:1 Oyt Ozt

{=1

coordinates on U. Then
¢

Ip
ox e

%

B 2’“: ! (a(;sl o™ >
— oxt \ dy ox
k
o 4
= 8pi e
x
=1
completing the proof. O

Notation 2.42. Now is a good moment to introduce the Einstein summation convention,
which allows us to shorten our written computations significantly. In this convention,
whenever the symbol for an index appears twice, with one index occurring as a super-
script, and the other as a subscript, we sum over that index. So, for instance

ap*

B O

would be interpreted as meaning

k
> gt
ozt
{=1
As you can see, this has the great advantage of substantially shortening computations on

the page, without losing specificity.

Notation 2.43. When two coordinate ¢ : U — M and v : V — M are related by a
diffeomorphism p : V' — U, we will often view the coordinate y on U as a function of the

coordinate x on V via the function p, and view x as a function of y via p~!. This makes
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our formulas much more transparent, particularly when transforming vector fields into
different coordinate systems. Using this convention, our formula relating the coordinate
vector fields of ¢ and ¢ becomes (also using the Einstein summation convention)

o £
O = 5016
x
This has the advantage of being symmetric, inasmuch as we then have
ozt
i = B Outh.
Y

Givenachart ¢ : U — M, we can express any tangent vector field on ¢(U) in
terms of the coordinate vector fields 9;¢. Let X be a vector field on ¢(U). Since d¢,, is an
isomorphism for every z € U, we can compose with the inverse to get a smooth vector
field X on U such that d¢ o X = X. In terms of the standard basis {e,: } corresponding to

the coordinates x of U, we can write

Applying d¢, we get
X =dpoX = X"(2)0;¢

Definition 2.44. Let ¢ : U — M be a chart, and let X be a smooth tangent vector field
on ¢(U). We call the smooth functions X such that

X = X'0;¢
the component functions of X with respect to ¢.

Corollary 2.45. Let¢ : U — M and+p : V — M be charts with the same image, and
let V' be a vector field. Let x denote the coordinate on V and y the coordinate on U. Write V'
for the components of V with respect to ¢, and V'* for the components of V with respect to ).
Then

C dy ~.
V==V
dx?
Proof. This follows immediately from Lemma 2.41. O

Example 2.46. Let’s first compute explicitly the coordinate vector fields on the sphere
S? C R3 defined by the spherical coordinate chart

¢(u',u?) = (sin(u?) cos(u'), sin(u?) sin(u"), cos(u?))
A quick computation of partial derivatives tells us that
¢ = (—sin(u?) sin(u'), sin(u?) cos(u'), 0)

and
D2 = (cos(u?) cos(u'), cos(u?) sin(u'), — sin(u?)) .

A priori, these vector fields are defined everywhere except for the poles. Let’s check

whether either of these vector fields extend to vector fields on the whole sphere.
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O2¢(ut,u?)| = 1. As such, by

continuity, we see that, if J>¢ had a continuous extension to the poles, then the vector We can visualize the vector fields from Example 2.46.
Notice that each vector 0; ¢ can be viewed as a tangent

vector to a curve with constant ug, and similarly for
the coordinate curves approaching the south pole defined by u! = 0 and u! = 7, however, 926, Plotting both 81 ¢ and 92 over the surface of the

Considering 0,¢, we notice that for any (u', u?),

assigned to, e.g., the south pole (0,0, —1) would have to be a unit vector. If we consider

we see that the corresponding limits are (1,0, 0) and (—1, 0, 0) respectively. Thus, O2¢ sphere, we obtain
cannot extend to the south pole.

To check if we can extend 0; ¢ to a vector field on all of S?, we change coordinates to
the chart (21, 2%) = (21,22, /1 — (21)2 — (22)2). In this chart, we see

al(b(xl?xQ) = (739271‘170)'

So this does extend to a smooth function, which is zero at the poles.

Notice that the vectors 1 ¢p(ul, u2) and 61 d(ul, u?)
form a basis at each point where they are both defined
and non-zero. Separating the two fields, we have 91 ¢

and O2¢







3

THE GEOMETRY OF SUBMANIFOLDS

1 The first fundamental form

When we examined curves, we obtained the arc length of a curve by measuring the tan-
gent vector using the usual inner product on R". In practice, though, we did not need to
know the inner product on all of R”. We only needed to know it on the tangent spaces. It
is this observation which will lead to to the first fundamental form.

1.1 The first fundamental form, length and volume

Suppose we have a k-submanifold M C R"™. Each tangent space 7, M can be canonically
considered as a subset of R™. We can restrict the Euclidean inner product to obtain a
bilinear form on T}, M. This bilinear form is enough to allow us to measure lengths and
angles of tangent vectors to M, but forgets anything not concerned with the tangent

bundle.

Definition 3.1. Let M C R" be a k-submanifold. The first fundamental form is the

bilinear form

1:T,M x T,M — R

obtained by restricting the Euclidean inner product.
With respect to a chart ¢ : U — M with coordinate « € U, it is given by a symmetric

matrix g with components
9i,; =1(0'¢,0;¢) = (0;6,0;6)

Lemma 3.2. Let¢ : U — M be a chart, and let1 : V — U be a change of parameters.
Write g for the matrix of I associated to ¢ o 1) and g for the matrix associated to ¢. Then

3= (J¥)"g(Jv).

Proof. This is a straightforward computation. Let z = (x!, ..., 2*) be the coordinate on
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V. Then, using the Einstein summation convention, Notation 2.42, we have
Gij = (0(¢01),05(dp o))
_ aw[ awr
- < s 0k, axja,¢>
_oytoyr
T 9zt QI
_ optoyr
Ozt Ol ger
= [(J)Tg(Tv)],

<8f¢7 8r¢>

as desired. O

Remark 3.3. Writing = and y for the coordinates on V' and U respectively, we can

rewrite the relation of Lemma 3.2 in the congenial form
~ oyt oy”
9i,5 = 833’ 83:1 ge,r
The use of the first fundamental form is that, as with curves, it allows us to compute
distances and volumes.
Definition 3.4. Let M C R" be a k-manifold. A curve in M is a smooth map
v :[a, b)) —— M.

The length of a curve «y can be computed directly using the first fundamental form. The
derivative 7/(ty) € R" is identified with the tangent vector dvyy, (1) € T z,)M.! We thus
have

b b
Liiab) = [ ()ldu = [ V@D, dD)du

More generally, though, the first fundamental form gives us a way to integrate over all

or part of M.

Definition 3.5. Let M C R"™ be a k-manifold, and let f : M — R be a continuous
function?. Let ¢ : U — M be a chart and A C ¢(U) a subset. We define the integral of f

over A to be
[ v = [ (o6 Vil
A ~1(A)

whenever the latter is defined.
Similarly, let A C M be a subset such that

A=AUAU---UA,

where the A; are disjoint, and there are charts ¢; : U; — M such that A; C ¢;(U;). We

then define .
fdv .= / fav.
/A ; A

As a special case, we define the volume of A C M to be the integral of the constant
function 1 over that region, i.e.

V(A) = /A 1dV.

!Here, 'm using 1 € Ty, [a, b] = R to denote a tangent
vector on [a, b].

? Technically, one only needs a weaker integrability
condition here, but for our purposes, this will suffice.
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Before we show that this definition is independent of the choice of charts, we first do
an example.

Example 3.6. Let T2 be the torus parameterized by

6: R2 R3
cos(u')(2 + cos(u?))
(u',u?) —— | sin(u!)(2 + cos(u?))
sin(u?)
We can compute the tangent vectors 0; ¢ and O2¢ simply by taking partial derivatives:

¢ = (—sin(u')(2 + cos(u?)), cos(u')(2 + cos(u?)), 0)

Oop = (— cos(ul) sin(u2)7 — sin(ul) sin(u2), cos(u2))

_ <(2—i—cos(u2))2 O>
0 1

det(g) = 2 + cos(u?)

and so the matrix g is

and so

We can thus compute the volume (surface area) of T? as® * You may object that we are double-counting the
integral when, e.g., u' = 0. This is, indeed, true, but
since this is a curve — i.e. a 1-dimensional subset of our

V(TQ) = / (2 + COS(U2 ))du 2-dimensional manifold — it will turn out to contribute
[0,27] x [0,27] nothing to the integral. We will not delve into the
analysis of integration, nor into measurable sets here,

Applying Fubini’s Theorem, we obtain but the interested student can find out more in a book on
measure theory.

2m 2m
V(T?) = / / (2 + cos(u?))du?du’ = 8.
o Jo

To properly understand invariance of integrals under changes of parameterization, we
need to give additional conditions on the diffeomorphims involved.

Definition 3.7. A diffeomorphism ¢ : U — V between subsets of R is said to be
orientation-preserving if det(J¢$) > 0 everywhere in U, and orientation reversing other-
wise. Notice that if U is path-connected (i.e., if there is a path in U connecting any two

points in U) then ¢ can only be orientation-preserving or orientation-reversing.

Proposition 3.8. Let M C R"™ be a k-manifold, let A C M,andletf : M — R bea
continuous function. The value offA fdV is invariant under orientation-preserving changes

of parameters.

Proof. Let ¢ : U — M be achart suchthat A C ¢(U),andlety : V. — U be an
orientation-preserving diffeomorphism between subsets of R¥. Let g be the matrix of the

first fundamental form with respect to ¢, and g the matrix of the first fundamental form
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with respect to ¢ o 1. Computing the integral with ¢ o ¢ we obtain

/ fdv .= / (fo@orh)y/det(g)dx
A Pp=L(p~1(A))

:/ (fo¢oqp)\/det((Jw)Tg(J¢))d$
¢1(671(A))

-/ (060 )] det()|/et(g)da
P=1(¢~1(A))
_ / (f 0 6 0 ) det(.Jop)/det(g)dx
Y1 (¢~ (A))
Taking the change-of-variables y = 1)(z), and dy = det(.J1)dz,* we obtain
[ foovdeisay
$=1(4)

so that the value of the integral does not change. O

Remark 3.9. Notice that, if 1) were instead orientation-reversing, we would simply have

introduced a negative sign into the computation. In one dimension, this phenomenon is

/  flayr = / " )y

using the orientation-reversing change-of-variable y = b + a — z.

simply the relation

2 The intrinsic and the extrinsic

A major theme for the remainder of the course will be the relation between intrinsic and
extrinsic quantities associated to a submanifold M. Loosely speaking, intrinsic quantities
are measurements which an observer living on M could measure: a person stuck on the
surface of the sphere S2, for instance, could measure the angles between paths on the
sphere, distances along the surface of the sphere, areas on the sphere, or speeds of paths
on the sphere, etc. But they might not be able to measure 3-dimensional quantities and
relations in the ambient space R3.>

On the other hand, extrinsic quantities are those which can be measured using all of
the information available to us: the submanifold M and the ambient space R".

To formalize what we mean by intrinsic an extrinsic, we make the following defini-

tions:

Definition 3.10. Let M C R" be a smooth k-submanifold. We call a quantity, computa-
tion, or definition intrinsic if it relies only on the following data:

« The set M and the smooth regular charts ¢ : U — M.
« The tangent bundle T'M of M.
+ The first fundamental form I : T,M x T,M — R.

Otherwise, we call a quantity extrinsic.

* We are now simply using the change-of variables rule
for integration on R™.

* The perceptual difficulties inherent in living in a space
of fixed dimension are explored in Edwin Abbott’s novel
Flatland, published in 1884.
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To understand why we consider only these three types of data intrinsic, lets break each

one down.

« The set M C R" is nothing more than the points where an observer confined to M is
allowed to be. The charts tell us how M fits together smoothly.

« The tangent bundle tells us the possible velocity vectors for paths in M, and so are
measurements an observer in M should have access to.

« The first fundmental form I tells us how to measure (1) angles between tangent vec-
tors/ paths in M, and (2) how to get a speed out of a velocity for a path in M (i.e., the
norm of the velocity). Thus, our observer in M should be able to measure speeds and

angles.

One of our major theorems in this course will show that certain notions of curvature
are intrinsic. That is, to know how M curves in R3, we do not need to know the way in
which M sits inside R?, we only need to know how to measure distances, angles, etc. in
M.

Remark 3.11. It is worthwhile to convince yourself that the notions we defined in the

previous section are all intrinsic.

3 Curves and geodesics

Since we already have a good understanding of the theory of curves and their curvatures,
it makes sense that we would try to first study manifolds by studying curves in them. We
will not yet seek to define curvatures for manifolds, but instead will try to connect notions

of length to our previous understanding of curves.

Recollection 1. A curve in a k-submanifold M C R" is a smooth map
~:la,b) — M

We say that v is regular if the tangent vector () := dv,(1) € T, M is always nonzero, or,
equivalently if (¥, ) is always nonzero.

Remark 3.12. Since the inclusion M C R” is smooth, we can view any curve in M as a
smooth curve in R™.

Instead of immediately studying curvature, our aim is to study straightness. Our guid-
ing example in doing so will be the following dictum

A curve from x toy in the Euclidean space R"™ is a straight line if
and only if its length is the shortest length of a curve from x to y.

Our aim will be use this as a definition of straightness in a submanifold. However, to make

actual use of this, we need to understand what we mean by the shortest length.

Example 3.13. Consider the sphere S? C R?, and consider the points y = (1,0,0) and
x = (0,0,1). We can consider two curves in S2:

We can write curves in M C R"™ either by composing
with a chart, or by giving a smooth map ~ : (a,b) — R"
whose image lies in M. For instance, working in the
torus T2 C R3 parameterized by

dut,u?) = (cos(ul)(2 + cos(u?)), sin(u!)(2 + cos(u?)), sin(u2))

We can define a smooth curve in T2 either by giving the
map

p:[0,27] ———— R?
t —— (t,t 4+ 0.3sin(2t))
or the composite map v = ¢ o p.
v(t) = (cos(t)(2 + cos(t + 0.3sin(2t))), sin(t)(2 + cos(t + 0.3 sin(2t))

The curve described by this function can be visualized as

AN A
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v:[0,37/2] —— S?CR?

t —— (sin(t), 0, — cos(?))

and
p:[0,7/2) ——— S? CR3
t —— (sin(t), 0, cos(?))
Both of these curves self-evidently go from z to y.

If we, for a moment, assume that p is the shortest path from x to y staying in S 26
then we notice something odd. By symmetry, v is composed of the shortest path from x
to (—1,0,0), then the shortest path from (—1,0, 0) to (0,0, —1), then the shortest path
from (0,0, —1) to y. However, 7 is clearly longer than p. This suggests that there is some
property weaker than being the shortest path from z to y that both of these curves have.

Because of examples like this, we will first focus on characterizing curves that are

critical points of length. To make this formal, we make the following definition:

Definition 3.14. Let~y : [a,b] — M C R" be a smooth curve in M. A variation of 7y is a
smooth map
H:(—c¢c) x[a,b] — M

for some ¢ > 0 such that the curve H(0,¢) = ~(t). We call a variation proper if H(u,a) =
v(a) and H(u,b) = ~(b) for allu € (—c,c). We will denote the first coordinate of a
variation by u, and the second by t.

The idea of studying variations of curves is that, since we have a family of curves
varying according to the parameter u, we can take a derivative of the length, and check if
~(t) = H(0,t) might represent a local minimum. To ease notation, lets write 7, (t) :=
H(u,t).

To do this, we consider the functional of u

b
L(u) == / VIG5 ()t

We can then take the derivative of L(u) with respect to u
©oy= 2 [ i@ A
du du J, wh u=0
e
= [ 5oV 50t

We then rewrite the integrand in terms of the Euclidean inner product.
0 1 0 0 0
B (), A (1)) = —————— { = —~,, (1), =0 (t
ou (Fu(t), Yu(t)) ERORAO) <au at’Yu( )s at’Yu( )>

We make the simplifying assumption that vo(¢) = 7(t) is unit speed. Evaluating at u = 0
thus yields

SN T3 o = (5 a0, 0} oy

¢ It is, but proving this will take some time.

Below is a picture of a proper variation (in red) of a
curve -y (in blue)in the torus.
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We can then apply the equality of mixed partials for smooth functions to get

dL /9 0 d
@(0) = /a <8t8u%<t)’ é)t%(t)> |u:0dt

Finally, we notice that

2 (a0, 30 = (B a0 300 + 2ot Sl

so that

o (0 370(0)) = (a0, 2zu(®)) = {1 e )

Applying the fundamental theorem of calculus. We thus can rewrite % (0) as

b b ,
9 0
t—a a L <%7u(t)’u:07 ﬁ’}/o(t)> dt

For a variation 7, (t) of a curve y(t) = ~o(t), we will often denote % (0) by L.

%(0) = <5iu7u(t)|u:07 %VO@>

Definition 3.15. We call the derivative § L the first variation of arc length

We call a smooth curve v : [a,b] = M C R™ a geodesic if, for every variation H of v,
the corresponding derivative OL vanishes.

Notice that, per our definition, a geodesic is not necessarily a local minimum for

length, or even a local extremum, but merely a critical point.

Remark 3.16. Notice that, a priori, the formula for § L is not intrinsic. The second deriva-
tive %W(t) need not live in the tangent space T’,(;) M, and so is an extrinsic quantity.

We can now notice that there is a vector field lurking in our formula for § L. Pictorially, the variation field is, unsurprisingly, the
tangent vector field which points in the direction that
Definition 3.17. Let H : (—c¢,¢) X [a,b] — M C R™ be a proper variation of a curve -y in H(u,t) changes the curve. For instance, for the proper
variation in the torus we drew before, we get
M. The vectors
0
V(t):= %’yu(t) =dH(e,)

u=0
form a tangent vector field along +, i.e. a smooth map V : [a,b] — T'M such that, for each
t € [a,b], V(t) € T, ) M. We call this tangent vector field the variation field of H.

We can then rewrite our formula of above in a simpler form:
b b 2
d
[ e
iea  Ja dt

We thus can compute the derivative § L in terms of only the following information:

oL = (V,7'(t))

« The tangent vector 7/ (t) = d~;(1) to the curve ~.

« The second derivative %(t) € T,»nR"
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« The tangent vector field V (¢) along -y associated to the variation.

Ideally, we’d like to determine if the curve +y satisfies 6L = 0 for every proper variation
(i-e., is a geodesic) without having to test every possible variation of v. To have any hope
of doing this, we need to understand what kind of vector fields can arise as dH (e,,) for

some variation H.

Proposition 3.18. Let~ : [a,b] — M C R" be a smooth curve, and let X : [a,b] — T M
be a tangent vector field along v with X (a) = 0 = X (b). Then there is a proper variation H
of v whose variation field is X .

Proof. We will prove this proposition in the special case where the image of y is con-
tained in a single chart. The more general case follows similarly, but with rather more
effort.

Let » : U C R¥ — M be a chart such that y([a,b]) C ¢(U). In particular, we can
write 7y = ¢ o p where p : [a,b] — U is a smooth curve in U. Since d¢ : TU — TM is
an isomorphism at every point, there is a smooth vector field W : [a,b] — TU along the
curve p such that dpo W = V.

We then define a smooth map v : (—1,1) x [a, b] — R¥ by

P(u,t) = p(t) +uW(t)

Notice that when v = 0, we obtain simply the curve p. Notice, too, that ¢)(u,a) = p(a)
and ¢ (u, b) = p(b) are constant, so that 1 is a proper variation of the curve p.

Choose € > 0 such the image of (—¢,€) X [a, ] under 1 is contained in U. Then
H = ¢ o1 is a proper variation of . Moreover, the variation field of this variation has

components ‘
0 ol
(5otetot+am )], ) = 55w
so that the variation field of H is d¢ o W = V, as desired. O

Definition 3.19. Let M C R" be a k-submanifold, and let p € M. Write T, M L for the
collection of all vectors in 7),R™ orthogonal to every tangent vector to M at p. We call
T, M~ the normal space to M at p. We can uniquely write every vector w € T,R" as

wsz—l—wN

where wT € T,M, and w" € T,M*. We call w” the tangential component of w and w™
the normal component of w.
Given a vector field X on U C M, we obtain two new vector fields XT and X~ by

taking the tangential and normal components of X at each point. These satisfy
XT(p)eT,M and X"(p)cT,M*
and X = X7 + XV,

Corollary 3.20. Lety : [a,b] — M C R™ be a smooth curve in M. Then +y is a geodesic if

() 0

and only if

foreveryt € [a,b].
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Proof. Suppose first that the tangential component of fl;T;Y is zero. We then notice that, for
any proper variation H of v, V(a) = V(b) = 0. Thus,

b 2
d*ry
L=— =7
5 /a<V,dt2>dt

2
However, since V' is a tangent vector field, and the tangential component of Cclng vanishes,
this becomes 6 L = 0 as desired.
On the other hand, suppose that v is a geodesic. The vector field

d?y r
(%)

is a tangent vector field along «. We can then define a tangent vector field

X(t) = (6~ a)(b 1) (‘fl])T

along ~y, which satisfies X (a) = 0 = X (b). By Proposition 3.18, there exists a variation H
with X as its variation field. Applying our formula for 6 L to H, we thus obtain

5L/:<X,(5tz>dt
_/ab(ta)(bt) (EZZ)TQ

The integrand is continuous and always non-negative, and so since L = 0 the integrand

dt

must vanish identically. This implies that

d27 T
(dtz) =0

except possibly when ¢ = a or ¢t = b. However, since

d?y r
()
is continuous, it must vanish identically on all of [a, b], completing the proof. O

Example 3.21. Let us first consider the case of Euclidean space R™ as a submanifold of

R™. We wish to understand what the geodesics are. Let v : [a,b] — R™. Since R" is its
2

own ambient space, it is easy to see that all of ‘37; is tangential. Thus, 7 is a geodesic if

and only if 7" (¢) = 0. Integrating, we thus find that there are vectors a,v € R™ such that
v(t) =a+tv
i.e., 7y is a straight line.

Example 3.22. We now consider curves on the sphere S%. Lety : [a,b] — S?bea
geodesic, and assume without loss of generality that + has unit speed. Since the tangent
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plane to S? at any point p € S? is orthogonal to p (considered as a vector in T),R?), we
can thus notice that 7" (¢t) = A(¢)7(t), i.e. the second derivative of y is always a scalar
multiple of 7.

Since 7(t) is always a unit vector, we see that 7/(t) is orthogonal to v(t), so v is a
Frenet curve’ , and the Frenet vectors e (t) and es(t) are 7/ (t) and y(t), respectively. The
third Frenet vector is

63(t) = el(t) X 62(t)

and its derivative is
e5(t) = €1 (t) x ea(t) + ex(t) x e5(t)
=7"(t) x y(t) +7'(t) x 7'(t)
=0
We thus see that eg is constant, and so the second curvature % (t) vanishes. Thus, 7 is
contained entirely in a plane in R®. By symmetry, we may assume that this plane is a
plane with constant z-coordinate, and we may exclude the cases of the poles, since we

are assuming that the image of y is more than simply a point. Hence, we may write v in

spherical coordinates as

~(t) = (sin(a) cos(u(t)), sin(a) sin(u(t)), cos(r))
The derivatives of this expression are

7' (t) = (— sin(«) sin(u(t))u'(t), sin(a) cos(u(t))u'(t), 0)
~(t) (— sin(a) cos(u(t))(u'(t))?, — sin(c) sin(u(t)) (v ())?, O)

Since we assume that 7 has unit speed, this means that
(u'(t))? sin?(a) = 1

that is, u’(¢) is constant.
We thus see that

()] = sin® () (' (1))*

(v(1),7'1(1)) = — sin® () (v (1))

For 7"/ (t) to have no tangential component, we must thus have
sin(a) (u/(1))? = sin(a) (u'(t))°

ie.,

sin(a) = sin?(a)

Since, by assumption 0 < a < , this means that o = 7/2 and u(t) = ¢. We thus see that

the only geodesics are arcs of great circles on the sphere.

7 Technically, we must show that 4"/ (¢) is non-zero. To
do this, consider tg € [a, b]. By symmetry, we may
assume that y(¢9) = (0,0, 1), and so assume that the
restriction of y to [to — €, 10 + €] lies in the image of
the upper hemisphere coordinate chart. Without loss of
generality, we can thus write

30 = (200, /1 = 2002 = (0?)
The condition that |y/(t)| = 1 gives us
—2z(t)y(t)2’ ()y' () + (y(1)* — 1) 2’ (1) + (x(t)* — 1) ¥/ (1)?
z(t)? +y(t)? —1

On the other hand, we can compute v/ (), yielding

0oy, 202 (1) = 20 (1) — 2y()y” (1) — 29/ (1)
(m ®,y7(0), 2/ —z(t)2 —y(t)2 +1
(2 (1) — 2y(0)y' (1)
4(—a(t)? —y(5)2 +1)°

Suppose that 2/ (to) and y”/ (to) are zero, then the final
component is

—2z(to)y(to)z’ (to)y’ (to) + (y(t0)* — 1) &’ (t0)* + (z(t0)* — 1) ¢/ (¢
(~2(t0)? — y(to)? + 1)*/*
Which, by the condition that |y (¢o)| = 1 is simply
1
Vet — (k) + 1

which is non-zero.

=1
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4 Directional derivatives

We will now briefly digress, and discuss how we can think about tangent fields as “direc-
tions to take derivatives on a submanifold”. We will throughout work in the image of a
chart ¢ : U — M The basic idea here is that, given a smooth function f : M — R, the
vector tangent vector dfy,(0;¢) € T, R = R can be computed as

af
ozt

dfp(ai¢) =

or, more formally, as % (f o ¢). Moreover, since the partial derivative is defined as

af,i asa
T

the derivative of a function composed with a coordinate curve, we can view
directional derivative in the x*-direction on M.
To generalize this, let

v:(—a,a) —— U

be a curve in U. Write ¢ = v(0) and p = ¢(q). Then we can take a derivative of f along
the curve v exactly as we would along along one of the coordinate curves:

o(f o) dy' dy'  Of

d
—(fogov)|i=o= Tor dt 0T |t:08xi (q)

dt

Since this only depends on the tangent vector 7/(0) and the point p, for any tangent

vector

vV =V"(9:9)(p)
we can define the directional derivative in the V-direction at p to be
of

More generally still, we can extend this construction to vector fields:

V() =V

Definition 3.23. Let f : M — R be a smooth function, and let X = X'9;¢ be a smooth
tangent vector field on ¢(U). We define a new smooth function on ¢(U)

_ i Of
X(f) = X' 5%

This is sometimes called the action of X on f.

Notice that, if we change coordinates to a new coordinate y, the function X (f) is
unchanged. The components of X with respect to the coordinates y are

—i Ay
X = . ¢
oxJ

and so ,
— 0f S0yt Of of
Xi——=X——=X—
oy’ oxI Jy* oxJ

as expected.
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Exercise 12. Show that, for tangent vector fields X, Y on ¢(U) and smooth functions
fig: M =R,

« X(f+9)=X(f)+X(9)
« X(f9)=X(f)g+ fX(g)

« (X+Y)(f) = X(H)+Y()

We now might wonder what might happen if we try to take X (Y (f)) — A kind of

directional second derivative. We can compute

X =x (vigh)

ovioaf .. of
_ Y iy
X owm o T XY auion

This has two different components — one which looks like a second derivative, and one
which looks like a directional derivative. We will consider second derivatives more gen-
erally in the next section, but for the time being we are interested in trying to extract the
part that looks like a directional derivative. We could simply forget about the tangential
component, but this would not give us a vector field independent of the choice of coordi-

nates, for instance, we can compute

=i 0Y Of 0y 9 (., 0y Of
Yooy~ N ooy <Y 3$r> Ay’

:inw (8}” or™ Oy . oy 3xm> of

Oxk \ dxz™ Oys Ox" Ox™mox™ Oyl ) Oyt

GOV oy o | op e 0% o

oxk Oys dx™ Oz Oyt Oxk Oyl = OxmOx" Oyt

aY" o0 %yt 0

=X o &;fr XY agfi

Since this is not the same result as directly computing with respect to the coordinate z,
this is not a well-defined vector field.
However, we can notice that the “error term” is symmetric in X and Y. Thus, we can

make the following definition.

Definition 3.24. Let X = X?0;¢ and Y = Y0, be tangent vector fields on ¢(U). The
Lie Bracket of X and Y is the tangent vector field

oY X'
[X,Y] = (X’“axk ~Y* aﬁ) Di¢p

on ¢(U).

Exercise 13. Show that, for a smooth function f : M — R,

(X, Y](f) = X(Y(f)) = Y(X(F)-
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5 The covariant derivative

We now understand that the (not obviously intrinsic) quantity
T

(")
is a significant part of understanding the geometry of curves in a manifold. Our next
goal is to try to understand this as a kind of derivative in its own right — the covariant
derivative. On a heuristic level, this will measure how much a curve + is bending in the
tangent plane. However, there is a more general notion of covariant derivative, which
takes as input a general vector field.

Lets consider a coordinate chart ¢ : U — M, with coordinate  on U and a tangent
vector field

i 09
V=V o
on ¢(U). Differentiating V' with respect to 7, we find
oV 9V' 0¢ ; 0%¢

Ox) Oz’ Ox* O0xJ Ozt
This derivative is not strictly tangential — the first component is, but linear combination
of mixed partials
2
o 00
O0xI 0z’
may not be. We want to consider only the tangential component of this derivative.
At any point p € ¢(U), we can extend the basis 01 (p), . . ., OxP(p) to a basis

(81¢(p)7 .. aak(b(p)a 6/€+17 .. aﬁn)
such that each of the 3; are orthogonal to each of the 0;¢. We can thus write
0%¢
Oxl Ox?

=TF . (p)Okd(p) +m'B.

2
The first term of this expression is the (unique) tangential component of %.

Definition 3.25. Let ¢ : U — M be a coordinate chart. The Christoffel symbols with
respect to ¢ are the unique functions Ff ; + ¢(U) — R such that

0%¢
0zt OxI

where u is a vector orthogonal to T), M.

=T¥.(p)0o(p) + u.

The covariant derivative of a vector field V = V'9;¢ in the 9, ¢-direction is the tangen-
tial component of %, that is

More generally, given a tangent vector field X = X 19;¢ on U, the covariant derivative of

V along X is the tangent vector field

ov*

VxV = XIV;V = X9

06 + XIV'T¥ 09
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Before proving results about the covariant derivative, let’s connect it back to geodesics.
Let v = ¢ o p, where p is a curve in U, and consider the vector field

/ dpl 7
V(1) = 06 = V'0y.
The second derivative can then be written as
d?>y  dV?
==
the tangential component is thus

20 _dp
OxtOxI dt

0o+ Vi

2\" av -
— ) = ——0ip+VVIT¥ 9
< 12 ) dt ¢) + .7 k¢
Supposing we can extend the V7 to functions on an open neighborhood of our curve, we
can rewrite the first term in terms of V?(p(¢)), and thus obtain

&y \" awdp ;
<dt2> = 5o g 00+ VIVIT 000

_ov!
- Oxt
=V.,9

-V 0o+ VIVITY 0k

Now, this last step is not fully justified — there is no reason to assume that the V* can be
extended to smooth functions beyond the image of 7.8 We instead use this as a definition

for the covariant derivative of a tangent vector field V" along a curve +:

Definition 3.26. Let~y : [a,b] — M be a smooth curve, with corresponding tangent
vector field 7/ along . Let V be a vector field along . The covariant derivative of V along
«y is the tangent vector field
i
dv 6+ V' dcf: E O,
With these definitions in hand, we now prove some properties of the covariant deriva-
tive and the Christoffel symbols.

V.,V =

Lemma 3.27. The Christofel symbols Fﬁj are intrinsic.

Proof. We work in a chart ¢ : U — M. Denote the matrix of the first fundamental form
with respect to the coordinates z on U by ¢g. Then notice that

0 0
ng,j = Dk (5’1',(257 5’j¢>

¢ ¢
B <axka i J¢> <8i¢” axk(?a:j>

Since taking inner products with 0;¢ only detects the tangential components of vector
fields, we then find

0%¢ 0%¢
a < z¢a ]¢> < ’“8 30 ]¢>+<al¢aaxkax]>

=T} (00, 0;0) + T4, ; (O, 0;0)
= T%,i905 + Ui jge

8 This is, however, true, though we will not prove it in
this course.
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Noting that, by the equality of mixed partials, Ff, ;= I‘fﬂ-, we then see that

d9in  Ogni  Ogi
29[,161—‘5’]': g],k+ gk,z_ 9i,j

ozt oz Oxk

Since g is an invertible matrix, we can write the components of its inverse as g*/. We thus

find that

1 99ik |, O9ki 09
Ir. == T,k ]1 tl _ )
wi = 99 (&W t 0w T Bk

This means that the Christoffel symbols can be expressed solely in terms of derivatives of
the first fundamental form’s matrix and local coordinates. In other words, the Christoffel

symbols are intrinsic. O
Corollary 3.28. The covariant derivative V xY is intrinsic.
Remark 3.29. Our key motivation for defining the covariant derivative is to understand
geodesics. In our new notation, a curve v : [a,b] — M is a geodesic if and only if

V' =0.

Thus, we can understand our analogue of “straight lines” by studying the covariant

derivative.

We now prove that our definition of the covariant derivative is independent of our

choice of coordinates.

Lemma 3.30. Let¢ : U — M and : V. — M be two charts with the same image, and
. . .. Tk k .

coordinates y and x respectively. Write I'; ; and I';’ ; for the Christoffel symbols of ¢ and ¢

respectively. Then

=k _ Oytoy oxt . 9xF 9%y
BT 9xd dxt gym BT T Qy™ Qxidad

Proof. Once again, this is simply a computation. We compute

oy 0% oytoy  0p 0%yt

Oxidzd ~ Oytdy" Oz Ozt | Ayl OxidxI
82¢ 8y£ 8yr N 622/@

Oytoyr Oz Ozt OxidxI e
taking the tangential component, we obtain
82w T 8:[/[ ayr A a2yk
(5‘1’3:& ) OxJ Oxt £r0k0 + 0x' 0z O
and applying Lemma 2.41, we see that
oy \T oyl oy, Ot 9%ym Ouk
(&Biaxj) T Oad dxi” b oym Ot + Ozt dxI yTakw
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so that the coefficient of O is
Sk _ %ayr oxF m ok 82ym
b Qwd ft y™ BT y™ dxidad
as desired. O

Lemma 3.31. Let V and X be vector field on an open subset of M. Then the vector field
VxV is independent of the choice of chart.

Proof. Exercise. 0

6 Parallel vector fields

Our next goal is to understand how we make use of the covariant derivative. The basic
idea is that V; is the analogue of the usual partial derivative operators that is adapted
to work on tangent vector fields. Given X = X 19;¢, we can view X as a differential
operator on smooth functions, and the analogous differential operator on vector fields is
Vx.

For one example of the way in which this is true, we will connect partial derivatives
to covariant derivatives via a form of the product rule. Let X = X 0,0,V = V00,
and W = W9, be tangent vector fields on a k-submanifold M C R". We can define a
smooth function

VW) : M —— R
pr——1(V,,, W) = (Vp, Wp)

via the first fundamental form. We can take the X -derivative of this function using the
usual product rule for functions into R™:

X)) = X2V W)

() )

i 0 i 0
_<X WV,W>+<V,X awiw>

((egmr) ) (e (v gmm) )

= (VxV, W) +(V,VxW)

So the product rule still holds when we replace the partial derivative with the covariant

derivative, we thus get an expression in terms of only intrinsic quantities

X(V,W)) =(VxV,W) +(V,VxW)

Analogously, if v : [a,b] — M is a smooth curve, we have

d
5 (Va0 Waw)) = (Vo V, W) +{V, Vo W)

It is this latter equation which motivates our next definition.
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Definition 3.32. We say that a tangent vector field V' is parallel along a curve v when
V.,V =0.

The basic idea here is that, for any two vector fields along ~, then

d
@(Wv(t)a Wyw)) =V V,W) +(V, V., W) =0

so that the length of the vectors is constant along -, and the angle between them is con-
stant along ~.

Intuitively, we would expect that given any tangent vector X,
choose a parallel vector field along vy by “dragging X, along 7”. More rigorously, we

) in TW(Q)M, we can

have the following.

Lemma 3.33. Letvy : [a,b] — M be a smooth curve, and letv € T, (,)M be a tangent
vector. There is a unique parallel vector field Y along -y such that Y.,y = v.

Proof. We expand the equation VY = 0, yielding

dy’ idxj /
Waz‘(? +Y Eri,jaﬂb =0.

We can collect the coefficients of J,¢ to get an equivalent system of equations:

4 drd
Dy

dt gt =0 Lstsk

This is a linear first-order system of ODEs with smooth coefficients, so that subject to the
initial conditions Y*(y(a)) = v there is a unique solution on [a, b]. O

Definition 3.34. Given  and v as in the lemma, we call the resulting parallel vector field
Y the parallel transport of v along .

Example 3.35. We compute a parallel transport on the sphere S? C R3?, using polar
coordinates

p(u',u?) = (cos(u') cos(u?), cos(u') sin(u?), sin(u')).

We use the curve

1 1 . 2
~(t) = <\/§ cos(t), 7 sin(t), \/§>

and note that v = ¢ o p, where p(t) = (arccos(1/v/3),t).

To write down the desired ODEs, we first compute the first fundamental form

(1 0
7= o cos?(ul)
and the Christoffel symbols

1 (O 0 2 _ 0 — tan(ul)
Lig = (0 cos(ul)sin(u1)> Lig <— tan(ul) 0 )
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We can also compute the derivatives % = 0 and dditz = 1. Let us parallel transport the

vector

v = 2010+ O2¢.

Our initial value problem for Y is thus

dyl V2

— 4+ 22Y?%2 =0
a3
dy?
—— +V2Yt =0
o+ V2
Y1(0) =2
Y2(0)=1
and so the coefficients of the parallel transport are’ ? Pictorially, the parallel transport of v along « looks

something like

Y(t) = 2cos (?t) - ? sin ( %t)

Y2(t) = 1cos (?t) +2V/3sin <\/gt> .

where [ have rescaled the vectors Y., (4) to have length %
for ease of viewing.



4
CURVATURE

We now come to the heart of the course: the definition of curvature for a submanifold
of R™. The remainder of the course will be a process of specialization: first ton — 1-
dimensional submanifolds of R”, and eventually to surfaces — 2-dimensional submani-
folds of R®. We will work in the following special case:

Definition 4.1. A hypersurface in R"*! is an n-dimensional submanifold of R"*1,

1 The Gaufl map

Now that we are working with hypersurfaces, we have a much better way of controlling
normal vectors to our chosen hypersurface M C R™"!. Since each tangent space T,M C
T,R™*! is an n-dimensional subspace! The space T, M is one-dimension. In particular,
there are precisely two unit vectors: £n in +n € T, M L

Now suppose that ¢ : U — M is a chart on our hypersurface. On ¢(U), we can define

a unique normal vector field

n:¢(U) — TR
satisfying the following conditions:
« Atevery p € ¢(U), n(p) is orthogonal to T}, M.

« Atevery p € ¢(U), n(p) is a unit vector.

« The basis
(61¢), . ,8n¢, ’I’L)

of T,R™*1 is always positively oriented.

Definition 4.2. We call the unique smooth vector field n : ¢(U) — TR"™*! constructed
above the normal field on ¢(U). Since we can view n(p) € T,R"T! as a unit vector in
R"™*! ie., as a point in S™. We thus obtain a smooth map

n:¢(U) — §" C Rt

In this form, we call n the Gauf§ map on U.

!'We say that such a subspace (or the manifold M itself)
has codimension 1. This simply means that the difference
in dimensions between M and the embedded space is 1.
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Example 4.3. If M C R? is a 2-dimensional submanifold of R? — what we call a surface

— then the Gaufl map can be computed on the image of a chart ¢ as

. 019 x Oa¢p
|01¢ x 020

So, for instance, we can consider the torus 72 C R3 , with parameterization
p(u',u?) = (sin(u')(cos(u?) + 2), cos(u")(cos(u?®) + 2), sin(u?)) .
The coordinate vector fields are
¢ = (cos(u') (cos(u?) +2) , —sin(u')(cos(u®) + 2),0)

and

do¢p = (—sin(u") sin(u?), — cos(u') cos(u?), cos(u?))
The unit normal is thus
n = (—sin(u') cos(u?), — cos(u') cos(u?), — sin(u?))

Notice that this is actually a well-defined smooth map on the entire torus, since it is 27-
periodic in both parameters.

Example 4.4. It is also possible to define a global normal field on the n-sphere S™ C
R+ In this case, the Gauf} map

n:S" —— S
is either the identity map or its negative, depending on which convention is chosen.

A natural next question to ask is: can we always define a global normal field/Gauf}
map? That is, can we define n smoothly on the entire manifold M? The answer to this
question is no, as the next example demonstrates.

Example 4.5. We consider the Mobius band M C R®. This is the surface given by the

parameterization

2 cos(u?) — ul cos(u?) sin(u?/2)
Y(ut,u?) = | 2sin(u?) — u' sin(u?) sin(u?/2)
u! cos(u?/2)

From this parameterization, one can compute that the normal field should be
n(u',u?) = (— cos(u?/2) * cos(u?), — cos(u?/2) * sin(u?), — sin(u?/2)).

This causes a problem: the parameters (0, 0) and (0, 27) specify the same point in M,
but the corresponding normal vectors are opposite. We thus see that we can’t extend the
normal field smoothly to all of M.

Definition 4.6. We call a hypersurface M C R""! orientable if there is a smooth global
normal field on M. Otherwise, we call M non-orientable.

Plotted out, one possible normal field for the torus (the
negative of the one derived in the example) looks like

If we plot the normal field once around the Mobius
band, we can more immediate see the problem with
extending n to all of M:

Notice that after looping once around the Mébius band,
the normal field must change direction. We thus get a
discontinuity when we return to our original point.
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2 The shape operator

We now come to the heart of our study of hypersurfaces: curvature. Throughout this
section we will work locally on a single coordinate chart, ¢ : U — M C R™*L on our
chosen hypersurface.

Our aim is to define a notion of curvature for hypersurfaces. One reasonable notion is

by taking derivatives of the normal field, as the following example demonstrates.

Example 4.7. Let A be an (n + 1) X n matrix of rank n. Then the image of
A:R* —— R**!

is a hyperplane H C R™*! through the origin in R"*!. Thus, there is a unit vector
v € R"*! such that
H={x e R"| (z,v) = 0}.

Since the map A is injective, smooth, and regular (the Jacobian of A at any point is
simply A), we can view H as a hypersurface in R"*!. The associated Gaufy map

n:H—— S™

is the constant map on v, ie. n(p) = vforallp € H. We thus see that, taking the
derivative of n in any direction yields the zero vector 0.

Example 4.8. The Gaufl map n for S? C R? is the identity map. If we take a smooth

curve v : [a,b] — S? and compute the derivative, we get

Ln(0) = /1)

And thus, in general, this vector is non-zero.

More generally, if we draw a surface, we see that the derivative of the normal field will
change in a given direction precisely when the surface is curved in that direction.? Thus ? For example, examining the normal field on the follow-

we might expect that a good notion of curvature will involve derivatives of the normal ing half-cylinder

field.

Our problem now is: which direction do we take a derivative in? Fortunately, there is a
devilishly simple solution: all of them! We will consider the differential of the Gaufy map:
dny, : T,M — T,5™.

However, we will reinterpret the Gaufy map as follows. Notice that since n is a unit
vector, (n,n) = 1. Taking a partial derivative of this relation (with respect to a coordinate
x?) yields

That is, gf is orthogonal to the unit normal, and thus can be viewed as a tangent vector

on n. We can then note that

on

ort We see that taking derivatives of n along a curve will
yield zero along the “straight” coordinate curves, and
something non-zero along any other direction.

dn o (9) =

so we can view dn as a linear map

dn : T,M — T, M.
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Definition 4.9. Let M C R"*! be a hypersurface, and ¢ : U — M a chart. Let n be the
Gau3 map on ¢(U). For p € ¢(U), the shape operator® is the map

L:T,M — T,M
v — dn(v)

Proposition 4.10. The shape operator is self-adjoint with respect to the first fundamental
form.

Proof. 1t suffices to show this on a basis, i.e., to check that

(dn(0;0), 0;¢) = (0ip, dn(9;9))

Note first that 5
n
dn(9;¢) = 9

Moreover, since 0;¢ is a tangent vector, and n a normal vector, we have

Taking a derivative with respect to x; we obtain

on 9%¢
<8¢¢, (9353> + <8mj(“)x“n> =0

on 0%
<8j¢’ 3:U’> * <8xi8xj’n> =0

applying the equality of mixed partials for smooth functions, we thus obtain

on on

as desired. O

and, similarly,

Definition 4.11. Since L is a self-adjoint linear map, there is an orthonormal? basis
of T, M which diagonalizes L. We call the vectors in this orthonormal eigenbasis the
principal directions of M at p. The corresponding eigenvalues are called the principal

curvatures of M at p.

Example 4.12. For S™ C R"*!, the shape operator is the identity. Thus, any orthonormal
basis of 7,,5™ can be considered the principle directions, and the principal curvatures are
all 1.

More generally, for > 0, we can consider the r-scaled n-sphere:

rS" = {x € R"™ | |z| = r} c R™.

It is quite easy to see that the Gaufy map is the map which sends z € rS™ to 7. Thus, the
principal curvatures of »S™ at any point are all %

* Also sometimes called the Weingarten map.

* Orthonormal with respect to the first fundamental
form.
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Example 4.13. We again consider the torus, 72 C R3, using the coordinate chart
p(u',u?) = (sin(u')(cos(u?) + 2), cos(u')(cos(u?) + 2), sin(u?)) .
The coordinate vector fields are
¢ = (cos(u') (cos(u?) +2) , —sin(u')(cos(u®) + 2),0)
and
D29 = (—sin(u") sin(u?), — cos(u') sin(u?), cos(u?))
The unit normal is

n(ut,u?) = (sin(u') cos(u?), cos(u') cos(u?), sin(u?))

We can compute the differential of n using the Jacobian

cos(ul) cos(u?)  —sin(ul)sin(u?)
Jn = | —sin(u') cos(u?) — cos(u')sin(u?)
0 cos(u?)

The corresponding images of the coordinate vector fields are
L(816) = (cos(u') cos(u?), — sin(u') cos(u?), 0)
and
L(02¢) = (—sin(u') sin(u?), — cos(u') sin(u?), cos(u?))
Expressing these vectors in terms of the basis 01 ¢, 02¢, we find

L(016) = (cos(u') cos(u?), — sin(u') cos(u?),0) = 2_7_0;()1:(”)2)

¢
and
L(02¢) = (—sin(u') sin(u?), — cos(u') sin(u?), cos(u?)) = Do
This is quite convenient, especially since the vector fields 01 ¢ and 02¢ are already orthog-
onal. Moreover, 0»¢ is already a unit vector field. Normalizing 01 ¢ does not change the
matrix representation, so our principal curvatures are
cos(u?)
Kl = ———>5+

2 + cos(u?)

and
Rg = 1.
We now want to get a single function from the shape operator which measures “how

curvy” a hypersurface is at a given point. There are two ways to do this.

Definition 4.14. The Gauflian curvature of a hypersurface M is the determinant of the
shape operator.

K = det(L).
The mean curvature is a normalized version of the trace:

1
H=—tr(L
~ (L)

where n is the dimension of M.
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Example 4.15. The Gaufian curvature of the r-scaled n-sphere rS™ C R"*! is

1
K=—.
,r.n
The mean curvature of 7S™ is
1
H=-.
r

The Gauflian curvature of the torus 72 C R3 is

_ cos(u?)
2+ cos(u?)
The mean curvature of 72 is

3+ 2cos(u?)
4+ 2cos(u?)’

3 The second fundamental form

We now are in a position to deepen our understanding of curvature, and to tie the covari-
ant derivative together with the shape operator.

Definition 4.16. Let M C R"*! be a hypersurface, and ¢ : U — M a chart. The second
fundamental form at p € ¢(U) is the symmetric bilinear form

I:T,M xT,M — R

defined by
(v, w) = I(L(v),w) = (L(v),w).
We use h; ; to denote the matrix of II with respect to the basis ;¢ of T, M, i.e.
11(0;¢,0;0) = h™.
For X = X'0;¢, Y = Y'0;¢, the second fundamental form can then be written as
I(X,Y) = h; ; XY,

A priori, the second fundamental form may not seem to have a particularly geomet-
ric interpretation. To correct this, we first connect the second fundamental form to the

covariant derivative.

Proposition 4.17. For tangent vector fields X, Y on ¢(U),

0

Xt =
ox’

Y =VxY —I(X,Y)n.

In particular,
hij =1(0;¢,0;¢)

2
is the length of the normal component of%.
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Proof. We first compute

9 9
X'—Y =X"— (Y79,
Ot oxt ( J¢)
OY7 i 0%
=X'—0;0+ XY ——
Ozt i¢+ 0xt0x7
QY o o
_ xi 9j¢ + X'YITE Opp + X'YTu; jn
ot b ’
=VxY + XY9u; jn
where u; ;n is the normal component of %. It thus suffices to show that —u; ; is the

second fundamental form applied to d;¢ and 0;¢.
From the proof of Proposition 4.10, we have that

hi,; = (L(0:9), 0;9)
= (dn o 0;¢,0;¢)

_ ¢
=\ Oviow

completing the proof. O

This means that we can reinterpret the second fundamental form II(X,Y") as measur-
ing the normal component of the rate of change of Y in the X direction.

Notation 4.18. Given a non-degenerate bilinear form B : T,M x T,M — R with
corresponding matrix b = {b; ;} with respect to a coordinate basis, we denote by b/ the
entries of the matrix b~ !.

We can relate the Gauf3ian curvature to the first and second fundamental forms as
follows.

.- j . . .
Proposition 4.19. Let {3 be the coefficients of the shape operator with respect to the coordi-
nate basis, i.e.

L(0:¢) = #]0;¢.

Then
6 = g"*hy ;.

Proof. The form I is a symmetric bilinear form, L is a self-adjoint operator with respect
to I, and II is the symmetric bilinear form associated to L. Thus, the proposition follows
immediately from Lemma C.17. O

Corollary 4.20. The determinant of the shape operator L is given by
det(L) = det(h) det(g™").
where g and h are the matrices of the first and second fundamental forms, respectively

Corollary 4.21. For any i,

on :
ox? = gj7khk7iaj¢



76 WALKER H. STERN

4 Ways of computing curvature

In our previous discussions, we actually came up with several different ways of computing
the curvatures of a hypersurface:

1. We can directly compute the shape operator with respect to a basis as follows. We first
compute the coordinate vector fields 0;¢, and then we compute the unit normal n. We
then take derivatives %, and express these as linear combinations of the coordinate
vector fields. We thus obtain a matrix representation of L, and can diagonalize it to

obtain principal curvatures and principal directions.

2. As before, we can compute the coordinate vector fields and the unit normal. However,

we can instead directly compute the second fundamental form. To do this, we recall
that )
¢
I1(0;¢,0,¢) = —(n, =—%— ) .
(9i,0;9) <n Oxidx) >

We can then compute the Gaussian and mean curvatures in terms of the cooeficients

g" and h; ;.

The second of these methods is often more computationally intensive, but can still be
useful. We provide an example of such a computation.

Example 4.22. We return to the torus 7% C R?, using the coordinate chart
p(u',u?) = (sin(u')(cos(u?) + 2), cos(u") (cos(u®) + 2), sin(u?)) .
The coordinate vector fields are
¢ = (cos(u') (cos(u?) +2) , —sin(u')(cos(u?) + 2),0)

and
929 = (—sin(u") sin(u?), — cos(u') sin(u?), cos(u?)) .
The unit normal is

n(ut,u?) = (sin(u') cos(u?), cos(u') cos(u?), sin(u?)).

The second derivatives of the chart are

P NN
Gutguz = (—cos(u')sin(u?), sin(u') sin(u?), 0)

¢ o 9 L )
Juloul (—sin(u') (cos(u®) +2) , — cos(u')(cos(u?) + 2),0)

¢ 1 5 L ) o
2ouz <_ sin(u") cos(u”), — cos(u") cos(u”), — sin(u ))

The first fundamental form with n then yields

ho <c052(142)(cos(u2) +2) 0 )
0 -1
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The metric is given by

so we have

1
g—l — | (cos(u?)+2)2 0
0 1

cos? (u?) 0
L = gilh = (COS(U02)+2) 1

We thus see that

precisely as we previously calculated.

5 Interpreting curvature

Now that we have defined curvature, let us try to understand more precisely what it

means. The first thing to note is that, for an arbitrary tangent vector field X = X*9;¢,

on
Ozt

that is, L(X (p)) is the derivative of n in the X (p) direction. Because of this, the shape
operator L captures all of the ways in which the normal direction can change at a point.

dnoX = X'dno 0;¢p = X°

The principal directions and curvatures, however, are special. For v € T,,M to be an
eigenvector of L at p € M means that, in the v direction, the normal is also changing
in precisely the v-direction. As such, the principal directions at p are the “directions in
which M bends at p,” and the corresponding principal curvatures are “how much M is
bending in the v direction at p”. More can be said, however.

Proposition 4.23. The unit vectorsv € T, M on which IL(v, v) its maximal and minimal

values are eigenvectors of L.

Proof. This is actually a much more general statement. Let B : R™ x R™ — Rbea
symmetric, positive-definite bilinear form, and let L : R™ — R" be a self-adjoint map. We

will show that the maxima and minima of B(L(v),v) on
{veR"|B(v,v) =1}

are eigenvectors of L.

Without loss of generality, we may assume that B is the Euclidean inner product, by
choosing a B-orthonormal basis. We may also, without loss of generality, assume that L
is represented by a diagonal matrix A, and that the eigenvectors are the standard basis

vectors. We are left with the task of finding the maxima and minima of
f) = (Av,v) = Zai7ivivi
i
subject to the constraint that

g(v) = (v,v) = Zvivi =1.
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We apply the method of Lagrange multipliers, i.e. we seek to find values A € R such
that

(Jf) = A(Jg) =0
for any v € S™~ L.

Computing the Jacobians, we obtain

2(1171’01 — 2)\11}1

=0
207, ,0" — 2A,0"
The only possible solutions of this equation are A = a;; for some 7, and v is a linear
combination of the standard basis vectors e; for which a; ; = a; ;. Thus, the only possible
extrema on S™~! are eigenvectors of L, proving the proposition. O
We typically write k1, . . . , ky, for the principal curvatures, with

K1 < Ky <o < Ry

Thus, k1 is always the smallest possible value of the curvature, and «,, the largest.
When we consider a surface — a hypersurface M C R3 — we only have two principal
curvatures: k1 and k2. We thus only have two possibilities at p € M :

1. K1 = Ko, and the shape operator is multiplication by a constant value. The surface

curves the same amount in every direction at p.

2. K1 < Kg. The curvature is smallest in the first principal direction, and largest in the

second principal direction.

In some sense, only the absolute value of curvature corresponds to how much the
surface curves. The sign of the curvature corresponds to which direction the surface is
bending in. The sign of the Gauflian curvature thus tells us whether the surface is bending
the same way in all directions, or whether it bends both “upwards™ and “downwards”
depending on the direction. In all, there are four cases to consider for a surface M C R3.

Casel, K > 0: In this case, k1 and k2 have the same sign, and are both non-zero. Pictori-

ally, we have one of the following cases:

® towards the unit normal.



CaseII, K < 0: In this case, k1 and k9 have opposite signs. Pictorially:

RS
&%\\\\Q\\\‘\\:‘e{“g‘“
A\

CaselII, K = 0 k1 # 0 OR kg # 0: In this case, there is a direction in which the surface

does not bend, and a direction in which it does. Pictorially:
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CaselV, K = k1 = kg = 0: In this case, the surface is flat at p (though not necessarily
more generally)

6 Surfaces and the Theorema Egregium

Before moving on to our first main theorem, let us briefly summarize what we know

about the intrinsic vs. extrinsic natures of our various constructions.

+ By definition, the hypersurface M and the first fundamental form I (or, equivalently,
the matrix-valued function g) are intrinsic.
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+ We defined the covariant derivative V x in an extrinsic way, as the tangential com-
ponent of a derivative in the ambient space. However, we showed that the Christoffel
symbols are intrinsic, and thus, in Corollary 3.28, that the covariant derivative is intrin-

S1C.

« 'The shape operator is the differential of the unit normal field, and thus is manifestly

extrinsic.

+ The second fundamental form is the normal component of a derivative in the ambient

space, and thus is extrinsic.

« The principal directions, principal curvatures, Gauflian curvature, and mean curvature
are defined via the shape operator (or equivalently the second fundamental form). As a
result these are extrinsic quantities, telling us how much our hypersurface bends in the
ambient space.

We now come to the first punchline of this course: the Gauflian curvature, which
we defined purely extrinsically, is actually intrinsic — it doesn’t depend on the ambient
space, but only on the first fundamental form. While this is true (up to a sign) in higher
dimensions, to prove this would go beyond the scope of this course. We will therefore

make one final specialization: to surfaces.
Definition 4.24. A surface is a hypersurface in R3.

Most of the examples we have considered so far in the course are surfaces — partly for
ease of visualization. It is also in this context that, Gaufy’s Theorema Egregium® was first

proven.’

Theorem 4.25 (Theorema Egregium). Let M C R? be a surface. The GaufSian curvature of
M is intrinsic.

To prove this theorem, we will make use of everything we have defined thus far: the
covariant derivative, the first and second fundamental forms, and the shape operator. We
will attack the Theorema Egregium by expressing combinations of the coefficients of the
second fundamental form in terms of Christoffel symbols. These are the Gauf$ equations.

Proposition 4.26 (Gauf equations). Let M C R be a surface®, and let ¢ : U — M be a

chart. Then

ViV;ok¢ — V;Vi0rop = (0;¢, 0r¢) L(0;¢) — I(0;h, Ox$) L(0;¢)

or, equivalently

0 0
Wflfj - @F?,k + (0%, T% = TLT2,) = g°™ (hajhue — hihje) -
Proof. While this may look like a nightmare, it is simply two different computations of a
tangential component of a third-order partial derivative
__ %
OrtOxi dzk”

¢ This means, in Latin, something like “Remarkable
Theorem”.

"1t is worth pointing out that variants of the Theorema
Egregium hold for hypersurfaces in higher dimensions.
The proofs, however, are far more complicated, and the
precise statement varies with the parity of the dimension
of the ambient space. For these reasons, we will not
delve into the higher dimensional cases any further.

8 This does not, in fact, require that M be a surface. The
argument works for any hypersurface in R™*1.
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We will compute the version of the Gauf} equations using covariant derivatives, and leave
the coordinate form to the reader.
The computation amounts to the repeated application of Proposition 4.17. We compute

P3¢ 7] ( 0%¢ >

Ori0xi Ozt  Oxt \ dxizk

0
= or (V;(Or¢) — 1(0;, Or)n)
= Vzvj (ak¢) - Il(ai7 v]‘ (8kd)))n — (aiill(aj’ 8k)) n— II(8j, ak)%

We then take the tangential component, eliminating multiples of n, this leaves

on

3 T
( _ P > = ViV, (00) ~ 11(9;. 91) 5

Ozt QxI Ok
An identical computation shows

B¢\ on
(W) = V;Vi(0k) —1(0;, 0n) 5 -

The equality of mixed partials for smooth functions means that these two quantities are

equal, and thus we have

Vlvjﬁkqb — V]V78k¢ = II(8]¢, akgﬁ)

on
i

on
9 11(0; ¢, 3k¢)%

Finally, noting that L(9;¢) = g;’; , we have that
ViV;ok¢ — V;Vi0op = 1(0;¢, 0r¢) L(0;¢) — I(0;p, Or$) L(0;0)

The second version of the Gaufl equations simply amounts to considering the cooefficient
of 0, ¢ in the coordinate expansion of each side. We leave the task of expanding this

expression to the reader. O
Corollary 4.27. For any indices i, j, k, {, the quantity
hijhie — highje
is intrinsic. In particular,
det(h) = h171h272 — h172h2,1
is an intrinsic quantity.

Proof. Multiplying the Gauf} equations by g shows that the desired quantity can be ex-
pressed purely in terms of Christoffel symbols and the first fundamental form g, both of

which are intrinsic. O

Proof of the Theorema Egregium. Applying Proposition 4.20, we see that the Gauf3ian
curvature K is

K = det(L) = det(h) det(g) .

However, ¢ is intrinsic and, by Corollary 4.27 det(h) is intrinsic. Thus, K is intrinsic, as

desired. ]
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7 The Riemannian curvature

In our proof of the Theorema Egregium, we related the Gauflian curvature to intrinsic
quantities: det(h) and det(g). On the one hand, this is a satisfactory result, it showed us
that the Gauflian curvature was intrinsic. However, it is somewhat unsatisfactory that we
do not have an intuitive interpretation of the quantity det(h).

To rectify this, we will examine the expression on the left-hand side of the Gaufl equa-
tions:

ViV,;0k6 — V;Vi0n

The basic idea here is that this expression measures the failure of parallel transport
around a very small loop to be the identity map.

Before we do this, however, we need to note something a bit odd. We can take three
arbitrary vector fields, and feed them into the coefficients

) P , ,
5 L~ g i+ (T3, T0 = T3TE )

defined by the expression V;V;0r¢ — V;V;0;¢. When we do this for X = X0;0,
Y =Y'0;,¢,and Z = Z'0;¢, we get

0 . 0 ., " " .
<(Q)xkri7j - @Fi,k + (Ff,jrék’ — Ff’krgd)) Xkyiz 8”¢

A tedious computation shows that this is not the coordinate representation of
VxVyZ -VyVxZ.
Rather, a somewhat tedious computation shows that we get
VxVyZ -VyVxZ -V xyZ
Definition 4.28. The Riemann curvature tensor’ is the map which sends three vector ? We are not going to define tensors in this course.

Fortunately, we will not need to in our exploration of the
Riemannian curvature.

fields to a vector field, given by
R(X,Y)Z =VxVyZ -VyVxZ —VixyZ

From our coordinate formula for the Lie bracket, we see that

a5k a5k
[0:0,0;¢] = (5fagcg J e

Jows=o

since derivatives of the Kronecker delta are identically zero. Thus, wee see that the Rie-

mann tensor simplifies to the expression
ViV;Orp = V;Vid¢

when applied to coordinate vector fields.
We will give a heuristic interpretation of this expression in terms of parallel transport,

to try and explain why it might appear in a description of curvature.!® We consider the 19 This explanation is cribbed from physics courses, and
is not fully rigorous. Nonetheless, it does give a sense of

following setup. Consider a small loop in M comprised of four curves, 7, p, £ and v as in
& P P P RREES X what R(X,Y)Z should represent.

the following figure.
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p gl

X

Suppose that y and x are defined for ¢ € [0, \], and &, p are defined for u € [0, ).

Write 4/(0) = V, £'(0) = W, and suppose that p’(0) is the parallel transport of W
along +, and similarly that x’(0) is the parallel transport of V' along £. We will start with
a tangent vector X at p, and parallel transport it along v and p, and the compare the result
to the parallel transport of X along & and .

Throughout, we will also tacitly act as though (¢, u) are coordinates on the little rectan-
gle bounded by our curves.

If we extend the vector X to a parallel vector field along v, we see that

VX =0
or, in coordinates
dx* dryI
= xiZl k.
dt dt "7

And similarly for the parallel transport of W along . We then Taylor expand X, W, and
the Christoffel symbols in ¢, to approximate their values at (), 0).

ide
Xk|(>\,0) = Xk‘(o,o) - (X E
= X*|(0,0) — X*(0,00V’| (0,0 % ;1(0,0)A + HOT.

W0 = W00 = W00V 0ol 00 +HOT.
Iiiloo =Tijlon + 50 oo VieoA + HOT

r¥ j> l0.0A + HOT.

Applying the same procedure to parallel transport X|(y o) along p, we obtain (up to sec-
ond order)

©w+HOT

o . ) ) . arf )
X¥| o = XF = XTVITE A — [(XZ = X'VTA) (W - WY ) (r;i i+ 5 Vp/\>

where every coefficient on the right-hand side is evaluated at (0, 0). Simplifying this
expression, we then obtain a vector which we denote

X =XF = X'VIT A = X'WITS

e
4 o ark
XV T, L - e+ T | + HOT
T " ’ ’

Performing the same procedure along £ and Y, we obtain a vector X (rﬁx' We then take the
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difference of these two vectors. A brief computation shows

k k
xp - xt = xowoyr (rerk, rprk g O e ) por
lv.p lex = irin T Ll T o T Ty | AT R

= X'W'V"R}, ;Au+HOT
Thus, to second order, the difference between these two parallel transports of X is
X = Xjex = ROV, V) X Ap
As such, we can interpret the Riemann curvature as measuring how much parallel trans-
port around a small loop fails to be the identity”.
8 Some computations of the curvature of surfaces

In this short section, we work through a number of examples of curvatures for surfaces, to
provide some additional context for the rest of the chapter.

Example 4.29. We consider the helicoid'!, a surface defined by a single chart
p(ut,u?) = (u? cos(u'), u? sin(u'), u')
which we will treat as defined on (—00, c0) X (0, 00). The coordinate vector fields are then

016 = (—u?sin(u'), u? cos(u'), 1)

Oz¢ = (cos(ul), sin(u'),0)

The first fundamental form is then given by

[@WP)P+1 0
()

We can compute the unit normal using the cross product on R?:

1

n= ——— —sinul,cosul,—v
s (—sin(u) o), —v)
We thus see that
on 1 1 1 1
— = ——+———(—cos(u ), —sin(u"),0) = ————=0
aul 1+ (U2)2 ( ( ) ( ) ) 1+ (’U,2)2 2¢
and
on 1

=———=0¢

o TT (@

Thus, the matrix representation of the shape operator!? is

0 —
L: 1

CVTHR)2

1
[(EICRREE

' An image is

1.0 05 0.0

05 10
T T

nnn

-1.0

L))

‘."”IIII'—~ 7

'2 We may notice that the matrix we obtain is not
symmetric. The reason for this is that the shape operator
is self adjoint with respect to the first fundamental form,

ie.

lfgk,j = f?gi,k-

In this case, this translates to

(14 (u*)?)

which clearly holds.

1 1
1+ @22~ I+ (@)
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So we see that the Gaussian curvature is
1
(1+ (u?)?)?

and the mean curvature is = 0. Notice that this is enough for us to deduce the principal

K=-—

curvatures without having to diagonalize L.

Example 4.30. Let v(¢) be a unit speed curve with first coordinate strictly positive. We
can parameterize the resulting surface of revolution as

p(u',u?) = (7' (u?) cos(u'), 7" (u?) sin(u'),~* (u?))
We will use dots above functions to denote derivatives, to ease notation. We thus have
019 = (—’yl(u2) sin(ul), ’yl(uz) cos(ul), 0)

and
Ba¢p = (¥ (u?) cos(u'), 4" (u?) sin(u'), 4% (u?))

We then compute the cross product of our coordinate vector fields
g x o= |~

The norm of this vector is (uz), so our unit normal is
n= (WQ (u2) cos(ul), 42 (u2) sin(ul), ﬁl(uQ)) .

Taking derivatives yields

on . . . 32 (u?
o = (32 sinu!), 320 o). 0) = 15 oo
and 9
8—:2 = (% (u?) cos(u'), ¥ (u?) sin(u'), 5" (u?))
However, since 7 is unit speed, we have that 4 and % are orthogonal, hence
A o &
== "Yl

Thus

% = ("?2(u2) cos(ul), 52 (u?) sin(u'),

o CaN T T PN

Y (u?) - AH(u?)

The matrix of the shape operator with respect to the coordinate basis is thus

72 (u?)
L:<mﬂ) <O>>
¥y (u
0 5

The Gauflian curvature is then
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THE GAUGB-BONNET THEOREM

The second major theorem we will discuss is the Gauf-Bonnet Theorem, which defines a
topological invariant of surfaces based on curvatures. Along the way, we will define fur-
ther curvatures of submanifolds, and develop some more techniques to compute deriva-
tives and integrals on submanifolds. Much of what we do in this chapter holds in higher
dimensions, and so we will temporarily move away from surfaces before returning to the

2-dimensional setting for the Gauf3-Bonnet Theorem itself.

1 Geodesic curvature

We first return to the theme of covariant derivatives and parallel transport. Recall that, for
a hypersurface M C R™™!, a curve 7y : [a,b] — M from p to ¢, and a vector v € T, M,
we defined the parallel transport of v along  to be the unique vector field X along ~ such
that

V,Y/X =0 and Xy(a) =.

A geodesic is then a curve whose tangent field is parallel along +, i.e., such that V., =
0.
Taking an arbitrary (not necessarily geodesic) curve v : [a,b] — M, we can still
consider the vector field
vV
along 7. At each point along y this vector will tell us the tangential rate of change of the

tangent field of . In some sense, this measures how far from being a geodesic.
Definition 5.1. The geodesic curvature of a unit speed curve v : [a,b] — M is the norm
rg(7) = [V

This is a smooth function of the parameter of v so long as -y is regular.
On the other hand, we define the normal curvature of the unit speed curve v in R” to
be the length of the normal component of the second derivative. More precisely

kn(7) = (7'1,n)

Remark 5.2. There are a number of interesting relations between four different notions

of curvature we have now defined.
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« Our first setup is as follows: Suppose that v : (a,b) — M is a unit speed curve such
that, when viewed as a curve 7 : (a,b) — R™"!, v is a Frenet curve. Denote by x; the
first curvature of v as a Frenet curve in R"!. V., is the tangential component of

the second derivative, and (7", n) is the normal component. We thus have the relation

1"

7= V’Y'r}/ + <7Ha Tl>7’L
Since V7" and (7", n)n are orthogonal, we get the Pythagorean identity
W' =1V 1P+ ()

or, more simply
2

K] = Iiz + /@21

« On the other hand, let v be a unit speed curve such that v/(0) = v is a principal
direction at y(0). Recall from Section 5 that, writing vy = ¢ o p for some chart ¢, we
have

9?¢

d2pi o
" _ ) i,

dt?
Thus, the normal component of v (0) is

0%
= Y
Kn (O) <U v axzaw‘j 7n0>

equivalently, this is

kn(0) = vi0? ¢ ng ) = —v'vlh; ; = —I(v,v)
n 8x18m3 5 140 1,] ’
i.e., the negative of the principal curvature corresponding to the principal direction v.

Example 5.3.

1. We first consider R"™ as a submanifold of itself. In this case, there is no normal di-
rection in the ambient space, and so the covariant derivative agrees with the usual
partial derivative in the ambient space. If we consider a unit-speed Frenet curve
7 : [a,b] — R™, then we find that k4(7) is simply

&y
dt?

which is the first curvature of v, considered as a Frenet curve in R".

2. Consider a circle in §? C R3 defined by 2 = sin(f) for some § € (0,7/2). An
arc-length parameterization of such a circle would be

(t) = <cos(9) cos (Co:(e)> cos(6) sin <costw)> ,sm(e))

This factors through the chart

d(ut,u?) = (cos(u') cos(u?), cos(u') sin(u?), sin(u'))
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asy = ¢ o p where p(t) = (9, ﬁ) Notice that 7/ (t) = cos(0)d2p((t)).

From Example 3.35, we have the Christoffel symbols of this chart:

. (o 0 ) _ 0 —tan(u')
Lij= (0 cos(ul)sin(u1)> Fi < tan(u') 0 >

We thus can compute
sin(0)

—
Vot = cos2(6)

020

To compute the geodesic curvature, we thus need only compute the norm of

D29 = (— sin(u?) cos(u'), cos(u?) cos(u'), 0)

sin(0)
= V ’ ! = .
K’g(’)/) ‘ v | COS(Q)
Notice that cos(f) =: r is the radius of the circle y in the plane z = sin(6), so that we
have
V1—r?
wo) = T

2 Orientation and integration

Previously, when we discussed volume integrals in a manifold, we glossed over the fact
that the sign of our integrals could depend on a choice of chart ¢. We now return and to
rectify this problem, by applying to the notion of orientation.

Recall that, for M C R™ a k-submanifold, and ¢ : U — M a chart, we defined the
integral of f : M — R over A C ¢(U) to be

/ fdv = / (f o ¢)/det(g)dzx.
$=1(A) »=1(A)

We showed that for a diffeomorphism ¢ : V' — U with det(J) > 0, then the value of
this integral is the same, regardless of whether we compute using ¢ or ¢ o ¢. This gives us
a hint as to the structure we need to define integrals on all of M.

Definition 5.4. Two charts¢ : U — M and : V — M are said to be consistently
oriented if the diffeomorphism

¢~ ot 1T HO(U) NY(V)) —— 7 Hd(U) Np(V))

is orientation preserving, i.e., if det(J(¢~* 0 1)) > 0. An orientation of M is a collection
of consistently oriented charts U := {(¢q, Uq) }acr such that every pointp € M is
contained in at least one chart ¢, (U, ). We call M together with a choice of orientation
an oriented submanifold. We will call a chart ¢ : U — M which is consistently oriented
with every chart in U a oriented chart, and we will implicitly assume that U contains every

oriented chart.

The curves we are considering look like

89
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Proposition 5.5. Let M C R" be an oriented manifold and f : M — R a continuous
function. Then the integral
/ fdv
M

is independent of the choice of oriented charts used to compute it.

Proof. This is a corollary of Proposition 3.8. O

We have previously defined orientability in terms of the Gaufl map. The following
proposition shows that these two notions are the same.

Proposition 5.6. Let M C R**! be a hypersurface. The following types of data are
equivalent:

1. A choice of orientation on M.
2. A global Gaufy mapn : M — S*.

Proof. First, suppose that we have an orientation on ). Given an oriented chart ¢ : U —
M, the vectors 019, . .., Oy ¢ provide a basis of T),M at every point p € ¢(U). We can
thus determine a unique unit normal n on ¢(U) by requiring that {1, ..., dx¢,n} isa
positively oriented basis of R¥*1 = T, Rk+1,

To show that this is independent of the choice oriented chart, we note that, given a
diffeomorphism ¢ : V' — U, the bases 9;¢ and 0;(¢ o ) are related by J. Thus,
{019, ...,0rp,n} is positively oriented if and only if {91 (¢ 0 ), ..., k(P o ¢¥),n} is
positively oriented. As such, the unit normals defined by two different oriented charts
agree, and so we can define a unit normal globally on M.

On the other hand, suppose that we have a global Gaufl map n on M. Then we define
an orientation U on M by including only those charts ¢ such that {910, ...,0kp,n} isa
positively oriented basis of R**!. As above, this immediately implies that the Jacobians
relating two charts in U have positive determinant.

These two constructions are clearly inverse, completing the proof. O

For hypersurfaces, we can thus think about an orientation as a global Gauf map.

3 Compactness

Up until now, we have required very general conditions on our submanifolds — a hyper-
plane in R™ was as good as an (n — 1)-sphere. However, our main result in this chapter
pertains to integration, and so we need to ensure a certain finiteness going forward. The
condition we will use to this end is called compactness and more commonly belongs to
the realm of topology. Intuitively, the compact manifolds are those which “close up”. For
instance, among surfaces in R?, the sphere an torus are compact, while every plane is not

compact. More formally:

Definition 5.7. We call a subset S C R™ compact if, for every infinite sequence {p; }ien
of points in M, there is an infinite subsequence which converges to a point in M.
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Notice that this is strictly stronger than requiring that every sequence converges, as
the following examples serve to illustrate.

Example 5.8.

1. The submanifold R™ C R" is not compact. The sequence given by
pn =n(1,0,0,...,0)
has no convergent subsequence.

2. The open ball B;(0) C R™ is not compact. Consider the sequence

in B (0). This sequence converges to (1,0,...,0), and thus so does every subse-
quence. However, (1,0,...,0) does not lie in B;(0).

A related, but weaker, notion is that of a closed subset.

Definition 5.9. We say that a subset S C R" is closed for every sequence {pi } xen which
lies in .S, if py, converges to a point p € R”, thenp € S.

This is an easier definition to work with, because continuous functions send limits to
limits.

Example 5.10. The n-sphere S C R""! is closed. To see this, notice that we can define
a continuous function
f:RTL — R

such that S™ = f~1(1). Suppose that p,, is a sequence of points in S” with limit p. Then

we have
f(p) = f(lim py) = lim f(pn) = lim 1=1

n—oo n—oo

so that p € S™.

More generally, any subset of R™ defined as a level set of a continuous function is
closed. As a result, for instance, the torus 72 C R? is also closed.

Example 5.11. The plane P given by 2 = 0 in R3 is closed. Given any convergent
sequence (ay, by, 0) in P, we see that the limit must be of the form (a, b, 0), and thus also

contained in p.

To show that a subset S is compact seems rather harder than showing that S is closed.
However, it turns out that closure and compactness are closely related.

Theorem 5.12 (Heine-Borel). A subset S C R"™ is compact if and only if S is closed, and
there is a number C > 0 such that, forallz € S, |z| < C. We say that such a set is closed
and bounded.
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We will not give a proof of the Heine-Borel Theorem here, but the interested student
can find proofs in any of a dozen references.! As a consequence, we immediately see that
the torus, the n-sphere, and numerous other examples are compact.

But why to we care about compactness? There are many reasons compactness appears
in mathematics, but in our case it is a way to guarantee that integrals over our submani-

folds will be finite.

Lemma 5.13. Suppose that S C R" is a compact subset, and that f : S — Risa
continuous function. Then f is bounded on S.

Proof. Suppose, to the contrary, that f is unbounded above.? Then, for every m € N, the
set

{pe S| flp)>m}

is non-empty. Choose a sequence {p,, } men of points in .S such that f(p,,) > m. Since S
is compact, there is some convergent subsequence {p,, }ien, with

lim p,,, =p€eSs.
11— 00
However, this would imply

lim m; < _lim flom,) = f(p).

17— 00
Since the former limit goes to oo, this is a contradiction. O

Corollary 5.14. Let'S C R"™ be a compact subset, and let f : S — R be a continuous

function. Then
/ fdxr < 0
s

whenever the former is well-defined.

Proof. Denote by C an upper bound for |f(z)| on C. Then the value of the integral is
bounded above by Vol(S) - C. Since S is a bounded set, its volume is bounded, completing
the proof. O

We will make use of the following fact without proof. The interested student can find
the proof in most books on point-set topology.

Lemma 5.15. Let S C R"™ be a compact subset. Let {U, }ncr be a (possibly infinite)
collection of open subsets of S such that

UUa=5

acl

Then there is a finite set of indices a1, . . ., Quy, such that
m
U, =5.
i=1

Theorem 5.16. Let M C R"™ be a compact k-submanifold, and let f : M — R bea
continuous function on M. Then

fdV < .
M

! Or on Wikipedia.

? An identical proof works in the case where f is un-
bounded below.


https://en.wikipedia.org/wiki/Heine-Borel_theorem
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Sketch. Firstly, since M compact and f is continuous, f is bounded, i.e. |f| < C.

Now we want to subdivide M into pieces with which we can compute the integral. For
eachp € M, choose a coordinate chart ¢, : B2(0) — M such that ¢,(0) = p. Then
the restrictions ¢, |, (9) cover M. By compactness, there is a finite subset of these charts

¢1, ..., ¢, such that

T

M = ¢i(B1(0)).
i=1
Subdivide M as a disjoint union

where each A; lies entirely in ¢.(;)(B1(0)) for 1 < ¢(j) < r. We then have
¢
[ v =3 [ (70 0up)Vaetg)ia
M o4

Since y/det(g) defines, via ¢;, a continuous function on Bz (0), it is in particular a contin-

uous function on B (0). We thus see /det(g) is bounded on B;(0), say by §;. Thus, we

have ,
[ 1av =" [ (£00u) Vietlgds
M Py
¢
< Zcﬂc(j) < oo
j=1
as desired. O

4 Line integration

We now return to integrals of and along curves. Recall that we defined the length of a
smooth curve 7 : [a,b] = M C R™ to be

dp* dpI
L) = [ ol = [ o

where v = ¢op for some chart ¢. We showed that the value of this integral is independent

of orientation-preserving reparameterization of -y, and since the first expression is entirely
independent of the chart, the second does not depend on the chart. We now want to
generalize this to define integrals of functions or vector fields along a curve.

The factor |y| in the integral is precisely what causes this expression to be invariant
under reparameterization. More conceptually, including the speed in the integral ensures
that small subdivisions in the corresponding Riemann sum are given a value approxi-

mately equal to the length of a small segment of the curve in R™.

Definition 5.17. Let f : M — R be a continuous function, and X a smooth tangent field
on M. The line integral of f along v : [a,b] — M is the quantity

b b i dpi
/j@=/fMWW®W=/fMW¢%ﬁﬂZﬁ
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The line integral of X along ~ is the quantity

’ / b idpj
[xas= [ o= [ gix
0% a a

Our first order of business is to check that neither of these notions depend on orientation-
preserving reparameterizations of . Notice that, once again, the first (extrinsic) formula

in each case shows that the integral in the second formula does not depend on the choice

of chart.

Exercise 14. Show that the line integrals in the definition above are independent of

orientation preserving reparameterizations of . Show further that orientation-reversing

reparameterizations only reverse the sign.

Remark 5.18. Very often, given coordinates 2, ..., 2" on M, a line integral of a vector

field X along « is written as
/(glij]dLCl)
¥

under the implicit convention that dzt = %dt. In two dimensions, for instance, one

might write
/ glﬁijdxl + gg)ijdQTQ.
¥
The meaning of such a notation can be made more precise using differential forms.
There is also an immediate relation between our two definitions.

Lemma 5.19. Define a function f on the image of v by

(X5, (1))

i.e., the projection of X,y onto~/(t).> Then

[ ras= [ x-as
gl ¥

Conversely, given a function [ on the image of v, define a vector field X = f(y(t)) ]

/XodS:/fds.
gl ¥

In the special case of surfaces, we have another kind of line integral, which will be

along . Then

key to our version of the divergence theorem. We will need to return to the notion of
orientation to define this second kind of line integral.

Definition 5.20. Let M C R? be an oriented surface with Gaufy map n, and let v :

[a,b] — M be a smooth regular curve. Suppose that ¢ is an oriented chart containing the

image of v, and X is a vector field along . We define
b
/X~dsl‘ ::/ (X,y xn)dt
¥ a

We will sometimes refer to this integral as the (rightward) flow of X across 7.

* Or the component of X in the ~y-direction.
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As before, the definition does not involve charts, and so the quantity in question is
independent of chart. Before deriving a coordinate formula for fv X - ds*, we show that it
does not depend on the choice of parameterization of .

/X~dsJ‘
¥

is invariant under orientation-preserving reparameterizations of 7.

Lemma 5.21. The integral

Proof. We first notice that, by the symmetries of the triple product in R?, we have
(X, xn)y=(v,nxX)

If v = p(u(t)), where u is an orientation-preserving reparameterization of R, then we see

that
b b du
/ <7',n><X>dt:/ <p’(u(t))dt,n><X> dt

b du
:/ (ol (u0),n x X) S

u(b)
= / (p',n x X)du
u(a)

and so the integral is invariant under orientation-preserving reparameterizations of v. [

We now aim to derive a coordinate form of the integral

/X.ds#
Yy

To do this, we need only find a coordinate form for the triple product (X, x n).

The problem we encounter, in a nutshell, is that the triple product is easy to compute
when our vectors are expressed in terms of an orthonormal basis, but the basis ¢ :=
{01 ¢, D2, n} is not necessarily orthonormal. To rectify this, we simply transform & into
an orthonormal basis E = {e1, 3, e3} using the Gram-Schmidt process.

We first set no o

“a= \31¢\ B V91,1

We then compute

Uy = Oap — <82¢7 e1>@1
— 0o — —— (D2, D10V
91,1

91,2
=020 — 019
91,1
We then compute
9is 1
[ug|? = ga.p — == = —— det(g)
911 911

Thus,

V91,1 ( 91,2 )
ey = Osp — =20
2 detg P10 o 19
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Finally, since n was already orthogonal to the other two, and is a unit vector, we have
€3 = N.

The corresponding change-of-basis matrix is

1 _ 91,2 0
VI1,1 \/91,1 det(g)
A=1| o VI 0
det(g)
0 0 1

That is, given a vector v € T, M, and writing vg and ve for the expressions for v with
respect to the bases F and ® respectively, we have

AUE = V.

We can use A to compute triple products in 7}, M. Given three vectors u, v, w, the triple
product can be computed as

(u,v X wy =det (ug | vp | wg)
since E is orthonormal. Thus, we can compute
det (up | vp | wg) = det (A ug | A" v | A we)
= det(A™ 1) det (ug | vo | wo)
It is easy to see that the determinant of A is

det(A) = delt@,

and so we obtain:

Proposition 5.22. With respect to a coordinate chart ¢ : U — M,

L/ pdpt L dp?
X -ds— = Vdet(g) | —X ﬁ—i-X — | dt.
vy a

dt

Proof. By our previous work we see that

xt del
dt
2

(X,7 xn) = y/det(g)det [ X2 2 ¢

0 0 1

dp dp
= /det(g) [ —X*— + X' —
et(9) ( TR )
precisely as desired. O

5 Geodesic coordinates and Geodesic curvature revisited

We now specialize back to the case of surfaces. In this context, we have a number of use-
ful computational tools at our disposal, which we will develop in this and the following

sections.
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The first of these tools is a type of coordinate system which dramatically simplifies
the form of the metric g. These geodesic coordinates have the key property the metric g is
diagonal. It will turn out that we can always choose geodesic coordinates.

Definition 5.23. Let M C R? be a surface. We call a chart ¢ : U — M with coordinates
(u',u?) a geodesic (orthogonal) coordinate chart if

1. With respect to the coordinate basis 01 ¢ 02¢ the metric has the form

1 0
g =
0 922

2. The coordinate curves with constant u? are geodesics.

We have already met geodesic coordinates: the polar coordinates we defined via the
exponential map. We will use without proof the following lemma, which can be proven
directly using the theory of partial differential equations.

Lemma 5.24. Let M C R3 be a surface, and p € M a point. There is a geodesic orthogonal
coordinate chart ¢ : U — M containing p.

Exercise 15. Show that, with respect to a geodesic orthogonal chart ¢ : U — M,
[j,=T,=I{,=0

and

0

2

I‘1,2 = Jul ln(\/92,2)-

Further show that, with respect to geodesic orthogonal coordinates, the Gauflian curva-
ture is given by

1 02

K= U o V)

One of the further useful characteristics of geodesic orthogonal coordinates is that they
define a canonical orthonormal frame: a pair of tangent vector field on ¢(U) which, at
every point p in ¢(U), determine an orthonormal basis of T, M. In general, when working

with geodesic coordinates, we will set

1

El = 81¢ E2 = ma2¢

and use this as a canonical orthonormal frame for our computations.
We now want to explore how we can compute the geodesic curvature of a curve in
geodesic coordinates. Before we can do this, we need to refine our definition of geodesic

curvature in two dimensions.

Definition 5.25. Let M C R be an oriented surface with Gauff map n, and 7 : [a, b] —
M a unit speed curve in M. The geodesic curvature of vy is the unique function x4 defined
along v such that

Vo' = kg(n xv')
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This merely amounts to adding a sign to kg4, depending on whether the curve - is
turning “right” or “left” with respect to the orientation of M.
We now aim to understand how we can express k4 using geodesic coordinates. First,

we warm up with an exercise:

Exercise 16. Define
f:R— S'CR?
t — (cos(t), sin(t))

and let p : [a,b] — S be a smooth function.

1. Show that, given p € R and a semi-circle U C S containing p := f(p), there is a
unique open interval (¢, ¢+ 7) C R containing p such that

f|(c,c+ﬂ-) : (C,C+7T) — U

is a diffeomorphism.

2. Show that there is a smooth function 6 : [a, b] — R such that

(1) = (cos(6(t)), sin(61(2))-
Further show that any two such functions differ by a constant multiple of 27.

Proposition 5.26. Let M C R? be an oriented surface with Gauf3 mapn : M — S?. Let
¢ : U — M be an oriented geodesic coordinate chart with coordinates (u',u?) on U. Let
v : [a,b] = M be a unit speed curve which factors through ¢ asy = ¢ o p. Then

1. There is a smooth function
0:[a,b] — R

such that
~'(t) = cos(0(t))E1 + sin(0(t)) Es.

2. If0 and 0 are two functions satisfying part (1), then the difference 0(t) — (t) is constant

on a multiple of 2.

3. The geodesic curvature is given by
de 0 dp?
%—ﬁ+QmWﬂ>ﬁ

Proof. We first notice that the frame { £y, E»} allows us to uniquely identify 7, M = R?
by sending
v —— ((v, E1), (v, Es)) .

More generally, this gives a diffeomorphism

(p7 U) — (pa (<Ua El)a <U7E2>))
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We can thus consider ¢(7/(t)) as giving a smooth map [a, b] — R? which takes values in
S1 C R2. The first part of our proposition then follows immediately from Exercise 16.
For part (3), we compute the curvature explicitly. First note that

Vo =0(t) (n x+") —sin(0(t) Ey + cos((t)) E2) + cos(0(t)) V. By + sin(0(t)) V. Eo
Moreover, taking the cross product using the orthonormal basis { E'1, F2, n} yields
n x v = —sin(0(t))E1 + cos(0(t))E2
so that
(Vy'in x o) = 0'(t) + (cos(0(t)) E2) + cos(0(t)) V Er + sin(0(t))Vy Ea,n x )

We are thus left to compute the inner products (V. E;, E;). However, if we differentiate

the relation

(Ei, Ej) = 055
we obtain
(Vy Ei, Ej) = (Ei, Vy Ej)
so that our expression for the geodesic curvature simplifies to

Rg = 9’(75) + <V71E1, E2>

Moreover, we see that

d 7
V., By = ditr’;iam

and, using the computation of the Christoffel symbols in geodesic coordinates from Exer-
cise 15, we see that this implies

dipz 1 0g22
dt 2,/92,2 8u1

completing the computation. 0

<V’Y'E1’ E2> =

We can interpret this as follows:

1. The term 0'(t) is simply the angular rate of change of the unit tangent vector of 7. If
we were working in the Euclidean plane R? this really would be the curvature.

2. The term

dp* (0
dt

Jut Vv 92,2>
compensates for the failure of the surface M to be flat. In this sense it can be taken to

measure how much of 6’ (¢) consists of changes in a non-tangential direction.
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6 Polygons & triangulations

We now would like to divide our manifold into pieces which are easier to integrate over.
The pieces we will choose are polygons, and their boundaries will be composed of collec-
tions of smooth curves.

Definition 5.27. A convex combination ofpoints4 z1,...2, € R?isasum

n
E A
i=1

where Zz A = 1land0 < \; < 1forevery 1l < ¢ < n. The convex hull of a subset

S ={x1,...,7,} C R?is the set of all convex combinations of the points in 3, i.e.
n n
Conv(S) := {Z i Z/\i =1 and 0< \; < 1}
i=1 i=1

A n-gon (or polygon with n sides) in R? is the convex hull of a set S such that
1. The cardinality of S is n.
2. Foreveryxz € S,z ¢ Conv(S \ {z}).

We call the elements of S the vertices of the n-gon P = Conv(S).

Exercise 17. Let x1,...,2; € R" be a set of points. A convex combination of x1, ...,z

is a sum
k
> he
i=1
where 0 < )\; < 1and
k
d =1
i=1

The convex hull of the set S = {x1,..., 2.} is the set Conv(S) C R™ of all convex
combinations of points in S.

1. Show that, for any y, z € Conv(.S), the line segment ¥z from y to z lies in Conv(S).
2. Show that Conv(S) is compact.

Exercise 18. Let S C R?, and let # € Conv(S). We say that a line
L={veR?| (v—xn)=0}
through z in R? supports S when y € Conv(S) implies that (y — x,n) > 0.

1. Let S C R2 Show that for any y ¢ Conv(S), thereisaline L = {{(v — z,n) = 0}
which supports S and such that (y — z,n) < 0. (Hint: let « be the point of Conv(S5)
whose distance to y is minimal.)

* The basic idea of a convex combination is iterative. For
the first iteration, take L1 (.S) to be the set of all points
which lie on line segments between points in S. This will
have the form

Li(S) = {tx; + (1 —t)z; | t € [0,1]} C Conv(S).

One then takes L2 (S) = L1(L1(S)), so on and so
forth. Then

Conv = U L;(9S).
i=1

The basic idea is that a point in a convex combination is
something like a point on a segment between points on
segments ... between points on segments between points
inS.

Pictorially, the convex hull of a set S C R? looks like

S
L] L]
L]
Conv(S)
[ L[]

Note that the set pictured is not convex independent.
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2. We say that S is convex independent if, for every x; € S, x; ¢ Conv(S \ {z;}). If
S C R2 is convex independent, show that, for every three distinct indices ¢, j, k, the
vectors x; — x; and x, — x; are linearly independent.

3. Let S C R? be a convex independent subset. Show that if

¢
Tr = Z )\iJUi
i=1

is a convex combination in which at least three of the \; are non-zero, then there is

some € > 0 such that B.(z) C Conv(S).
Definition 5.28. Let U C R" be a closed subset. We say that a point € U is
1. An interior point if there is an € > 0 such that B.(z) C U.
2. A boundary point if for every € > 0, B(z) N (R™\ U) # @.

We write the set of interior points of U as U , and call this the interior of U. We denote
the set of boundary points of U by OU, and call this the boundary of U. Note that U is the
disjoint union of its interior and its boundary.

We will make use of the following proposition without proof:
Proposition 5.29. Let S C R? be a convex independent set with |S| > 3.

1. A point z € Conv(S) lies in 0 Conv(S) if and only if there is a line through x supporting
S.

2. There is an ordering 1, . . ., x) of the elements of S such that the boundary 0 Conv(S)

consists of precisely the line segments T1Z2, TaT3, . . ., TLL1-
Definition 5.30. Let v : [a,b] — M C R3 be a continuous curve. We call 7
1. piecewise smooth If there are values
a=ty <t <...<tp=2»

such that 'y|[ ] is smooth for each 7;

tist1

2. piecewise linear If there are values

a=tog<t1<...<tp=25b

such that 7|, ;. ,) is linear for each i;

3. closed if y(a) = ~(b); or

4. simple closed if 7 is closed, and v(t) = (s) if and only if either ¢ = sort = a and
s=b.

Notation 5.31. Notice that the boundary of an n-gon P can be thought of as a simple,
closed, piecewise linear curve. We will always parameterize 0P counter-clockwise. We will
call the lines Z;7; 11 which comprise the boundary the edges of P, and the points x; the
vertices of P.
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Our reason for defining convex n-gons in the plane is to talk about polygons in sur-
faces.

Definition 5.32. Let M C R3 be an oriented surface. A polygon in M consists of an
n-gon P = Conv(S) C R? and a smooth, regular, injective map Q : P — M. We will
abuse notation by writing () for the image of P under the map (), and by writing 0Q) for
the image of 0P under (). We call a polygon () in M oriented if () is compatible with the
orientation of M.

Polygons in surfaces are particularly nice subsets to integrate over. Since the boundary
of a polygon has codimension 1, we have

fdv =0.
oQ

Thus, if we can cover a surface M by polygons which only overlap on their boundaries,
we can compute integrals over M by summing the integrals over the polygons. To make
this precise, we make the following definition:

Definition 5.33. A polygonal subdivision T of an oriented surface M C R3 is a finite set
{Qi};_, of oriented polygons in M with the following properties

« The polygons cover M, i.e.,
U Qi=M
i=1
+ For any two polygons (); and (); with ¢ # j, the intersection Q; N @); is a single edge
of Q); and Q).

We call the polygons @Q; the faces of T, the collection of all edges of polygons in T the
edges of the subdivision, and the collection of all vertices of polygons in T the vertices of
the subdivision.

We will make use of the following theorem without proof.
Theorem 5.34. Every oriented surface admits a polygonal subdivision.

One key ingredient in the Gauf3-Bonnet Theorem is the Euler Characteristic of a sub-
division J. We will eventually prove that the Euler Characteristic doesn’t depend on the
choice of subdivision, but rather only on the oriented surface M.

Definition 5.35. Let M C R3 be an oriented surface, and let T be a subdivision of M.
The Euler characteristic of T is equal

X(T)=V-E+F

where V' is the number of vertices of T, E' the number of edges, and F' the number of

faces.

Pictorially, a polygon in a surface is precisely what one
would expect:
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7 The Divergence Theorem

We now come to a technical result we will make use of in our proof of Gauf3-Bonnet:
the Divergence Theorem. Once definitions are unwound, we will see that this is actually a
corollary of Green’s Theorem from multivariable calculus.

Before we can get to the Divergence Theorem, however, we must define the diver-
gence. We will do this in arbitrary dimensions, before again specializing to surfaces for
the Divergence Theorem.

Let M C R" be a k-submanifold, and let X be a vector field on M. At any point
p € M, we can use the covariant derivative and X to define a linear map

Cx :TyM —— T,M
Vi— (VVX)p
What does this linear map represent? It sends a direction to the (tangential) rate of
change of X in that direction. The linear map thus encodes the rates of change of X in
all directions.

Before moving on, let us note that this really is well-defined: Given vector fields W and
X, the covariant derivative

o dXI P
(VWX)p = Wt(i-)paj¢ + W;iX]Fk Ok

p dx? P

only depends on the value W), of W at p. Thus, we get a well-defined map of tangent

spaces. It is easy to see that the covariant derivative Vy, X is linear in V..
Definition 5.36. The divergence of X at p € M is the trace of Cy, i.e.,
div(X)(p) := tr(Cx).
Heuristically, this should measure “how much X is flowing outwards at p.”
Our first order of business is to give a coordinate expression for the divergence.

Lemma 5.37. With respect to a chart ¢ : U — M, the divergence of X is given by

1 &0 .,
= et 2 ot (VD)

Proof. We note that, with respect to the coordinate basis, the diagonal entries of the

div(X)

matrix representing C'x are '
dx’
dz?
The definition of the divergence thus yields

div(X) := Z <(§; +Xjfé,j>

i=1

+ X7 .

We then note that by Lemma 3.27,

;1 i,z(agm 9ge,i 591‘7.7')

I . = — d - —
i = 99 Oxt + oxJ Ozt
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Summing over i, the first and last terms cancel each other out, and we are left with

k
XTIl = -X7g* ===t = — Xt ==
; Wi T g T2t T (g Oz’
By Jacobi’s formula® we find that

U0 s 1 0e
v/det(g) Oz det(g) = 2 tr <g ax-j>

So we see that

) NP S S SR
WX) = Fe T e o V) = ey 0w (' vdetly))

as desired. O

Remark 5.38. Notice that when our manifold is just R*, the metric is the identity matrix,
so the divergence simplifies to

div(X) =) o X
=1

This is precisely the usual notion of the divergence of a vector field on R¥.

Example 5.39 (Key example). Let M C R3 be a surface, and let ¢ : U — M be a geodesic
coordinate chart, i.e., a chart such that

s (10
0 922

\/ det(g)) 81¢

Consider the vector field

(L9
\/det(g) du'
on ¢(U). We then take the divergence of X, yielding

div(X) det(g))

_ 1 3(3
V/det(g) Out \ ul

1 0 1 d
div(X) = P tr <glg)
\/det(g) Ou' \ 2,/det(g) dt
Exercise sheet 9 then shows that the divergence of this vector field is the Gauflian cur-
vature K. Notice that the vector field X may have a very different expression in other

coordinate systems, even other geodesic coordinate systems.
We now can state the Divergence Theorem.

Theorem 5.40 (The Divergence Theorem). Let () : P — M be an oriented polygon in M
and let X be a smooth tangent field on M. Then

/ div(X)dV = | X -ds*t.
Q oQ

* This says that, for an n X n invertible matrix A(t)
which is a function of a real variable ¢,

%det(A(t)) = det(A(t)) tr (A(t)’l%)
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Proof. We use (@ as the chart under which we compute the integral. Let (u', u?) be the
coordinates on P. The left-hand side is then

/dw )dV = /(WW( i\/det(g) )) Vdet(g)du
:/Paii (Xi det(g)) du.

If we define smooth functions Y; and Y5 on P by

Y] = —X?\/det(g) Yy = X'y/det(g)

This expression then becomes

Since we are integrating over a polygon in the plane, we can apply Green’s Theorem to
obtain

2
Yadu! + Yodu? —Z/ pf +x1 &% pf )\/det(g)dt

However, this latter expression is simply the coordinate expression for

oP

X -ds*
0Q

from Proposition 5.22. O

8 Tangents and loops

Our last preliminary before we prove the Gauf3-Bonnet Theorem is the Theorem of Turning
Tangents. The setup for this theorem is the following:

« M C R3 is an oriented surface.
« Q: P — M is an oriented polygon in M, contained in a geodesic coordinate chart ¢.

o pi ¢ [ti,tiy1] — P are (counterclockwise) parameterizations of the edges of P, and
= ¢ o p; are the corresponding parameterizations of the edges of ). We will assume
that ; is unit speed.

o 0; : [ti, tir1] — R are the smooth functions guaranteed by Proposition 5.26, such that
vi(t) = cos(0;(t)) E1 + sin(6;(t)) Es.

« For each vertex of P, o; € [—, 7] is the corresponding external angle, i.e., the angle
such that

cos(ai) = (Vi (tit1),Vig1(tis1))

Theorem 5.41 (Turning tangents). The equality

4 tit1 14
Z/ Oi(t)dt =2m — > i
i=1"ti i=1

holds.
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Proof. We will first prove the theorem when the metric is the identity. In this case, ¢
strictly preserves angles, and so the theorem becomes a statement about the polygon P.
In this case, each of the functions 6;(t) is necessarily constant, since the p; are straight

lines. Thus, the statement amounts to the claim that

L
Z(Jéi = 2.
i=1

However, the internal angles 7 — «; of the /-gon P add up to 7(¢ — 2). As such, we see

that
¢

KW—Zaizﬂé—Qw

i=1

14
ZO&Z' = 2.
i=1

We now define matrix-valued functions on P using the metric g with respect to ¢:

1 0
G(r) = (0 r(1— 7‘)92,2)

for € [0, 1]. We define 0;(r,t) and «;(r) by using G in place of the metric, i.e. we set

Ei(r) =019  Ex(r)= r+ (11_ r)g2 282¢

and so

and define 6;(r, t) to be the function such that

cos(6;(r,t))) 1 <d%’E1(r)>G 1 a(r) dp; 1 dp;

" e \ dt e VMt T e dt
and
} 1 dry; > 1 dp’ 1 1 dp?
sin(0;(r,t))) = —— ( —, Ea(r = —G(r)y—— = i
(6:(r,2))) |7§|G<dt ) = e T e rr G d

We define «;(r) similarly.
Notice that, by construction,®
0:(rtiv1) — 01 (r,ti1) + (1)
is some multiple of . We thus can choose our functions 6;, 6,1, and «a; so that the sums
Oi(r,tiv1) — Oipa(r, tipr) + ai(r)

are constant in r.

We then reformulate the integral we are interested in:

14

tit1 £
Z/t 9§(r,t)dt+Zai(r)

=1

Il
VM*‘

(Oi(rytig1) — 0i(r, ;) + ci(r))
1

?

Il
M~

(Oi(rtips) = Oipr(r,tivs) + au(r))
1

o
I

¢ This is because E1(r), Ea(r), v, (ti+1) and
Yi41(ti+1) are vectors in T, M, equipped with the
inner product G(r). With respect to this inner product,

+ a;(r) is the angle between v;(t;41) and v, ; (ti41)
+ 0;(r,t;11) is the angle between E1(r) and 7} (t;41)

o 0it1(r, tit1) is the angle between E1 (r) and
Yipq (tit1)-
Schematically:

Ea(r)

~7
Vi1 /
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where the last step follows by cyclically shifting terms downwards in the sum. Hwoever,
each of these terms is constant in 7, and so the value

14 tit1 4
> / O;(r,t)dt + ) i(r)
i=1 7t i=1

is constant in . When r = 1, we saw that this value is 27r. When r = 0, this is precisely
the integral of the theorem. Thus, taking r = 0, we find

l tit1 ¢
> [ it =2 -3,
i=1vt i=1

precisely as desired. O

9 The Gauf3-Bonnet Theorem

We have now reached our goal for this chapter: The Gau3-Bonnet Theorem. This theorem
gives an invariant of oriented surfaces by integrating curvatures over a subdivision of the

surface.

Theorem 5.42 (GauBB-Bonnet). Let T = {Q1,...,Qx} be a polygonal subdivision of a
compact oriented surface M. Then

KdV =2mx(7)
M

where K denotes the GaufSian curvature of M, and x(7) is the Euler characteristic.

We will prove this theorem in steps, first proving more local results about individual
polygons in M, and then piecing them together to prove the Gaufl-Bonnet Theorem.

We first consider an oriented polygon () : P — M in M. As usual, we will parame-
terize the boundary 0P counterclockwise, as the piecewise linear curve determined by the
linear curves p1, ..., p, in R%. We will denote the resulting curves in M by v; = Q o p;.

STEP 1: We first define external angles at each corner of (). At the vertex p; € () where
7 and 7;41 meet, we have two tangent vectors, 7; and v; ;. We define the external angle

between 7; and ;11 to be th a; € [—m, 7] such that

1

cos(;) = ———
Y il

(VirYig1)-

Using this first step, we can state a local form of the Gauf3-Bonnet Theorem

Proposition 5.43 (Local form of the Gauf3-Bonnet Theorem). With the setup above, the

relation
KdV+/ Kods + o; =27
JKav e [ wads 3

holds.
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We will prove this proposition in two steps: first making a simplifying assumption on
coordinate charts, and then making no assumption.

TEMPORARY ASSUMPTION: We first assume that @) factors through a single geodesic
coordinate chart ¢, i.e. that Q = ¢ o u for some smooth, regular, orientation-preserving,
injective map p : P — U C R2.

Proof (under our assumption). We consider the vector field X on ¢(U) given by

1 0
X=- (M@ul det(g)) 01 0.

By Example ??,
div(X) =K

is the Gauflian curvature of M. The divergence theorem thus tells us that
/ Kav = / div(X)dv = | X -ds*t.
Q Q oQ
our special case will thus follow by computing
X -ds™.

0Q

Writing this integral in coordinates, and applying Proposition 5.26, we obtain

o) dp?
X -dst = 7/ V/det(g) (81\@) d—/;dt
opP U

= —/ kgds + o' (t)dt.
o0Q oP

oQ

We thus need only to show

/aPO(t)dt:Qw—Zai.

However, this is precisely the statement of Theorem 5.41. 0

We now relax our assumption, no longer requiring that @) be contained in a single
geodesic coordinate chart. In this case, we will reduce to the previous case by subdividing
the polygon P. Visually, given a polygon P, we can break it into two smaller polygons P;

and P» which share a single edge and two vertices:

If we keep subdividing P, we can eventually get the individual polygons to be small

enough that they lie in a geodesic coordinate system. Thus, the local Gau-Bonnet theo-
rem will follow, by induction, by showing that if it holds for P, and P» above, it holds for
P.
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Proof (of local Gauf3-Bonnet). We show that if the theorem holds for two small polygons
(21 and )1 which share a single edge, and whose union is a larger polygon @, then it
holds for ). We first compute

/KdV: KdVv + KdV:47T—/
Q Q1

7]

o ﬂgds—/aQZ/igds—Zai—Zﬁi

by applying Gauf3-Bonnet on the two smaller polygons. The edge shared by @)1 and Q)2

Q2

appears in each of the two boundary integrals with opposite sign, so

/ Kgd8+/ /igds:/ Kgds.
0Q1 0Q2 0Q

Furthermore, denoting the exterior angles of ) by (;, and those of ()1 and Q)2 by «; and
(i, respectively, at each shared vertex v we have

Oy +ﬁv - CU =T.

At each unshared vertex, we have that (, is either «, or 3,, depending on whether v is a
vertex of (J1 or Q2. Thus

Z%""Zﬁi :27T+ZQ~
/QKdV:27r—/an<&gd8—ZCi

We therefore see that

as desired. O

Finally, we prove the global Gauf3-Bonnet Theorem.

Proof (Gauf3-Bonnet). We now let T be a subdivision of a compact oriented surface M C
R3. By the local form of Gauf3-Bonnet

/MKdV:Z/QKdV=27T|‘I—Z/aQﬁgds—Z Y a

QeT QeT QETveV,

We will consider each of the terms on the left-hand side separately.
Each edge of the subdivision occurs as a boundary edge of one of the polygons, each
time with opposite orientation. Thus, the term

Z / kgds
QeT /9@

vanishes.

To analyze the term

PIDIE

QeTveVy

Suppose that k polygons of T meet at the vertex v. For each polygon @), write the internal
angle at v as
BY=m—af
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Summing all of the internal angles around v yields

27 = Z BY = m#(edges attached to v) — Z ol

v

Qs.tveQ Qs.tve@

Thus we see that

>N oy =7(2Ey) — 27 (Vap).

QeT ’UEVQ
Putting this all together we get
KdV =2nFy = 2nEy + 21Vy = 2mx(7)
M

completing the proof. O

Corollary 5.44. The Euler characteristic is independent of the choice of polygonal subdivi-

sion.
This justifies the following definition:

Definition 5.45. The Euler characteristic x(M) of a surface M C R? is the Euler charac-
teristic of any polygonal subdivision of M.

Definition 5.46. Let M C R3and N C R? be surfaces. A diffeomorphism between
M and Nisamap f : M — N such that f and f~! are both smooth. If there is a
diffeomorphism from M to IV, then we call M and N diffeomorphic and write M = N.

Remark 5.47. Diffeomorphisms in a sense “preserve the smooth structure” of surfaces,
but do not need to preserve any of the geometric structure. In particular, diffeomorphisms

do not preserve the first fundamental form, or any of the curvatures.

Proposition 5.48. The Euler characteristic is a diffeomorphism invariant. That is, if M ==
N, then x(M) = x(N).

Proof. Notice that, if f : M — N is a diffeomorphism and T = {Q;}7_, is a subdivision
of M, then f(7) = {f o Q;}/_, is a subdivision of N. It is not hard to check that x(T) =

X(f(7))- O
Corollary 5.49. The integral
[ xav

Example 5.50. Let us consider the sphere S? C R? and the ellipsoid E? given by the
equation

is a diffeomorphism invariant.

a2+ a4 22 =1
for some chosen a > 0.
I claim that these two surfaces are diffeomorphic. To see this, notice that the map

fi R —— L R?
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defines a diffeomorphism (indeed, a linear isomorphism) from R3 to R?, and sends 52
bijectively to £2. Thus, the surfaces are diffeomorphic. However, the Gauf3ian curva-
tures of these two surfaces are quite different. We know that, for the sphere, the Gaufian
curvature is constant on 1, so let’s compute the Gauflian curvature of E2.

Away from the poles, E? is the surface of rotation with profile curve

1—u2

fu) = 5

a

We can thus compute the Gauflian curvature using the formula

P )
f)(f'(u) +1)?
from Exercise sheet 7. We compute
2
N u
T =)
and F(u)
1 U
u) =
=t
So that the Gaufian curvature of E? is

which is clearly not constant.
We have one final corollary about the Euler characteristic.

Corollary 5.51. Suppose that M is a surface such that x(M) < 0. Then there are points on
M where the Gauflian curvature is negative.
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6

DIFFERENTIAL FORMS

So far, we have managed to avoid ever explicitly talking about differential forms. How-
ever, differential forms are a key modern! innovation in the study of calculus on mani-
folds, and so it is now time for us to begin exploring them. The basic idea is that differen-
tial k-forms are “k-dimensional measuring tools”. A 1-form is a way of measuring lengths
(a yardstick, so to speak), a 2-form is a way of measuring areas, and so on. From a related
perspective, a k-form can be seen as a “thing that can be integrated over a k-dimensional
submanifold”

Both of these heuristic ideas are realized in a common algebraic framework. Our first
task in this section will be to build up this framework on R™. Once we have done this, we
will proceed to defining differential forms on manifolds, and then to applications.

1 Rewriting integration

Before getting to the definition of forms, let’s take a step back, and try to remember what
we are doing when we are integrating something. The basic idea we will work with, famil-
iar from high-school calculus, is that of a Riemann sum. Suppose first we have a function
f : R — R. When we integrate f on the interval [a, b], we take some subdivisions of [a, b]
into N little pieces [¢;,¢;41], and then take the limit of Riemann sums

b N
| rae= Jim 2 fie)

where Ait = ti+1 — ti.
If we take this into n-dimensions, we can suppose that we have a curve v : [a,b] —
R"™, and want to integrate a tangent vector field X along . In this case, we can write our

integral as a limit
N

[ = Jim S (. A0)
where Al’y = ’y(tiJrl) — ’Y(tz)
How do we make sense of the expression <X"/(ti)’ Ai’y>? Well, the first step is to rein-
terpret how we think of A;~. A priori, this is simply a vector y(¢;+1) — v(t;). However,
under the identification 7’ ;,)R™ = R", we can think of this as a tangent vector at (t;),

! Relatively speaking. The formal theory of differential
forms is sometimes said to have begun with Elie Cartan’s
Sur certaines expressions différentielles et le probléme de
Pfaff in 1899.


http://www.numdam.org/item/?id=ASENS_1899_3_16__239_0
http://www.numdam.org/item/?id=ASENS_1899_3_16__239_0
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which, as the mesh of the limit we are taking gets finer, becomes close to being a tangent
vector to 7. We can thus think of the expression

<X;D7 _>

as being a linear map 7,R™ — R. That is, a linear map which takes a tangent vector at p
and gives us a scalar.

On the other hand, suppose that, for each p € R", we have a linear map w,, : T,R" —
R, and that the map w which sends p — w), is in some sense smooth.? Then along any
curve 7, we can define an integral

N b
= 1li ) (A7) = '(t))dt.
L 0= dim Dy (3 | et

The second of these equalities requires some justification, but it should not be hard to
convince yourself that it holds.

The fact that this map is linear in the tangent vector is very useful. In particular, it

should be easy to convince yourself using linearity that the following expected integral

equalities hold:3
[y(W-&-V) LW—&-/WV
frommfem [
[y(cw) = c/vw

where v is a curve, —+ is the curve that traces v backwards, w and v are our chosen

“smooth assignments of linear maps T,R™ — R” and ¢ € R is a constant.

We can turn this reformulation into a definition.
Definition 6.1. A covector at p € R" is a linear map
wp : TR —— R.
The cotangent space to R™ at p is the R-vector space
T,R" := Lin(T,R", R).

Our next goal is to formalize what it means to assign a covector in a smooth way to
every point in R™. We will call such an assignment w a (smooth) 1-form.

First, let’s try to think about what the space Lin(7T,,R™, R) is in terms of coordinates.
If 2%, ..., 2" are our coordinates on R", we have a corresponding basis of tangent fields
Opty...,0zn onR™. Ateachp € R"™, we can take the dual basis of {0,1,...,0,n }. The
dual basis consists of the linear maps

dzl, : T,R" —— R
Opi — 5;

where 5;- is the Kronecker delta. From linear algebra, this is a basis of T; M. As such, we
have an identification 7T »M =R

2We’ll get to what this means later.

3 Here we write 7 for the curve which traces « back-
wards.
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Definition 6.2. We define the cotangent bundle of R™ to be the space
T*R" = {(p,vp) | vp € T;R"} ZR" x R"

and we view it as a smooth manifold via the latter bijection. Notice that 7*R"™ comes
equipped with a smooth projection 7 : T*R™ — R".
A (smooth) 1-form on R™ is a smooth map

w:R" —— T*R"
such that 7 o w = idg~. That is, such that w, € T; R™.

Example 6.3. In particular, we have the coordinate 1-forms dz* which assign to every
point p € R" the covector dx;. By construction, for any smooth 1-form w on R", there

are unique smooth functions w; : R™ — R such that
w=w;dz’ = widat + - + wydz™,

where we again use the Einstein summation convention.

Since the entire point of defining 1-forms was that they should be “things we can
integrate along curves”, let’s think about what the integral of such a 1-form along a curve
v : [a,b] = R™ should be. From our definition, we should have

/w:/widxi
¥ ¥
b

=/wmmmﬂww

But we can write 7/ (t) = %iazi, so by the definition of dz* we have

b %

b
[ witrtenas’ ()de = [ witatenrae

a

In particular, if we are simply integrating the form w = f(x)dz?, then we are, effectively,

integrating f along + in only the x’-direction.

Remark 6.4. It is natural at this point to ask “What about arc-length integrals?” If 1-
forms are “things we can integrate along curves”, shouldn’t the arc-length integral also
be a 1-form? The answer sadly, is no, and comes down to a subtlety in our definition. The
notion of a 1-form is fundamentally bound up with the linearity of path integrals in the
tangent vector 4/ (t). In particular, given a 1-form w, we want

[

a condition which is embodied by the fact that w(p) : T,R™ — R s linear. However, for
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an arc-length integral, we have
b
[ 5= [ s
= [ fOO) =~ @®)dt

= [ fOO) (B)ldt

= /:fds,

so the desired linearity does not hold. What this means is that 1-forms formalize notions
of integration which depend on orientation. This will be of crucial importance when we

discuss higher forms.

Notation 6.5 (Important special case). Consider a curve v : [a,b] < R which is simply
the inclusion of the interval [a, b] into R, and a 1-form

w= f(t)dt

for the corresponding path integral. Since 1-forms defined on [a, b] are in one-to-one cor-

on R. We write

respondence with smooth real-valued functions on [a, b], this is simply the usual notion of

an integral over an interval.

Definition 6.6. Consider a smooth map ¢ : R" — R"™. Letw € T,;R™ be a covector on
R™. The pullback of w along ¢ is the 1-form (¢*),w defined by

(9pw)(v) = w(ddp(v))
for any tangent vector v € T,R"™. Note that this defines a linear map
oy Tj,) R —— T)R"
for each p € R™. Given a smooth 1-form v on R™, we will denote by ¢*v the 1-form with
(¢*v)(p) = ¢, (v(p))-
We will shortly show that this is a smooth 1-form on R".

Lemma 6.7. Let¢ : R® — R™ andy : R™ — R* be smooth maps, and write zt, yi, and
2t for the coordinates on R™, R™, and R* respectively. For any p € R", then*

(W0 d)y = povyp)-

Proof. It suffices to check that the two sides agree on an arbitrary covector w & T¢(¢(p))Rk,
i.e,, that for any such w,

(60 8)5(w) = 6} (V3 (@)

* Mathematicians in my discipline would say the the
pullback is functorial.
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However, this is a statement about the equality of linear maps, so it further suffices to
check that this holds for any vector v € T,R". We then compute

(b0 )5 ()(v) = w (d(¥ 0 9),(v))
= w (i) (ddp(v))
= Yy (@) (A ()
=0 (V3 (@) (©).

as such, the two sides of the equation agree on every tangent vector, and must describe

the same map, as desired. O

Proposition 6.8. Consider a smooth map ¢ : R® — R™, and write x* and 3’ for the
coordinates on the source and target of ¢, respectively. Let

w = w;dy’
be a smooth 1-form on the target. Let v : [a,b] — R™ be a smooth curve.

1. With respect to the coordinates xt, we have

* 7 a(bz ¢

or, more generally ‘
* a¢z 4
¢"(w) = (wi 0 @) 5 —dz".

Ozt
2. For a smooth 1-form

v = v;dx’

/1/: o v.
v [a,b]
/ wz/qﬁ*w
oy vy

Proof. We first prove (1). Again, we test against an arbitrary tangent vector

on R™,

In particular, we have

V=Vi,.
Note that o0
. ¢J

do(V)=V'Z=4d,,.

(V) Dri 0y

We then compute (suppressing the point p in our computations)

¢ (wW)(V) = w(de(V))
i 09
N (V o’ 8@’]) 4

09’
= wkdyk (V Way]>

I
£
Ead
<
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On the other hand, we have

' oLk
¢’

14
=V Gt

Reindexing, we see that these expressions are equal.
We now turn out attention to (2). Let u denote the coordinate on [a, b]. By definition

Luzlﬁmwmﬁ
b

_ / V(dy(8))dt
b
- [ @

= / »‘y*y
[a,?]

as desired. To see that this implies our more general statement, note that

[ w=] weayw
$oy [a,b]
= / 7" (¢"w)
[a,b]
gt
completing the proof.

Example 6.9. Let us consider the curve

YR —m— R?
6 —— (sin(6), cos(#))

tracing out the unit circle in R?. First consider a 1-form
w = widz! + wadz?

on R%, We can pull this back to a 1-form v*w on R, explicitly given by

) %
Y'w = wia—ZdG = (—wy sin(f) + w cos()) d.
We can then notice that the coefficient of df is a 2-periodic function, regardless of the
form we started with. Our takeaway from this is that, if we want something to integrate
over the circle which is (1) smooth and (2) globally defined, then it must be defined by a
smooth function on the circle.?

* There are many ways of phrasing this observation, with
varying levels of technology involved in the statement.
Using terminology we haven’t yet defined, we could say
(in increasing order of technicality)

+ Smooth 1-forms on S are in bijection with smooth
functions on S*.

« The cotangent bundle of S? is a trivial vector bundle.

Time permitting, we will return to this example, and
unpack both of these rephrasings.
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2 2-forms and k-forms

Our work so far as been interesting, but from a practical standpoint, it is unsatisfying to
have a theory of integration which can only handle 1-dimensional integrals. To rectify
this, let us try to consider what a 2-form might be.

From the name, we expect that we will be trying to define “things we can integrate
over 2-dimensional submanifolds” We could try to repeat our analysis of Riemann sums
from the first section, but instead, let’s try to apply broad principles to figure out what a
2-form should be.

1. Firstly, we thought of a covector w as a sort of “yardstick” by which we could measure
tangent vectors. Loosely speaking, we think of tangent vectors at p as “infinitesmal
displacements” at p, and the covector w tells us how big of a contribution such an
infinitesmal displacement should make to the integral. In our new, two dimensional
setting, we don’t just want to measure “infinitesmal displacements” at p, but rather,
we want to measure “infinitesmal areas” at p. To make this formal, we think of an
“Infinitesmal area element” at p to be the parallelogram in T,,R™ defined by a pair of
tangent vectors. We thus can presume that a 2-form v should take two tangent vectors
as arguments, and should give us a number representing “how much the infinitesmal
area element contributes to the integral”. That is, we would expect that a 2-form v

must define a map
T,R" x T,R" —— R.

2. The map associated to the 2-form v at p should represent something like “measure of
area times a function value”. As a result, it should be additive and scale like a measure-
ment of the area of parallelograms in T,,R". In particular, we expect that it should be

linear in each argument, i.e., a bilinear map
T,R* x T,R* —— R
or, equivalently, a linear map

T,R" © T,R" — R.

3. Per Remark 6.4, the notions of integration that we are formalizing depend on the ori-
entation. This tells us that, given two tangent vectors v,w € T, R", we should have
v(v,w) = —v(w,v). Another way to see this is that our map is bilinear, and v (v, v)

should always equal zero, since the corresponding parallelogram always is zero.
We thus have arrived at something resembling a working definition.
Definition 6.10. A 2-form at p € R" is map
v(p) : T,R" x T,R" —— R
which is

1. bilinear, i.e. linear in each argument; and
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2. alternating, i.e., v(v,w) = —v(w,v).
More generally, the same line of reasoning yields

Definition 6.11. A k-form at p € R™ is map

v(p) : T,R" x --- x T,R®" —— R

Xk

which is
1. k-multilinear, i.e. linear in each argument; and

2. alternating, i.e.,
V(U100 ) = = V(U1 Uy, iy, UR)

To turn this definition into something we can work with, we need to develop some

algebraic techniques.

Definition 6.12. Let V be a vector space. Let F}; (V') be the vector space whose (uncount-
able) basis is
V¥R =V x...x V.

N————
Xk

The k™ exterior power of V is defined to be the quotient of F} (V') by the relations:

(V1. e oy Vi F Wiy ey VE) ~ (V1,0 Uy ey V) (V1o Uy e, UE)
(V1o AV, oy UK) ~ A (U1, e o5 Uiy e ey V)
(V1se 3 Vo3 Uy U) ~ —(V1, 0, U, Uy, V)

We denote the k™ exterior power of V by

k
AV
The idea of the k™ exterior power of V is that, just linear maps out of the tensor prod-
uct correspond to multilinear maps, linear maps out of the exterior power correspond to

alternating k-multilinear maps. We first make this precise, and then provide some compu-
tational tools for dealing with exterior powers.

Lemma 6.13. Let V and W be a vector space, and denote by Altk(V, W) the vector space
of alternating k-multilinear maps from V¥ to W. Then there is an isomorphism of vector

spaces
k

Alt*(V, W) = Lin( /\ V,W).

Proof. The quotient map
q:F(V) — AV
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is linear and surjective by construction, and so composing with g defines an injective
linear map

¢* : Lin(A"V, W) —— Lin(F,(V), W).

The image of this map is precisely the subspace of Lin(Fj(V'), W) consisting of those
linear maps f : Fi (V) — W such that f vanishes on the kernel K of ¢. This kernel is
generated by the three relations given above.

Since V' ** is a basis for F},(V/), linear maps out of F}, (V') are equivalently maps of sets
V>*k — W. Givenamap f : V**¥ — W, f corresponds to the unique R-linear extension
of f to Fi (V). This extension of f will vanish on K precisely when it vanishes on the
generators of K, i.e., when

flor, o v+ wi, .o o) = f(v1,0 0,02 0k) + f01,000 05,000 V)
flor, oo vy oo o) = Af (v, .o, 05,00, UK)

for, eV 04, ok) = —f(U1, 000,05, 0, Uy, V)
that is, precisely when f is an alternating k-multilinear map. 0
Proposition 6.14. Let V' have basis {v1, ..., v, }. Denote the image of (w1, ..., wy) €

Fy. (V') under the quotient map by

k
wl/\wg/\~-'/\wk6/\‘/.

1. For a permutation o € Sy,

wy A - Awg = sgn(0)Wey A A We g

2. An element
k

w1 Awg A -+ A wg 6/\V
is zero if and only if the vectors wy, . .., wy, are linearly dependent in V.

3. The elements

’Uil/\'l)ig/\"'/\’l}ik

defined by k-tuples of distinct integers 1 < iy < n such that i, < i, wheneverr < { form

a basis of \* V. As a result
k
_ _(n
dim (/\V) = (k)

Proof. To see (1), we simply need note that, under the equivalence relation defined, we
have

WA AW A AW A AW = —wy A Awj A Awi A Awg

so that decomposing a permutation into flips, we obtain the desired result.
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To see (2), suppose first that the w; are linearly dependent. Then write

k
j=2

We then have

however, each of the expressions in the sum is the equivalence class represented by a vec-
tor (wj, wa, ..., wg), with2 < j < k, and so contains a repeated entry. As such, this
element is zero in the quotient. The other direction — that if the w; are linearly indepen-
dent, the wy A --- A wy, # 0 — follows directly from part (3).

Finally, to see (3), first note that, by (1) and the fact that {v, ..., vy} is a basis, the
given set spans /\k V. To prove that it is a basis, we need two steps. When k = n, the
space of alternating multilinear maps V*™ — R is 1-dimensional (by the existence and
uniqueness of the determinant). Thus, /\" V is 1-dimensional by the preceding lemma,
and so v; A - -+ A v, is a basis.

Suppose that there is a relation

Then the element

W = Z )\I(Uiu--wvik)
I1c{1,...,n}
in Fj (V') can be built out of our three relations. For a fixed subset J C {1,...,n}, let
J¢={1,...,n}\ J, and denote the elements of J¢ by ji,..., j,—k. Form an element of
Fo(V)
U= Z )\I(Uila---7Uikavj17"'7vjn—k)
I1c{1,...,n}
By applying the same operations which showed W to be equivalent to zero (fixing the
last n — k-indices) we see that U = 0. However, every term of the sum other than that

corresponding to J contains a repeated index, and so vanishes identically in the quotient.
Thus, we find that

:|:)\J(’U17...,Un)NO

But vy A - -+ A vy, is a basis of /A V, and thus A\; = 0. Since J was arbitrary, this completes
the proof. O

Proposition 6.15. Let V' be a finite-dimensional vector space. There is a canonical isomor-

phism

k
/\ Lin(V,R) = Alt"(V,R)
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Proof. We first define a map
U : A¥Lin(V,R) —— Alt*(V,R)
by defining it on expressions of the form f; A --- A f. We define

U(fr Ao A fi)(on,. . ok) =Y sgn(0) fi(vo) f2(Ve(2) - Fr(Vor)-

o€Sk

It is a straightforward check to see that the linearity of the f; and the inclusion of sgn(c)
in the sum together imply that ¥(f; A --- A fz) is an alternating linear map. Similar
arguments imply that W(f; A--- A fi) is well-defined.

We now claim that this map is an isomorphism. Fix a basis {v1,...,v,} of V, and let
{w1,...,wn,} be the dual basis for Lin(V, R). We compute the image of

U= Wi N Nwiy
under U. Applying this to a basis element of /\k V of the form v;, A --- Avj,, we see that

\Il(u) (vjl TARERNA Ujk) = Z Sgn(g)wil (Ujau)) s Wi (vjrr(k))
o€Sk
However, since the i,’s must be distict, as must the j,’s, we see that this is non-zero if and
only if there is some permutation o such that iy = j, () foralll < £ < k. Since we

assume that the i’s and j’s are each sequences of indices in order, this implies

1 iy =35,V
\I/(u)(vjlv s ’Ujk) =
0 else.

However, this means that under the identification

k
Alt"(V,R) = Lin(/\ V, R),

the alternating map W(u) is identified with an element of the dual basis of Lin( /\k V. R).
Thus, U sends a basis to a basis, and so is an isomorphism. O

Note 6.16. Let us briefly think about what the linear map associated to an element of
/\k Lin(V, R) represents. We will first consider an element of the form

wW=wi A ANwg

where each w; is a linear map V' — R. Assuming that w # 0, we see that the w; are
linearly independent in Lin(V, R). Write K = Ule ker(w; ) for the intersection of the
kernels of the w;. Since the w;’s are linearly independent, the dimension of K is precisely
n — k.
The quotient space V /K thus has dimension k, and each w; is uniquely determined the
map
wi:V/K — R
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to which it descends. We can further see that w is uniquely determined by the induced

element
k

Gi=m A A@y € [\Lin(V/K,R).

Since w is non-zero, so is w. Thus, w is uniquely determined by the subspace K and a
nonzero, alternating k-multilinear map (V' /K)** — R. By a standard result, all such
maps are scalar multiples of a determinant function, and thus are ways of measuring
signed k-dimensional volumes in V /K.

We can actually say more: in the presence of a chosen inner product on V, we can
uniquely define the orthogonal complement K- of K, which is then canonically iden-
tified with V /K. Thus, in the presence of an inner product, the form w is uniquely de-
termined by the k-dimensional subspace K together with a way of measuring signed
k-dimensional volumes in K.

More general elements of A" Lin(V, R) will be formal linear combinations of such
gadgets. Fixing an inner product and an orthonormal basis {v1, ..., v, } of V, and letting
w; be the elements of the dual basis, every element of /\k Lin(V, R) will be of the form

We can interpret this as follows: the term Ajw;, A --- A w;, chooses the subspace spanned
by the basis elements v;, , . . ., v;, , and assigns the cube defined by these basis elements

the volume A\;. Applying w to a k-tuple of vectors uq, . .., uj can be computed as follows:
1. Project the u; onto each k-dimensional subspace spanned by basis vector.

2. Compute the signed volume according to A of the resulting parallelpiped in the chosen
subspace.

3. Sum together all of the results.

If we put together everything we have shown about exterior powers, we can give a
nice description of k-forms at a point. A k-form w at p € R" is an alternating multilinear
map

w: (T,RY)*F —— R
so, equivalently, it is a linear map
w: \N"T,R" — R

and, finally, this means that it is an element

k k
we \Lin(T,R",R) = \ T;R".

We have the coordinate basis {dz"', ..., dz"™} for T}R", and thus a basis for A TyR™ is
given by the wedge products
dz* A - - - dxt*



INTRODUCTION TO DIFFERENTIAL GEOMETRY

defined by k-tuples of distinct, ordered, integers between 1 and n. We can thus write any
k-form at p € R" as

w= Z Wiy ig,in AT Ao A da'™
i1 <ip<--<ip
where
Wiy jig,... iy — W (8111 e 781,%) .

Definition 6.17. The k™ exterior power of the cotangent bundle is the set

k k
ATR" = {(p,w) |we \T;R"} = R" x R()

which we view as a smooth manifold via the latter identification. A smooth k-form on R™
is a smooth map

w:R" —— AFT*R®
such that w(p) € /\k T,R" for each p € R™.

Now that we have a definition of a k-form, let’s see how we integrate a k-form over a
k-dimensional submanifold.

Definition 6.18. Suppose first that C' C R” is a compact subset, and v is a smooth
k-form on R¥. Then there is a unique smooth coefficient function

v=f',. .. 2" dat Adz? Ao Adat

We define the integral of v over C' to be

/V::/f(xl,...,mk) datdz? - .- da®.
c c

To define the integral of a k-form over a submanifold of R", we need to extend our

definition of the pullback.

Definition 6.19. Let ¢ : R™ — R™ be a smooth function, and let w be a k-form at
#(p) € R™. The pullback of w along ¢ is the k-form ¢yw at p € R™ defined by

(Ppw)(v1, .- vk) = w(dpp(v1), ..., doy(vi))
for any tangent vectors vy, ..., vy € T,R". This defines a linear map
¢t NP TIR™ —— \FTIR?
for each p € R™. We define the pullback of a smooth k-form w on R™ by

(¢"w)(p) = ¢, (w(8(p)))-

The formal properties of the pullback are very similar to those for the pullback of 1-

forms.
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Exercise 19. Let ¢ : R” — R and ¢ : R™ — R’ be smooth maps. Let w be a smooth
k-form on RY. Show that

(Y od)'w=¢" (P w).
We then make the definition

Definition 6.20. Let C C R¥ bea compact set, and ¢ : C — R™ a smooth, regular,
injective map. Let w be a k-form on R™. The integral of w over ¢(C') is defined to be

/¢(C> “ /CQS*W

3 The algebra of forms

To properly understand the properties of the integral, we will need more understanding of
the algebraic structure of forms. The first step is to relate the differentials of smooth maps
to differential forms. The second step is to understand the “product” operation on forms.

To this end, we first introduce some notation.
Notation 6.21. We denote the vector space of smooth k-forms on R" by
QF(R™).

We will sometimes write Q°(R™) to mean the vector space of smooth functions R — R,

for reasons which will become clear in time.

With this definition in hand, our first order of business is to resolve a notational con-
tradiction. Given a smoothmap f : R®™ — R, we have been using the notation
df : TR™ — TR™ to denote the differential of f. However, this looks very similar to
the notation dz* we use for the coordinate 1-forms. As it turns out, there is a good reason
for this collision.

Construction 6.22. Let f : R™ — R be a smooth map, and consider the differential
df : TR™ —— TR.
We can view this as assigning to each point p € R™ a map
dfp : TyR" —— TR =R

that is, a covector at p. In particular, this covector acts on the standard basis vectors 0,
by
of

= 8551 |P'

df 2 (am i )
We can thus view df as a smooth 1-form d f, which has coordinate representation

_of
—awidx.

df
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Before continuing, let us try to understand the meaning of this 1-form. If one thinks of
dz as a way of measuring an infinitesmal change in the x'-direction, then df is a way of
measuring the infinitesmal change in the value of f cause by an infinitesmal movement in

a given tangent direction. Heuristically,

of i
B Az’

Notice that f is constant on R™ if and only if d f is a identically zero.

Af =~

Exercise 20. Let v : [a,b] — R™ be a smooth curve, and f : R” — R a smooth function.
Show that

[ 4 =166 - fo).

¥

Exercise 21. Show that the differential defines an R-linear map
d: Q°R") —— QYR")

Exercise 22. Let 2 denote the coordinates on R™, and denote by xt : R" — Rthe
coordinate function, i.e., the smooth function which sends a point to its " coordinate.
Show that the differential of x* is dz.

The second thing we need to note about forms is that there is a canonical product, the
wedge product of forms, which combines lower-dimensional forms into higher dimen-

sional forms.

Definition 6.23. Given basis k- and /-forms
w=dz" A---Adz™ and v =dz?* A--- Ada?t
on R"™, we define their wedge product to be
wAn=da Ao Adatt Adzdt A A dadt

We can extend this uniquely by bilinearity to give a bilinear map

A QFR™) x QYR?) —— QFF(R™)
Notation 6.24. For I = {iy,..., i} we write

da! = dz™ Ao Adat

We will employ the Einstein summation convention for such multi-indices as with single

indices. That is

wrdz! == g wrda!
I

where I ranges through all ordered multi-indices.

Exercise 23. Let

w=wrdz! € Q*(R") and v =wv;dz’ € Q"(R")
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Show that

1
_ L
WAV = Tl § § sgn(a)wfo-(l):“-7za(k)yed(k+1)s'~~7z(r(k+7‘) dz
lrl <

oeSy,

Conclude that
wAv = (=D Aw.

Further convince yourself that the wedge product is associative, i.e.,
wAWANR) =(WAV)An.

The wedge product connects all of the spaces Q% (R™) together in a single algebraic

object. We can, in fact, connect these spaces in one other way: via derivatives.

Definition 6.25. The exterior derivative is the R-linear map
d: QFR") —— QFFL(R™) wrdz! —— Z90dad A dal.
notice that when k = 0, this is just the differential.

Exercise 24. Show that the exterior derivative has the following properties:

1. Linearity
dlw+v)=dw+dv

and

d(Aw) = Adw
for A e R.

2. The graded Leibnitz rule
d(wAv) = (dw) A v+ (—1)%E@y A du.
Where deg(w) = k, for w a k-form.

3. Chain complex:

dod=0

Example 6.26. We consider a collection of examples in R?, to see that the differential
encodes a number of familiar examples. Firstly, if we consider a 0-form, i.e. a smooth
function f : R? — R, we see that
of of of
df = ——da! + =5 da? + L da?

/ Ozt 0z? ox3
If we (somewhat improperly) view the resulting 1-form as a vector field on R3, identifying
1-forms and vector fields via the metric, we see that this is precisely the gradient of f.

Moving on, lets consider a 1-form

w = widz! + wadz? + wsdz?®
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which, again, we interpret as a vector field via the metric. Then the exterior derivative is
(neglecting terms which become zero)

w1 2 1 w1 23 1 Ows 1 2 Ows 3 2
dw = -5 da? Ada! + 2 de® Ade! + —2dat Ada? + Sade’ Ade
+%dzl/\dx3 ggdx A dz?
6&12 8w1 1 2 8w3 6w1 1 3 8&)2 6w3 2 3

As it turns out, we can also identify 2-forms with vector fields on R3. The idea is that we
identify a 2-form v with the (unique) vector w € R? such that the triple product

(@ xy),w) = v(z,y).

Under this identification, dz! A dz2 corresponds to J,3, dz? Adx? corresponds to J,1, and
dx! A da? corresponds to —0,2. Making this identification, we see that the vector field
which results is

aw-g 80.)1
Oxl dx3
Owy _ Ows
ox3 ozt
Owy _ Ows
ozt ox?

i.e., the curl of the vector field (w1, w2, ws).
Finally, consider a 2-form (again considered as a vector field)

w=widz? A dz® + wadz® A dz! + wadz! A da?

We compute

Owr | 1 3 Ows | o 3 1, Ows
dw = o 1d Adz? A dz agc2da: Adx® Adx +8 3dx Adz! A dz? A da?

_ (e Owa Ows)
_(0x1+8x2+85>d Adz? Ada?

i.e., the divergence of f.
Thus, in R3, the three key differential operators we study can be viewed as special
cases of the exterior derivative.

Before returning to integration, we prove a lemma which is one key way to interpret
dw.®

Lemma 6.27. Letw be a k-form on R"™, and let vy, ..., v 11 be constant’ vector fields on
R™. Define
k+1 1
Fo(or,ee k1) = D (=1 T wpiju (01,00 By 0g1)
i=1 j=0
Then

o Fo(tvg, ...t
dwh(vla-”avk-&-l):tlg% sl 1’tk+17 +1)

¢ This explanation is adapted, with suitable modification,
from Vladimir Arnold’s wonderful “Mathematical
Methods of Classical mechanics.

7'This is only a meaningful thing to say when we identify
R™ with its tangent space. It doesn’t have a meaning on
a general manifold.
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Before we get to the proof, a bit of explanation is in order. Consider the parallelpiped

P based at p € R" spanned by vy, ..., vit1, whose vertices are
k+2
V= {p*‘rZéﬂ)i €; :0,1} .
i=1

The somewhat complicated expression for F,, is a way of approximating the (oriented)
integral of w over the boundary of P. In the sum, the term corresponding to an in-
dex ¢ with j = 0 is an approximation of the integral of w over the face generated by
V1,...,04...,Vk+1 based at p (assuming that w is almost constant along this face). The
term with index ¢ and j = 0 is an approximation of the integral of w over the face gener-
ated by v1,...,0;,..., 0511 based at p + juv.

To understand the final statement of the theorem, we make the following observation.
Suppose that ' : R™ x --- x R® — Ris amap. We want a multilinear map T :
R* ... x R™ — R which is the best approximation to F' at 0 by a multilinear map.
Mimicking the definition of the derivative, we then require that

lim F‘(lf’l)l7 N ,tvk+1) — T(t’l)l, . ,tvk+1)

t—0 th+1 =0

The denominator is chosen to be t*! because any & + 1-linear part must scale in its

arguments in this way. We then see that

F(tvy,... tv
— lim (tvy A k+1)
t—0 th+l

T(Ulv .- ';Uk+1)

so long as the latter limit exists. We thus see that the lemma claims that the best multilin-
ear approximation to the “surface area” function defined from w is dw.

Proof. We first show that the limit so described is alternating and multilinear. For multi-
linearity, the symmetries of F,, mean that it suffices to show that the limit is multilinear
in v1. We see that each summand of F,, is linear in vy except for the two coresponding to
¢ = 1. It thus will suffice to show that the limit of the sum of these two terms is linear in
V1.

To do this, we compute

lim L2t (tva, ..., toky1) — wp(tv, . .., tUg41)
t—0 th+1

Pulling the factors of ¢ out of w this simplifies to

lim Wpttor (V25 -+, V1) — wp(Va, .., Vky1)
t—0 t

However, this is simply the partial derivative in the v;-direction of the function p
wp(Va, ..., Vk41). Since the construction vy +— Oy, f is linear in vy, this completes the
proof of multilinearity.

To see that the function is alternating, note first that every term of F,, except for those
corresponding to ¢ = 1,2 changes sign when v; and vo are swapped. It thus suffices to

consider the remaining four terms:

lim Lett (tvg, ..., topg1) — wp(tva, . Tk 1) — Wy, (P01, T0RL 1) + wp(tvr, ..o tog )

t—0 th+1
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which amounts to

Ovywp(V2, .+, Vpg1) — Oppwp (V1,03 .., Upg1)

an expression which is clearly alternating in v; and vs.
Now that we have established that the limit is multilinear and alternating, we need
only test on basis vectors. Evaluating F, at td,, .. .,t0,, ,, (Where the indices appear in

order) we find

so that the limit becomes

kt1 Ow 5
(OWe
Z(_l)llaTM(p)
i=1
On the other hand, we can compute
&u[

(dw)p(Deys - -3 Dtrsr) (p)dz’ A dz’(Dp, ..., 0ursy)

T ot
However, the term

dz' A dxl(afl ) akarl)

is zero if T U {i} # {l1,...,lk41}, andis (—1)7 when I = {1,...,0y11} \ {¢;} when
i = £;. Thus, this expression becomes

k+1 iawflw.,&,“.?zkﬂ
(@)p (O Fpn) = D _(F1)' 57522 ()
i=1
completing the proof. -

3.1 Relating the structures

We now have three key operations we can perform on k-forms. We can pull them back
along smooth maps, we can take wedge products, and we can take exterior derivatives.
These three structures interact in a number of interesting and complex ways, some of

which we now explore.

Lemma 6.28. Let ¢ : R™ — R™ be a smooth function, and write x* and y* for the coordi-
nates on R™ and R™ respectively. Then

O*(dy™t Ao Ady'*) = (gz)*(dyil) A A (dy™)) .

Proof. We test both sides of the equation on a tuple 0., , ..., 0,5, of basis vectors whose
indices are in order. For the left-hand side,

O (dy A+ AdY*) Dy D) = Ay Ao A dy*(dS(Dyn), .., DDy )

k
= Z sgn(o) H dy*s (de(9yoi.)))

oc€Sy

k i
= Z sgn(o) 111 B0

oc€eSy
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On the other hand, we have the right-hand side:

Ozt

wfwy“>A-~¢%dwk»::<8¢“dxﬁ)A.”

D™ 4,
A (&Ufk dx )

el 9, A
Z 8xgl...amde(E1/\...xxk
_ord. subsets
Lc{1,...,n}
a¢i1 8¢’Lk A O
= Z < Z sgn(o) pRC el e ) dzft A - dab.
subsets o€Sk
Lc{l,...,n}
Applying this to 0,1 , . . ., 0,4, , We retain only the term corresponding to L = J, that is
k .
0¢'=
> seo) ][] 927G-)
€Sk z=1
so that the two are equal as desired. O

Lemma 6.29. Let ¢ : R™ — R™ be a smooth function.
1. For smooth k-forms v and w on R™,
¢ (w+v) =¢"(w) + 6" (v).
2. For A € R andw € QF(R™),
6 (\w) = AD* ().
3. Forw € QF(R™) and v € QY(R™),

o (w A V) = 6" () A 6" ().

Proof. The first two statements are immediate. To see (3), notice that by the first two
statements, it suffices to prove the statement on wedges of 1-forms. Indeed, it is sufficient
to show it on the basis dz!. Letting I = {i; < iy < --- < ip}and J = {j; < -+ < j¢},
we have that

¢*(dz! Adx?) = ¢*(da®™ A--- Adai™ Ada? Ao A dad?)

= ((ﬁ*dxil) A A (¢*dxik) A (¢*dxj1) Ao A ((b*dxﬂ)
= (((Z)*dm“) A A (¢*dl‘zk)) (/\ <¢*d$j1) A A ((b*dsz))
= ¢*(dz!) A ¢*(dz?)
by applying the associativity of A and the previous lemma. ]

Lemma 6.30. Let ¢ : R® — R™ be a smooth function, and w a smooth k-form on R™.
Write 2* and y' for the coordinates on R™ and R™, respectively, so that

w = wrdy®.

Then
¢*w =wrd(¢") A--- Ad(¢™) = wrd(y™* 0 @) A--- Ad(y™ 0 ¢)
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Proof. It suffices to check this on the elements dz?, and then apply the previous lemma.
This is a straightforward computation. O

Exercise 25. Prove that, for ¢ : R® — R™ a smooth map and w € QF (R™),

¢"(dw) = d(¢*(w)).

Exercise 26. Show that for smooth maps 1/ : R” — R™ and ¢ : R™ — R, and a smooth
k-form w € QF(RY),
(@) (w) = ¢*(¢7(w)).

4 Integration and boundary

We now return to studying integration. Our first task is to show that the integral of a k-
form over an oriented k-dimensional submanifold M C R™ does not depend on the choice

of chart. This follows immediately from the following proposition.

Proposition 6.31. LetC' C R¥ be a subset, and let ¢ : R¥ — RF be an orientation-
preserving diffeomorphism. Letw € QF(RF) a smooth k-form, viewed as a form on the

target of ¢. Then
/ w = / o*w.
#(C) c

Proof. We will compute an explicit coordinate representation for the latter integral. Let !

be the coordinates on the source of ¢, and 4* the coordinates on the target. Set
w= f(x)dy' A---dy*

Then .
1
¢'w = f(¢(y)) ( > sgn(o) [] ade) dat Ao A dak
z=1

€Sy
— f(¢(x)) det(J)dzt A--- A da®

Thus we see that

/QS*MZ/f(éb(x))det(JqS)dxl...dzk
¢ c

= / fy)dy* - dy*
$(0)

[
#(C)

Exercise 27. For M C R™ an oriented k-submanifold, and w € Q¥ (R™), give a definition

I
M

and show that it is independent of any choice of oriented coordinate charts.

O
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Having now established the well-definedness of the integral of a k-form over a k-
submanifold, we turn our attention to developing the notion of manifolds with boundary.

Definition 6.32. The upper half-space H* C R is the space
H* .= {(z',...,2%) e R¥ | 2! > 0}.

A subset U C HP is called open if it is the intersection of an open subset of R* with HF.
The boundary of H” is the copy of R¥~! C H” defined by x°.

A k-dimensional chart is a smooth, regular, injective map ¢ : U — R* where U c HF
is open. A subset M C R" is called a k-dimensional manifold with boundary if, for every
p € M, thereisachart¢ : U — M C R"™ withp € ¢(U). A point in a manifold with
boundary is called a boundary point if it is in the image of the boundary of H* under some
(and thus every) chart of M. We call the set of all boundary points of M the boundary of
M, and denote it by OM.

Example 6.33. Consider the closed unit ball B;(0) C R3. There is clearly an open
chart (the identity) which contains all points in the inside. We will construct a chart (with
boundary) which contains points in the bounding sphere S?, by symmetry, this will show
that every point of S? can be contained in such a chart, showing that B1(0) is a manifold
with boundary. Consider the polar coordinate chart on the sphere

p(u', u?) = (cos(u?) cos(u'), cos(u?) sin(u'), sin(u?))
defined on (0, 27) x (0,7) C H2. Define a chart
P(u ut w?) = (1 - u’)p(u', u?)

defined on (0, 27) x (0,7) x [0, 3] C H?. It is immediate that this is smooth, regular, and

injective. Moreover, a point 1(u®, u!, u?) lies in S? precisely if u® = 0, i.e., if and only if
it is the image of a boundary point of H?. We thus conclude B;(0) is a 3-submanifold of

R3 with boundary S2.

This example illustrates a more general feature: the boundary of a k-submanifold with
boundary is, itself a (k — 1)-submanifold (whose boundary is empty).

Exercise 28. Let M C R” be a k-submanifold with boundary OM. Show OM isa (k—1)-
submanifold (without boundary), with charts defined by restricting the charts of M to the
boundary of HF.

We define orientations for submanifolds with boundary completely analogously to

orientations for manifolds without boundary.

Construction 6.34. Suppose that M C R" is an oriented k-submanifold with boundary
OM. Then the orientation of M induces a canonical orientation on the boundary of 0M
as follows.

At a boundary point ¢ € HF, we can take the tangent vector —J,.1 to define a (con-
stant) vector field on the boundary of H¥. Fix a point p € M, and consider a chart
¢ : U — M containing p, and so in particular defining a restricted chart ¢) := ¢|,1-¢
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on M containing p, the domain of this vector field is V := U N OH*. The pushforward
dp(—0x!) defines a vector field V,y on 1(V). Vy construction, the vector field V,,; takes
values in T'M, but not in TOM. We define a chart ( on M to be oriented if the vector

fields {Vou, 01, . . ., Ox—1(} induce an oriented basis of T,,M for every p in the image of

C.

The reason to develop manifolds with boundary is to state a broad generalization of the
fundamental theorem of calculus.

Theorem 6.35 (Stokes’ theorem). Let M C R™ be a (k + 1)-manifold with boundary OM.

Letw € QF(R™). Then
/ dw :/ w.
M oM

Corollary 6.36. Let M C R"™ be a compact k-sumbanifold with empty boundary, and let
w € QF1(R"). Then
/ dw = 0.
M

We will not prove this theorem here, but we will explain how it generalizes a wide
variety of results you have likely seen in previous courses.

Example 6.37 (The fundamental theorem of calculus). To retrieve the fundamental
theorem of calculus, we note that a 0-manifold is a disjoint union of discrete points. An
orientation on a zero manifold is an assignment of a 4+ or — sign to each point. A 0-form
on a 0-manifold X is simply a function f : X — R, and the oriented integral is

[ 1= senta)f).
X zeX

With this special case in mind, let [a,b] C R be a 1-manifold with boundary dla, b] =
{a,b}. We take the usual orientation on R, and notice that the induced orientation assigns
sgn(a) = —1 and sgn(b) = +1. Letting f € Q°(R) be a smooth function, the formula of
Stokes’ Theorem then yields

b df B B B B
Y e = /[a’b] = [ 5= s

a
That is, the fundamental theorem of calculus®

Example 6.38 (The fundamental theorem of line integrals). Generalizing the previous
example, let v : [a,b] — R™ be a smooth curve, and f € Q°(R™) a smooth function. We
can use the metric to identify

with the vector field

By definition, this means

8 There are variants of Stokes’ theorem for C*-forms,
which recover more general forms of the fundamental
theorem of calculus.
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We then notice that

/df /df /b<xdf 7()>dt:lef-ds.

Thus, the statement of Stokes” Theorem

/ grad(f) - ds = / f = 1) — Fr(a).
vy {v(a),y(b)}

This is often known as the fundamental theorem of line integrals.

Example 6.39 (Green’s Theorem). Let M C R? be a 2-submanifold with boundary 9.
Equip M with the orientation induced by the standard orientation on R?. The induced

orientation on the boundary traces counterclockwise around the bounding curve.’ Let * There is a subtlety here, since M could have multiple
path components, but fortunately, integration treats
every path component separately, and so we can without
loss of generality assume that M has a single compo-
nent.

w = widz! + wadz?

be a 1-form on R2. The exterior derivative of w is

owr |, o 1 Ows | 4 2 _ Owy  Owy 1 2
dwo = 2402 A dat & 240t pde? = (992 2 1) gut A da?.
WS gttt ANde g rde A Dul  og2 ) 9T N

We then compute, for a parameterization v : [a, b] — R? of the boundary of M,

b
Jou= L
OM a
dryt dyt

b
= [ G +wal(t) Gt

On the other hand, we see that

- Owz  Owr 1.2
/Mdo.}—/M (8331 ax2>dx dz”.

Setting these two equal, we obtain Green’s Theorem:

Ow ow

Example 6.40. Let M C R? be an oriented surface with normal n and boundary M. Let
w = widz! + wodz? 4+ wsda?® € Ql(R3)

with exterior derivative

- 8WQ 8w3 8w1 8W3 80.}2 awl

Recall from Example 6.26 that we can use the metric to identify w with a vector field

X, with components w1, ws, and ws, s.t.

w) = (X, v).
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Similarly, we can identify dw with a vector field Yy, such that
df(vi,v2) = (Yw,v1 X v2).

And, in particular, we have Yy, = curl(X,,).

X, -ds= / w
oM oM

:/dw
M

For a positively oriented chart ¢ : U — M, we have

/ dw:/ dw (016, 020)
$(U) U
= / (curl(X,,), 016 x Do) du'du?.
U

We can thus compute

Repurposing notation from calculus III, we see that

/ dw = / curl(X,,) - n dA.
#(U) ()

Putting this all together, we see that we can rewrite Stokes’ Theorem as

X, -ds= / curl(X,,) - n dA.
oM M

This is what, in calculus III, is called Stokes’ Theorem.

Example 6.41 (The Divergence Theorem). Let M C R3 be a 3-manifold with boundary;,
equipped with the orientation induced by the standard orientation on R3. Let w € Q2(R?)
be a 2-form. As in Example 6.26, we can identify this using the metric with a vector field
Y,, such that

w(vy,v2) = (Y,,v1 X va).

We can then note that
dw = div(Y,,)d2' A da? A da®.

Applying Stokes’” Theorem, we then have

/Yw~ndA:/ w
oM oM
:/dw

M

/M div(Y,,) dV.

which is known as the divergence theorem.
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ISOMETRIES

Our goal here is to understand isometries of the n-dimensional Euclidean space R™. These

are precisely those functions f : R™ — R" which strictly preserve distances.

Definition A.1. A function f : R™ — R" is called an isometry if, for every z,y € R",

d(z,y) = d(f(z), f(y))-

It is immediate that f is injective, since, if f(x) = f(y), we have

d(z,y) = d(f(x), f(y)) =0
so that z = y.
Example A.2. There are some easy examples of isometries.

1. Let v € R™. Then there is an isometry

T, :R* —— R"

r— T+
called translation by v.
2. Let A be ann X n orthogonal matrix, i.e., a real matrix such that
ATA=1T.

Then the linear map
A:R* —— R”
x—— Az
is an isometry. (Exercise: show that this is true.)

We will show that, in a sense, these are the only isometries of R”. We will first focus

on the case of origin-preserving isometries, i.e., isometries such that f(0) = 0.

Proposition A.3. Suppose that f : R" — R is an origin-preserving isometry. Then
f(z) = Ax for some orthogonal matrix A.

We will break this proposition into the following steps:
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1. We first show that any isometry f sends lines to lines.

2. We then show that any origin-preserving isometry f must be linear.

3. We show that a linear map is an isometry if and only if it is orthogonal.

To begin with, we will need an exercise.

Exercise 29. Show that, for x,y, z € R", the following are equivalent

1. The points z, y, and z are colinear, and y lies on the line segment from x to z.

2. There is an equality
d(z,y) +d(y, 2) = d(z, z).

Further show that, given a line L. C R" and any two distinct points z, z € L, any point
y € L is uniquely determined by d(z,y) and d(y, z).

With this exercise in hand, we can prove our first lemma

Lemma A.4. Let f : R™ — R™ be an isometry and let L C R™ be a line. Then f(L) C R"

is a line.

Proof. We first show that f(L) is contained in a line. Let z,y, 2 € L be three distinct
points, with y lying on the segment between = and z. Then

d(f(x),d(2)) = d(x, 2) = d(z,y) + d(y, z) = d(f(x), f(y)) + d(f(y), f(2))

so that z, y, z are colinear. Thus, f(L) is contained in the line P determined by x and z.
Now suppose w is a point in this line P. Then w is uniquely determined by d(f(x), w)
and d(f(z),w). There is a unique point y,, € L such that

A, yw) = d(f(z),w)  and  d(z,y0) = d(f(2), w).

But then d(f(2), f(yw)) = d(f(2),w) and d(f(2), f (yw)) = d(f(2), w), so that f(yw) =
w. Hence, f(L) = P as desired. O

Leveraging this fact, we now prove that any origin-preserving isometry is linear.
Lemma A.5. Let f be an origin-preserving isometry. Then f is a linear map.

Proof. First,let A\ € R and € R". Then we have

|z = |f(2)]
|Az| = |f(Az)]

so that | f(Az)| = |A||f(x)|. Moreover,
d(f(Az), f(z)) = d(Az,z) = (1 = A)|z]

These two conditions uniquely determine the point f(Az) on the line between 0 and f(x).

Since Af(z) also satisfies these conditions, we thus have

fOx) = (),
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so f preserves scalar multiplication.
Now let z,y € R™. Since f is an isometry, it must map the midpoint between = and y
to the midpoint between f(x) and f(y). That is

f<w;y> _ f(l’);rf(y)

However, since f preserves scalar multiplication, we also have

f(x;y> :%f(x+y)

and thus, f(z +y) = f(x) + f(y), as desired. O
We conclude the proof with an exercise

Exercise 30. Let f : R™ — R" be a linear map. Show that the following are equivalent:

1. f is an isometry.

2. f is orthogonal.

We have thus proven Proposition A.3. We can finally state and prove the main result
we will need about isometries:

Theorem A.6. Let f : R™ — R"™ be an isometry. Then there is a unique vectorb € R™ and

a unique orthogonal matrix A such that
fl@)=Ax+1b
forallz € R™.

Proof. To show existence, let f(0) = v. Setting b = —v shows us that
Tyof

is an origin-preserving isometry, and thus is represented by an orthogonal matrix A. We
then see that for any z € R",
flz)+b= Az

proving that f has the desired form. It is an easy exercise to see that this expression is
unique. O
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IMPLICIT AND INVERSE FUNCTION THEOREMS

There are two key theorems from analysis we will use as black boxes throughout the

course.

Theorem B.1 (Inverse function theorem). LetU C R™ and V' C R"™ be open subsets, and
let f : U — V beaC* function. Suppose xo € U is a point such that the derivative D f,, is

invertible. Then there is an open neigborhood Uy C U such that xy € Uy, f is invertible on
Uo, and f~1 is C* on f(Up).

Theorem B.2 (Implicit function theorem). LetU C R™ and V' C R™ be open, and let
f:UxV — R™ beaC* function. Let (a,b) € U x V be a point such that f(a,b) = 0,
and write fo, :== f(a,—) : V. — R™. If D(f,) is invertible at b, then there is are open sets
Uy C U andVy C V such thata € Uy, b € Vy, and a C* function

g:Ug —— Wy
such that g(a) = b, and, for (x,y) € Uy x Vo, f(z,y) = 0 if and only ify = g(x).

Example B.3. Let’s do a familiar example, to get a feel for what the theorem is really
saying. Let

and define
f: UxV — R

((z,y),2) — 2® + 92 + 22— L.

This is a polynomial function, and thus is C'*°. The zero set of f is simply the unit 2-
sphere in R3.
Consider the point ((0,0),1) € U x V. We can compute the Jacobian matrix of f(g )

D(foo) = (22) = (22)

at the point z = 1, this is simply the matrix containing 2, and thus is invertible. In conse-
quence, the theorem guarantees the existence of a neighborhood Uy of (0, 0) in R? and a
neighborhood Vj of 1 in R, together with a C'*° function

g: Uy — W
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such that g(0,0) = 1and, on Uy x V;, we have that f((x,y),z) = 0if and only if
z = g(z,y). That is, the sphere is the graph of g on U.

The statement of theorem does not give us an explicit construction. However, in this
case, it is not hard to identify Uy, Vp, and g. We can set

Up={(z,y) eR* |2* +3* <1}  Vp=(0,2)

and then
g: Ug——— W

(z,y) —— Va?+y? -1

is the desired function.
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BILINEAR FORMS AND SELF-ADJOINT MAPS

In our study of the first and second fundamental forms, we will need to recall some linear
algebra: the lore of bilinear forms.
1 Bilinear forms

We first recall some linear algebra which gives us a general method for working with

inner products.

Definition C.1. Let V' be a finite-dimensional (real) vector space. A bilinear formon V is

a linear map

B:VerV — R

or, equivalently, a bilinear map

B:VxV —R.
We say that a bilinear form is
o symmetric if B(v,w) = B(w,v) forallv,w € V;
« positive definite if, for allv € V, B(v,v) > 0; or
- non-degenerate if, whenever B(v,w) = 0 for all w € V, we have v = 0.
Remark C.2. Note that every positive-definite form in non-degenerate.
Example C.3. 1. The Euclidean inner product

(—,—):R"@rR" —— R
is a non-degenerate, positive definite, symmetric bilinear form on R".

2. The Minkowski inner product

(v,w)1,1 = V1w — VaWo

is a symmetric non-degenerate bilinear form on R2.
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In general, we can represent bilinear forms in terms of matrices. Given a basis V =
(v1,...,vx) for V and a bilinear form B : V ®@g V' — R, we can form the matrix

ij = B(vi,vj)

If we represent vectors in V' as column vectors with respect to the basis V, we can then
write, by bilinearity,
B(w,u) = wh AV vy.

Given another basis U = (uy,...,u) for V with M the change of basis matrix, it is
not hard to check that
A = MAYMT.

Notice that if B is symmetric, then for any basis V of V, the matrix AV is symmetric.

Definition C.4. Let B be a symmetric bilinear form on V. We call a basis vy, ..., v,
B-orthonormal (or just orthonormal) if B(v;,v;) = §; ;. Notice that this is equivalent to
requiring that the matrix of B with respect to this basis is the identity.

Definition C.5. Let B be a symmetric bilinear form on V, and let W C V be a subspace.
We denote by W+ C V the subspace

Wt ={veV|Buw) =0YweW}
and call W the orthogonal complement of W in V.

Lemma C.6. Let B be a non-trivial symmetric bilinear form on V. Then there is a vector v
such that B(v,v) # 0.

Proof. Choose u,w € V such that B(u,w) # 0, and suppose that B(u, u) = B(w,w) =
0. Then

B(u+ w,u+ w) = 2B(u,w) + B(u,u) + B(w,w) = 2B(u,w) # 0.
O

Lemma C.7. Let B be a non-trivial symmetric bilinear form on'V, and letv € V such that
B(v,v) # 0. Then every w € V can be uniquely written as

w = AU+ wa

where B(v,w2) = 0 (i.e., wg € Span(v)t). In particular, Span(v)* has dimension dim(V)—
1.

Proof. Define wy := w — ];((155)) v, and note that
B
Bluz,v) = Blw,v) - = Blo.o)
=0
Then by definition
B(w,v)
w = wy + v
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as desired.
On the other hand, if

w = AU + wa

is such a decomposition, then
B(w,v) = AB(v,v) + B(wsa,v) = AB(v,v).

proving the uniqueness of the given decomposition. O

Lemma C.8. Let V be a finite dimensional real vector space, B : V ®r V' — R a bilinear
form, and W C V a subspace. Then B restricts to a bilinear form B|y on W which is

1. Symmetric when B is.

2. Positive definite when B is. In particular, B|W is then non-degenerate.
Lemma C.9. Let B be a symmetric bilinear form. Then

1. There is a basis in which the matrix representation of B is diagonal.

2. If B is additionally positive definite, then there is a basis in which B is represented by the
identity matrix, i.e., a B-orthonormal basis.

Proof. We begin with (1). If B is the trivial bilinear form, we are done, since the corre-
sponding matrix is simply the zero matrix. So we assume, without loss of generality, that
B is non-trivial.

For an non-trivial B, we proceed by induction on the dimension. In dimensions 0 and
1, the statement is immediate. Suppose that the statement is true in dimension %, and let
dim(V) = k + 1. Choose a vector v € K such that B(v,v) # 0. Then B restricts to a
symmetric bilinear form on W = Span(v)*, and by the inductive hypothesis, W has a
basis (w1, ..., wy) in which B|w is diagonal. Then (w1, ..., wy, v) is a basis of V, and B
is diagonal with respect to this basis.

To see (2), note that if B is positive definite, then in any basis V of V, the matrix AV of
B with respect to V' has diagonal entries B(v;,v;) > 0. Rescaling the basis elements by
\/m then yields that the diagonal entries are all 1. Thus (2) follows from (1). O

Proof. Part (1) is immediate, as B(v, w) = B(w, v) regardless of what space we restrict to.
Part (2) is similarly simple. O

Example C.10. Notice that, for B|W to be non-degenerate, it is not sufficient to require
that B is simply non-degenerate. Consider, for example, the case when B = (—, —)1 1

is the Minkowski inner product on R? and our chosen subspace is V' C R? given by

V = {(v',v?) € R? | v! = v?}. The restriction of (—, —)1 1 to V is identically zero, even

though the form (—, —); 1 is nondegenerate on R?.
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2  Self-adjoint operators
We now interrupt our regularly scheduled programming to digress into linear algebra.
Our setup is as follows:
+ V is a k-dimensional R-vector space.
« B(—,—) is a symmetric, positive-definite, non-degenerate bilinear form on V.
We refer to the pair (V, B) as an inner product space.

Definition C.11. We call a linear map L : V' — V a self-adjoint operator if, for every
v,w eV,
B(L(v),w) = B(v, L(w)).

Lemma C.12. Let L : V' — V be a self-adjoint map. Then B(L(—),—) : V xV — Risa

symmetric bilinear form.

Proof. Bilinearity is immediate from the bilinearity of B and the linearity of L. To see
symmetry, note that

B(L(v),w) = B(v, L(w)) = B(L(w),v).
This completes the proof. 0

To explore the properties of self-adjoint operators, we will first establish some further
results about V and B.

Definition C.13. The dual space of V is the vector space V'V := Lin(V, R) of linear maps
from V to R. Given v € V, we denote the linear map

Bv,-):V — R
w —— B(v,w)
by v* € V. The map
B:V —— VY

v — "
is a linear map.
Lemma C.14. The map 3 : V — V'V is an isomorphism.!

Proof. To show surjectivity, let v1, . .., v; be an orthonormal basis of V, and let £ € V.

Then i i
‘ <Z /\ivz) = Xl(u;).
=1 =1

We can thus see that

k
0= Uw)vi =B Lwivi).

M=

=1

S

To see injectivity, suppose that v* = 0. Then, for allw € V,
0= B(v)(w) = B(v,w).

by the non-degeneracy of B, this implies that v = 0. O

! This is really a consequence of the non-degeneracy of
B.
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Proposition C.15. Let L : V — V be a self-adjoint operator. Then there is a B-
orthonormal basis of V' in which L is diagonall.

Proof. Choose a B-orthonormal basis v1, ..., v of V, and let M be the matrix represent-
ing L in this basis. Then we have

M; j = B(L(v),v;) = B(vi, L(v;)) = M;;

So that M is a symmetric matrix. There thus exists an orthogonal matrix O and a diagonal
matrix A such that
M =0AO".

Define a new basis of V' by

k
wj; = E Oi,j’Uz’.
i=1

So that, with respect to this basis, we have

k k

k k k k
L(w) =Y 05 L(v;) =Y 0;: > M= 05> Mjs» Opmwp
Jj=1 =1 /=1 m=1

j=1 j=1

so that the matrix of L is OT MO = A.
Moreover, since O is an orthogonal matrix, we have

k k k k
B(wj,we) = B (Z Oijvi, » om,zvm> => Y 0i;0msbim = (070); ; = b;
=1 m=1 i=1 m=1
so that wy, ..., wy is a B-orthonormal. O

Lemma C.16. Let L : V — V be a self-adjoint map. Then D(—,—) = B(L(—),—) isa
symmetric bilinear form.

It turns out that this process — obtaining a symmetric bilinear from from a self-adjoint
map — is reversable.

Lemma C.17. Let L : V' — V be a self-adjoint map, and let D(—,—) = B(L(—),—)
be the associated symmetric bilinear form. Choose a basis of V, and write ¢, d, and b for the
matrices representing L, D, and B, respectively. Then

(=b"'d
Proof. We know that
D(v,w) = B(L(v), w)
for all v, w € V. Then, with respect to our chosen basis v;, we have

k k
divj =B (Z gn,i”n,”j) = Zzn,ibn,j

n=1 n=1
So
d=0bl

Since b is invertible, this means that £ = b~1d, as desired. O
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C1, 36

C, 36

C*, 42

C* function, 42
n-gon, 100

arc length, 12
parameterization, 13
first variation of, 57

bilinear form, 147
non-degenerate, 147
positive definite, 147
symmetric, 147

boundary, 101

boundary point, 101

change of coordinates
for g, 52
for Christoffel symbols, 65
for vector fields, 48
change of parameter, 11
orientation-preserving, 11
chart, 40
consistently oriented, 89
geodesic, 97
Christoffel symbol, 63
closed, 91
codimension, 69
compact, 90
consistently oriented, 89
convex combination, 100

convex hull, 100

convex independent, 101
covariant derivative, 63

along a curve, 64
curvature

geodesic, 87, 97

normal, 87

of a 2d curve, 16
curve

Cck, 11

closed, 101

in a manifold, 52

parameterized, 11

parameterized by arc length, 13

piecewise linear, 101
piecewise smooth, 101
regular, 11
simple closed, 101
smooth, 11

cycloid, 17

derivative

total, 33
diffeomorphism

in R", 37
differential

in R", 33
directional derivative, 61
divergence, 103

Divergence Theorem, 104

edge, 102
Euler characteristic, 102

extrinsic, 54
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face, 102

first fundamental form, 51
matrix g, 51

first variation of arc length, 57

Frenet curve, 20

Frenet equations
2-dimensional, 14

Frenet frame, 14, 20
matrix, 23

functional, 56

Gauf3 equations, 81
Gaufl map, 69
of a surface, 70
of the Mébius band, 70
of the sphere, 70
of the torus, 70
Gauf3-Bonnet Theorem, 107
geodesic, 57
geodesic coordinates, 97

geodesic curvature, 87, 97

helix, 12, 20

Implicit Function Theorem, 145
inner product space, 150
integral

on a manifold, 52
interior, 101
interior point, 101
intrinsic, 54
Inverse Function Theorem, 145
isometry, 141

Jacobian, 36
line integral

across a curve, 94

of a function, 93

of a vector field along a curve, 94

local basis, 46

manifold, 42
moving n-frame, 14, 20

normal curvature, 87
normal field, 69

open ball, 31
open subset

of R™, 31

of a manifold, 41
orientation, 89
orthogonal, 141
orthonormal frame, 97

parallel
vector field, 67
parallel transport, 67
parameterization, 38
compatible, 40
regular, 38
singular, 38
partial derivative, 36
polygonal subdivision, 102

reparameterization, 11

rightward flow, 94

smooth, 36

smooth function, 42
stereographic projection, 39
submanifold, 41

surface of revolution, 42

tangent bundle
of R", 33
of a manifold, 44
tangent space
of R", 33
to a manifold, 44
Theorem of Turning Tangents, 105
Theorema Egregium, 81

transition function, 41

vector field, 46
along a curve, 14, 20
coordinate, 47

normal, 46
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normal component, 58 tangential, 46
on a manifold, 46 tangential component, 58
tangent, 14, 20 vertex, 100, 102
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